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ABSTRACT

The time-dependent frequency and energy of free vibration of the spagetti problem, that is the
axially moving continuum with time-varying length, are investigated. Exact expressions for the

natural frequency and time-varying vibration energy are derived by dealing with traveling waves.
The vibration period increases with increasing length, but the free vibration energy decreases. When
the string undergoes retraction, the vibration energy increases with time. The free response of the
time-varying string is represented by superposing two traveling waves,

.M 2
2uAE] EAR e gFole A&AlY BE
A BAE 1949 Carrier'! olgl2 @ A7} 9lof

gt} Zolzh Wdke dojut B9 22 12k AEA
= e A Azged F2EY #3A (flexible
system) Zd 2 o|£H g ZWgog olFsiy Zo]
7 #H3te= 94 (axially moving system with
time—varying length) &} A& S|4 = Ao dA7=

< EolM ¢y FEY gHU, AE, WY
AANH 53 FE Aoyt ®WEe #IA¥ FRE
(tethered structure)?™"elu} 22 A2dle) §43

t HAAAL, A3, Aty 71 A2
E-malil : sylee@sogang.ac kr
el : (02) 705-8638, Fax : (02) 712-0799
* A7dsty g 71AFgst
** A8, AZuisty 7AgE3
/74 12 4

2712 /=22 ES R =Y

%227 (flexible manipulator)® g olE 29
2" O SegmA  Felols FEs) AT
L3 9l

Z ugo s dFdFS e
I fAeke] Ad s
(flutter) = A&A A LA et
°f‘ﬂ°\w 29AEY FAT %a
AFHA Hol= AL A
Al AEAE ME

wax &3y & Ho}z‘skoiu]-

Bl FZ(buckling)
doly= #9] ZYH
%‘?Pg e & 71X

Sal7F Aozt

rlr ;L n\'

(axially moving continua) 7} 0.1 o]
= Wickert$} Mote'” b Wang# Liu®e
ZAH0) Atk wFolE fAE EFS
olze] FA AFE *-31"47} wAEE A
doltt, = o8 H¢Ec d%H XP*ﬂ—‘: 7 0]A]
BRI Aolrt WEte A i*ﬂ FZ o ¥ %5]‘31
A7HAEHY Leest Mote(11 We dee] =7

E3le] Zole UAIAN & WA E FHol= ¢

A4z, 20029



4o o5y Yot Waks AXANI Ak AF L FH A4

£A9 A% 5AS AsvHtraveling wave) S AHE-
gt sfAsrATh 3 Ryt A& o] FAZA
U oohokdt dAd AN BalE o Arle 2%
yx o] wat sA4a AgAe 53 HHAS dds
Aok Hdde ol EFWHOLEE A gou
Zol7} W3k Aol &3t A7kl wpe}l WHale |
A9 2AHRFH AFodA wistel] Fs ALHE

FaATt MY Zojzt walE dEAE 9RAN Y
o) 7MAA g AFAF HAME AFAY oy
A7k 7k & 9,

FEHoZ THA FAZ B do|zt A
o Al7boll B (time-invariant) 35 Q&A9) 2E3}
E oA A7k ue Waks ABAY 54 u4
8 AZAZA 1 < Nafehdt Mook =S99 2
Sl 4EWS NEF 2AHOE §4 Hojgith )

MY ABAA FHFoR olFsv olst wake

=2 EA A ZAdh
B EEL Leedt Mote'o] 28l AFHAY Zo)
& W2 Aol FAA ALy
H Wweo g Hol o]Fsln Zo]
7b date d&Ald &t gFele AANA 3
o7t wALE of A7)E Fakee] wskel #H A A
2] (phase closure principle) "' o] &3t} w43
o 2F F71¢ AR HstE s T3 Y
i whgo R tiekst 2ZASMA oz HEE &y
gt Ho|7t Zolg W HAY3te EE BOAANS
O|Z2FO R i}

=

21 25 WwEAl

Aot Wse olFeks Q%A TAS B AT
Ae 2 Qe 8o Agste Az me
she asAe 1% 54S RS v 99@

(transverse vibration)ol] thdt A8 LEuAAe o}

w3 2.

3w _dw dw 2%
of Py +2v Ep 3t+ v

" *=ito)

..

® =in

x=0

Fig. 1 The axially moving continuum with
time-varying length (a) fixed-fixed
(b)fixed-free boundary conditions

A710M  w(x, e FWF WA = A7 A
SA Y SHTY olFEEE UENY AEA Y Hole
()=l ot2A A7 wabd AT £ 42 F
7FAY adth &M e 2714018 ekt

Fig. 12 do] FWFLE o) Fain o7t wake
AEAE v Aol Fig. 1(a)& ¥9 AAzA
2 BEF 7FE gon

w0, H=w(lH,)=0 (2)
ol Fig. 1(b)8 dA&A&
P22, p=00] 4R

o
B
il
2
D)
do
%
L
|o
i

2.2 Hatutel X
d ZHA 7L o) FIER BASE WAFH olF &%
T REZCT FYse AT c+oold YFOZT
A= A-E c—vEA A2 GE2A 9 o714
c=V PlpEA B8z} AUr9 FFolrh Yutao g
AATH(standing wave)E EEFHE 1349 d%H 9
I AFg REE v 2ol 8 F o

w(x, ) = Asinkrcos wt (3)
A7 we ke A7 Faged AE5E A (wa-
venumber) & YERATE 3 221 dEAe e
FAE M2 g o FHol= F Jje A
2 Ued 4 9k & ugd 2ol F Y =83

9 BjEAH non-dispersive) o2 FHE F ok

w(x, ) =%Adsin(kdx— w?)

+%Ausin(k,,x+ wb) )

HLBNSSTE=2E/A12E A435, 200239/273



A Aol 5 g0l WY

71N A (4)9 o] & 2E&OZ 2Aol= A
?% M4 ( )_"] stel % - =4l cu(~—~~--l_0 +—10+UT)+7r+7r=27m (8)
GE A FL 9E0T £Ho: WYRE Uy c=v oty

g % Ak

(c— P+ 200k— =0 (5)
o7IM ke QEZSE gHole T e
k= (cto)st 9FCE e AP g+
k=0l (c—)E e & Qi AAzAe) §le
&3 Zolg zte dS BE FHY A5SE /M2
F oy AAxA e {3 dolo & 5
3 o) I AEE 7 Aok Aot 43S 4
o A%

w, =25 L =123, (6)

o Vo

o 2% AFFE FE TS AT REZA Af

3. 8 F7\¢ TS0l A

3.1 "4 |z2l(phase closure principle)
Zol7}h dA3 de z3F Al B4R HHE
7b7] Wige] de HE Ho] 72 WL /XM A
771 T=2r/0,22 4Asth 1y do] o
S8k Hol7t Wl @) Ay Z3xlFA dY X
Hol o 22 94s ZA gen AF F7] mg
A7kl wEt WA Aok @e) Aoyt A vlE
2 93d o #H9d gelig olgstd JEFNE

rid o

E 22% BANA 9% AAZ olFE B
SRS £+ oD AERANA 222 A=
EIE Wl s kL2 EREG 7} 9
Wl o158 W 3 A4 Wske oew 2o

kd(10+ 1)7‘)+ ku10+ ¢d+ ¢u (7)

ANA g5t 8,5 A% LEF BA% 9%
M9l gauss Yerit, W94 A osa &
S WSHE 209 BFBOIZE 4 (5)sh (N o
g3ie] Qo] oEam ol Wk A% 5 9

RIS

_ _an(ctv)—vic—v)
- c vdov 4 ©)

g
)

71N 4=1,2,3,--°]tk 7|E BT
T=27/0,°EE =3 Zo] FJE + itk

NE A REY T oAd F/1E RS PEoE
9 Ty=24/ (c—v)°l Frk 7)oln & Ak
7,2 Wel @el Aol F h=f+oTyelth o H
2710] el ARt T WA 9F S 2

-4

e A ¥MA F1Y F WA F71E Hd
ty=T\+ T,7} Bk °ol¢ 2 AL wEsd 2
5 B9 4 ALK 409 A
t= ZlTk: Zl {n(c-i-%/;l:_vl}(c— v) (1)
2 xdHEd o7)A A7 1,4 W Hel Zols
L=+l Zol7t e doll diside
A9 A (D —vE Y Fazh
Fig. 2& do] olF3ty Zol7l fE wf F7]9 9
35 HAFT gtk o7A Zo] 2 @9 olF £
v=0.1c/ [, 7B A it 2+ F719
WA 7)) vl&2 Aozt HojudA Frtet

iy

>

~

-

—&— Increasing length
6 [ | ~O— Decreasing length

of the
string when v=0.1c¢//,

Fig. 2 Vibration period time-varying

274 /32 22X S EstE = 2/A 1248 A 435, 20029



0. = @n=1(ctv) = 20}(c=v)
" 2Cln_1

del,—
2n—1)Xc+v)—2v}(c—v)
2 2890 o714 #=1,2,3, o|t} 7|E REY
A WA AE FE Ty=2c/ (c—v)’E EJHY
7

54 =
9ol Atun 249E ¢ + U

(12)

T,= ( 13

2

o,

3.2 BE #3}

dol FYPOE olFan} ot W
3 A AF 3718 Y% PAL o|¢
F Ao IIT ARATA 212N AR
AYHE Besod DY GEE ARv
AWt FaE Qo9 Azl

o P
)

T =

Al =

oh I fob

—_

T
i/ o rir

-
TR R R

g9 Wase 27 AFL e AT
YHOR olEFHT Aol7t WA AXAE o8
APt 9B PY DY) AFo)

_ _(eto)?
(c~v)*
T3k
(c—)?

(c— )+ (c+v)?

(c+p)?
(e= )%+ (c+v)?

(14)

AELO

wTa=

wehy 7tz

A,{=

A,=

s

99 HoF 2U|AEL T F Ay} Y
g o)gdle] ALA RuwEE B¥Y &

Fig. 3& do] & W olF &£x9 o7} W3}
E£27F 27 A p=0.1¢/L) HAA R Hx A
B 271 A9t & F7) o dglsls B
Bz =09 "= 9539 ]

e T ARRFS AASRAT £Fole AA
A wbste Yk Fuert web] o)
t=T2 W7HE F N zgue oz g4y
& A9 wglA Al wg 4ol dEA ey

11)%
do wo ol rfr

= =
EE HEo

=

G, offt ir

o

0.0 0.5 1.0 1.5

Fig. 3 Variation of the first mode during a
period 7, when v=0.lc¢/{ for the fixed-

fixed boundary conditions (a) increasing
length (b) decreasing length
th Aoyt dA e AS AMYE =0.257T,

R 0.757, 8 W F9 7ol 90°¢ 270°7F Hof F
U A7 ARlA Doyt WE v dY AE
ol 1427 LR ojd R Wst A
27} obdE £ 4 AUvh E=3 ¥ RE ofal o
2 Fae gy A dEd EdEHel 2y
.

Fig. 4(a)$} (b)& &o] IR olFstn Zo

=

7t Wate A& A & Fo] AFHel AS 7o)
7t v=0.1c/,¥ EEE 71 Wt 24T o A

WA AERE WHE ekl Rolth @

Pk TN EF AfEelH B A
Z uFo) THVRY WY AN BAS
Al dehde & # g zgde ¥e 34w
MEAA @ 7] B @ o el $Fol

2ZTSSLEH=2T/A 124



A A Aol

g0l ¥

(a)

1=0.875T,

w(x,t)

w(x,t)

00 05 10 15

Fig. 4 Variation of the first mode during a
period T, when w»=0.lc/l, for the fixed-
free boundary conditions (a)
length (b) decreasing length

increasing

£y ol AHgwe)

o A7) "otk

7347 & F7) AZke]l ARG

3.3 OlL4X] BHALAI S

AZST e A F A4 JUAE ASA Y
SEdus G 4 AVl AAdAel e
2 ohext ol e 4 Ak

i
B = [ [o(w,+ vw)?+ Pullax (16)

AN ulx ) olAAE BoRS v, F
57k wol3 RE) AQ AP Ac'e Mt WE
Me} oFY W B @AY %ol wE oA

.

1 x+4 2 9
E/\=§ [p(w,+ VW, +wa]dx (17)
= g PkA’ = nwZA®

=2q/4 124

olth A71H Z=Plce= G549 71AF Yy
(impedance) & WEMITE A7t & 2 F3 0]
T A&A 9 AANAM watE o AF A Wt

IW=E,— E=nlw,Z,A "~ 0,ZA% (18)

2 AHA, oA7jelA] opfEA % 2 YAt
BhALELE ofulgit), Ho| o]F3tM Zo|rt Wate
Aol A M gte) A WE YERlZ] Ha o
Abube} HAlabe] gz 9] vl YA AL 4
(energy reflection coefficient) & T3} 7ro] A ojsic},
Eur
A71 r=A AL BAITESG wiAbEe] A E o] HlE
Uehl 7 duby o WA S (reflection coefficient)
g} oy Aozt 4 A&AY HE dxbEe w
Al QuE A vy o] HlE FUs] dE
o AR BAAFE R=4ZA WHHAFE TR
ot 2Ela gel Aozt gove AY (es+w,)d
dEL H Iﬁﬂ§ Aol dAsAg do| FHake
2 olFde A z+Z,)d e At} watge] A
Zo] U3 (r=1) A= FFAYUAZ tEA
FTh (R+1). A7k M3L Ho] FWIFOE o]Fd
E A% (wito, ,Z+Z)e 89 o5 £E94 7AA
&% o] wt AEAUA7E hEA At

(19

4 ISo|Lqx|2] w5t

KM Zyero g ol E3kn Zol7t Mk A%
A EE 02 FH0lE LBF AAE 9 Wzt
o

s A7 TAGe|nE uiAlue] ANELL QAlu}e}
2 (r=1) AT o] 2woz o)EIunz ¢
AuiAx g2 (Z,+2)51 £Zol= AAdA 2

Yui7h A7) gl FH5E 2T (0,%0).

F

O

Z 2] (19)25F AR A SFE
— EV - G)Zr
R—_ E,‘ o w,Zi (20)

24 QA wAlmle) Forst galdze wE
Gehd 4 otk g A% ZE9 s A ol
A 27} 93 T A 7719 4 A3 0
s dsel BAE NI YOHE Ho| FYFOR

A 43, 20029



Fygos

JFSH dol7l Wete A% A% AT R FH WA

FoIL Aol7k 0] SEZ Hold W 4 (2002

R= T; . ﬁz ly L ctv

T, Z; h+vT, c—v (21)

_ (c=v)c+v) -1
(c+v)c—v)

2REG, AN T, T, 247 Ase )
71ole}y, 4 (21)2 ddA] HAASEE @9
s 2718l 00 S8 G2 ey
& nazd, "ol Aok wole W AAL
o o&Esl AW AUx WAAST}
1°] HEZ Agate] AFAUR 7 Azbel] upe}
$ 32 ARG, 27 AFAUA Bl dalA
A

718 AE F7] Fo AgAdAs

HU

b1 Nel

=4
o

—
=
nn
1.0
u
El

m+3£

54

e

(‘E o?ﬂ. ||

E,=EyR" (22)
Z Foin. olstE WY 2 Aoj7t EoE wile

p=—{ct20(cto) ct2v

(c+2c—v)—2vc  ¢c—2 (23)

22X A A WAAISTE Ry10] HEE g
o ZEoAiR7E A7k whet dAE v &= FUte)
A Ak A71NA o/ [y=1F A5Fstate] Alteth
Fig. 55 A&A9 A7t &0l o AAEES &
9 o)5&xo wet Wate AFAUAE e
A sAAeE Ada AA7E sl § e
4E 2 E dolug 7 Frld s A7k
ajAer AT &5 AALE v 2 o)t
o1& o AR Aol HAF ] wet §4
3 F745he & 4 Ao (Fig. 5).

Vibration Energy(%)

Time(sec}

Fig. 5 Free vibration energy when the length
decreases (fixed-fixed case)

S=EAgrE3E=2d/A 124

a9l AALES FEES v=0.18 T Ao
8ol el ARl HE ¢ -12E F2AEA A

F7e AZE 42sM ASIUAE REuz
7}@—2 2 % St 53 Ul ol54E 7 2o1E
A7 wek AFAVIAZL FHs ASES
o e AASES GIFEE 0029
NE ARY F AFUAE 27 AFelL]
B, 233%7} 99 A @A 777k Ase 3
1 =3672AN HFAUA E 8 1270 %EX w43t
A Z78A 2,

AHF AFA Z7he A9 FA BARA
2 oAY AH AFAUAY FohE
AAE $HolEd AgHE A%
AN AWt WAL o
7 i,

Hol & PO oI o7k Wske A%
2%

DIRE - 14 l° ofi ofn
by & —i)_%
“{Ng‘g

58 Jqu
AFAIAZ 3

2 oy rif de

<
=)
7}
=
=

ﬂllo‘ _L,

A BEF Eo| Aad ul X HRAMAIFe AE
ANuR|= FAGN AL T HHOE AgbeH o
=3 7k
_ (c=wv)ct+v) _ c—v
R= (c-cv)(c—v)+4vc T et (21)

Qol7h goid W 27] AFAUA Egoll thaiA »

W) 718 AE F7) T AFAUA=
E,=E, ( 2;2) (25)

o} HIh2 Zol7} ZolE =

c+3v

k= c—3v

ot} Fig. 63} 7& 8% o] Afwal AAIA
Aol7t Solg s %01% o %A%Es 4o ols
Seol He} waks ATIUAS Uepdcy
Aol7t Hole ;a%ouw]t 2aS ¢ 4+ Ao
(Fig. 6). A% del JF&E7 AASES Z7t
g 42 AFNUAT} A7l weh o wEd) A%
285U

Fig. 7& AHg@el4e] dol7t A%Alel 2ol7t &
AF W WEAUA WS ek IFNN @
F el Azre) AR Wk AN ZATE 2
& ot AXAY AASEY ISEE 9=0.29
& 7712 A3 5 AFAUAE 27 AFUA
EyS) 400%7k S5 A WA 227 AR 3 4

A 4=, 20024/277



A Aol 5 d ol Y Y
5 oA WSS FYsA ASsgeh D9 olF
559 ZASER At s AT A 2

Vibration Energy(%)

1] 2‘0 4‘0 6‘0 8‘0 100 1 éO 1 ;0 1 éO 1 éO 200
Time(sec)

Fig. 6 Free vibration energy when the length

increases (fixed-free case)

10000

9000 -

Vibration Energy(%)
[1.]
8
o

Time(sec)

Fig. 7 Free vibration energy when the length
dcreases (fixed-free case)

=473 AFWA E 9 6400 %2 AT A
$uT AFAUAZL 56 Mg FA F7HA
Aok olgeld AuE sk 2ol 2sbiE 2AI%
Qo] @A Lol iz Ade AFAUA
Azl et ol 3A FUHEE AWRgT ¥
Ageel Aol 1 b} US ARS T 5 A

I
0y 5T WS
EEREEERTE!

o) FWFoZ olFsm ozt
A% F719% QFA

2 Agsel gusE 7ot
et dol olFau Aot WYPLE ZAHE AF
7719 WSS AW} Wel FT AAS AW
Az A THAT AUA MAAFE Lol
We S5 Qs SE9 GFE Gt A 7

¢

il

278 /Bt RS T ESHE=E

o RF F7e A7l met S =HH 2F el
YA oA RIAMAIG7E R = 1o] Ho] Al7te] wie
A7t BT A& Zeh Holrt &9
EE ZAfols AuA ISR > 19 Hol AF2
T AUATE Azl i A&HOR 57}3}71] Hr,
Zo7} ZoE W WAdE A FA EMRAS
oj¢} frAket XA 1A A&A Y EMFAY &
AQ AFAEY FuE S Aystt £ A7
A FE dHo| PSR olF
o Zo|7t W3l A&AY ARHF A 1
gt SZAHHLE Y AFAEY A tE
T AUAY WaE A dSse ol8E A
M . Zol7} HIle EXY {KAT A, +F
3y TZE UG 71A A" a7 S8E F
US Aojtt,

Al

Fras

71

fo

B oAz 3FdAg EAH/|ZIAF(FAHNE
1999-1-304-004-2) 2] A Qo g Fy=don =8
Al A7t AGrledTads AEEHAFY

o}, ol ZA=FUL

(1) Carrier, G. F. 1949, “The Spaghetti
Problem,” American Mathematical Monthly, Vol
56, pp. 669~672.

(2) Tsuchiya, K., 1983, “Dynamics of a Space-
craft during Extension of Flexible Appendages,”
Journal of Guidance, Control and Dynamics, Val. 6,
pp. 100~103.

(3) Janice D. Downer and K. C. Park, 1993,
“Formulation and Solution of Inverse Spaghetti
Problem: Application to Beam Deployment Dynamics,”
ATAA Journal, Vol. 31, pp. 339~347,

(4) Ehud N. R. K., 1993,
"Deployment and Retrieval Optimization of a
Tethered Satellite System,” Journal of Guidance,
Control and Dynamics, Vol. 6, pp. 1085~1091.

and Thomas

/4128 A4x, 20029



FYYOR ol o7t Wate A A AF

*2

jed

%3—] o)A }\é

(5) Yuh, J. and Young, T., 1991, “Dynamics
Modeling of an Axially Moving Beam in Rotation:
Simulation and Experiment,” Journal of Mechanical
wystems, Measurement and Control, Vol 113, pp.
34~40.

(6) Terumichi, Y. Ohtsuka, M. et al, 1993,
‘Nonstationary Vibrations of a String with Time-
rarying  Length and a Mass-spring System
Attached at the Lower End.", ASME Winter
Annual Meeting, DE-Vol. 56, pp. 63~69.

(7) Wickert, J. A. and Mote, C. D. 1983
‘Currunt Research on the Vibration and Stability
»f Axially Moving Materials,” Shock and Vibration
Jigest, Vol. 20, pp. 3~13.

(8) Liu, S. P. and Wang, K. W, 1991, “On the
Noise and Vibration Chain Drive System.” Shock
and Vibration Digest, Vol, 23, pp. 8~13.

(9) Yamamoto, T., Yasuda, K. and Kato, M.,
1978, “Vibrations of a String with Time-variable
_ength.” Bulletin of JSME, Vol. 21, pp. 1677~
1684.

(10) Kotera, T., 1978, “Vibrations of String with
Time-varying Length.” Bulletin of JSME, Vol. 21,
op. 1469~1474.

(I1) Lee, SY. and Mote, C. D, 1996,
“Vibration Control of an Axially Moving String by
Boundary Control.” Mechanical Engineers, Journal
of Dynamic Systems, Measurement and Control,

Vol. 118, pp. 66~74.

(12) Lee, SY. and Mote, C. D,
Generalized Treatment of the
Translating Continua, Part [:
Tensioned Pipes.” Journal of Sound and Vibration,
Vol. 204, pp. 735~753.

1997, “A
Energetics of
Strings and

(13) Lee, SY. and Mote C. D, 1998,
“Traveling Wave Dynamics in a Translating String
Coupled to Stationary Constraints: Energy

Transfer and Mode Localization,” Journal of Sound
and Vibration, Vol. 212, pp. 1~22,

(14) °159, B4t 1999, “Aolrt wal= d9
A3 54, d=4a330FT3A, A 98 A 5
3., pp. 906~913.

(15) Lee, SY. and Lee, M., 2002, “A New
Wave Technique for Free Vibration of a String
with Time-varying Length,” Journal of Applied
Mechanics, Vol, 69, No. 1, (to be published).

(16) Nafeh, A. H, and Mook, D. T,
Nonlinear Oscillations, John Wiley & Sons.

(17) Cremer, L., Heckel M. and Ungar, E. E.,
1988, Structure-borne Sound, Berlin:
verlag.

(18) Mead, D. J., 1994, “Waves and Modes in
Finite Beams:

1979,

Springer-

Application of the Phase-closure
Principle,” Journal of Sound and Vibration, Vol.
171, pp. 695~702.

=SS =RE/A 129 A43, 2002d/279



