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1. Introduction reflect the fact that in much of human reasoning and concept

Data mining involves the process of identifying interesting
patterns and describing them in a concise and meaningful
manner. For fully exploiting all the attributes of an object pre-
sented in the database, one must use the qualitative encap-
sulation. The concept of information granule provides such
encapsulation. Information granulation is related to partitioning
a class of objects into granules, with a granule being a collec-
tion of data that by consequence of their similarity, resem-
blance, indistinguishability, functionality, or operational cohe-
12]. Such
information granules reveal underlying relationships more

sion are assembled or associated meaningfully [2,

comprehensively and are processed more efficiently. Modes of
information granulation in which granules are crisp play im-
portant roles in a wide variety of methods, approaches, and
techniques. Important though it is, crisp information gran-
ulation has a major limitation. It is well known that it fails to

formation, granules are fuzzy rather than crisp [12].

The process of granulation that constructs fuzzy information
granules from numeric data needs to be done on the sound
ground. Information granules constructed from the process
should be both semantically meaningful and experimentally
meaningful [10]. Semantical meaningfulness of individual fuz-
zy sets and their families has been already thoroughly dis-
cussed [5, 8, 11, 13]. Experimental meaningfulness of a fuzzy
set depends on its associated numeric data. If a fuzzy set rep-
resents a sufficient number of the associated numeric data, it
is said to be experimentally meaningful. When criteria for
placing an object into one or another fuzzy sets are indis-
putable and easily verifiable, fuzzy partitioning creates no
problem of its own [3).

When each fuzzy set resulting from a fuzzy partition carries
the same expected value, it is called fuzzy equalization. Fuzzy
equalization is regarded as a basic vehicle of constructing fuz-



zy sets that are both semantically and experimentally mean-
ingful [10]. Pedrycz [16] proposed an algorithm for construct-
ing a fuzzy partition with fuzzy equalization condition. If it is
applied to the data with the same probability density function,
the alzorithm always produces the same fuzzy partition. If the
constructed fuzzy partition, however, proved not to be useful
any niore, one or more new fuzzy partitions should be gen-
erated for testing their usefulness in further exploring process
in data mining. In this paper, we propose a new algorithm for
construction of fuzzy partitions with fuzzy equalization
condi'ion. For a given peak of a fuzzy set, the proposed algo-
rithm generates a fuzzy partition with fuzzy equalization
which includes the fuzzy set. Thus, user can generate as many
fuzzy partitions with fuzzy equalization as he changes the
peak of the fuzzy set.

Th: paper is organized as follows. In Section 2, we present
the preliminaries on fuzzy partition and fuzzy equalization. In
Secticn 3, a few topological characteristics of two distinct fuz-
zy partitions with fuzzy equalization are explored for a given
probability density function. Then, a new algorithm is pro-
posed from them, which is followed by an example in Section
4. Tke concluding remarks are given in Section 5.

2. Fuzzy Equalization

The concept of fuzzy equalization is based on the fuzzy
partit on. Several concepts for the definition of a fuzzy parti-
tion have been proposed in the literature [4]. For further dis-
cussion, we adopt the definition of a fuzzy partition and its re-
lated terms as follows :

Defirition 1. A set of fuzzy sets A = {4}, 4y, ..., 4} is said

to be a fuzzy partition of X [1, 7] if
Y A (x)=1 forallxe X.
i=1

"Corollary 1. If 4 = {41, 4,, ...
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Definition 2. A fuzzy partition is called two-phased [6] if for
any x €X there are at most two adjacent fuzzy

sets A;, 4is1EA such that

Bp,(x)#0, p, (x)#0.

, An} is a fuzzy partition on the
closed interval [a, b] and 4; (=1, 2, 71, n) is a
fuzzy number, then 4 must be two-phased [6].

Definition 3. Any fuzzy set can be defined over some uni-
verse of discourse X. In this universe, numeric
data can be described by a certain probability
density function (p.d.f) fix). Then, the proba-
bility of fuzzy event A is

Definition 4. A fuzzy set can be viewed as meaningful if its

probability P(4) is equal to or exceeds a certain

critical value . If it holds, we say A is ex-
perimentally justified [9].

Definition 5. A fuzzy partition 4 = {4}, 4, ..., A} satisfies
Suzzy equalization condition if [10]

1

P(4)=P(4)=L =P(4,)=
n

3. An Algorithm to find new fuzzy parti-
tions

Based on the above definitions, lets consider a fuzzy parti-
tion 4 = {4., 42,
where both 4, and A4, are trapezoidal fuzzy sets and 4; for 2

.., Ax} on a probability density function

< i < (n-1) 1s a triangular fuzzy set <ai, ai+s, aiv>. Let a
new fuzzy partition be B = {B\, By, ..., By} on the same prob-
ability density function which is distinct from A. Assume that
both B, and B, are trapezoidal fuzzy sets and B; for 2 < i
< (n-1) 1is a triangular fuzzy set <b;, b;1j, birs> and that b,
= a; and by+z = au+2 By the Corollary 1, fuzzy partitions 4
and B, are two-phased. We will take a close look into two re-

ai Aty

bi+i

bi+2

ai+2

<Figure 1> Two /~th fuzzy sets on the same probability density function.
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lationships on the basis of both the relative position of b to
ai+; and the relative position of b, to a; . relationships of by,
and a;+2, and the relationship of b; and a. The difference of
expected values for the increasing part (shown in dark lines
in <Figure 1>) of membership function in two i-th fuzzy sets
where | < i < n is as follows :

[ a0 fde= [ Bx) f(x) dx
= [ 1= 44 GO () dx= [ 1= By (0] () e
= [ @ de= [ e de= [ 4L (0 f ()
+ [ B S () d
[ de= [ f@ et [ A0 @) ds
-J Ba@f () dx

J-:_, A (x) f(x) dx— J.:‘ B_ (%) f(x)dx
= f f(x)dx— j:; flx)ydx+ j A, (x)f(x) dx
-[ B dr

Since

[F amr@de- [ B =[] f(x)ax,

A,‘.] Ai

oy
o
1+

without regard to the relative location of b; to a, the fol-
lowing equation holds.

7 aw s -1 s de= [ S0

By fuzzy equalization condition, the above equation is
equivalent to the following equation.

J-hblz B(x) f(x)dx= J"‘II A(x) f(x)dx+ J.:.I f(x)dx. 2

In summary, for two distinct fuzzy partitions with fuzzy
equalization condition that have the same number of fuzzy
sets, A = {Ay, 4, ..., Az} and B = {B\, B, ..., B,}, the follow-
ing topological characteristics hold from the above equations
(1) and (2). '

Topological characteristics of corresponding
fuzzy sets in two distinct fuzzy partitions

If the lower bound of the support of B;:, is greater than the
lower bound of the support of the 4;+;, the fuzzy partition B
has the following characteristics by fuzzy equalization as
shown in <Figure 2>.

1) The lower bound of the support of the B;:; should be

less than the lower bound of the support of the 4> .

Ai+1

bi+1

bi+2

ai+2 X

<Figure 2> Relative locations of 4 and b2 in case that b.; > s

A Bi A

Ai+1

bi+1

Qai+]

ai+2 bi+2 X

<Figure 3> Relative locations of & and b2 in case that bi.; < &y
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2) The lower bound of the support of the B; should be less
than the lower bound of the support of the 4; .
If the lower bound of the support of Bj:; is less than the
lower bound of the support of the 4;+s, the fuzzy parti-
tion B has the following characteristics by fuzzy equal-
ization as shown in <Figure 3>.

3) The lower bound of the support of the B+ should be
greater than the lower bound of the support of the 4.2

4) The lower bound of the support of the B; should be
greater than the lower bound of the support of the 4; .

Tle above propertics lead to the algorithm outlined be-
low, which describes how to find a two-phased fuzzy parti-
tion with fuzzy equalization when the peak of one of fuz-
zy s:ts is given.

Suppose that the peak of a fuzzy set B; is set to b" and
is distinct from the peak of A; Let the term of error be 8.
(It means that the lower bound of the (i+1)_th fuzzy set in
the fuzzy partition should be (b° - 8), (b +5) or some
valu: between them.)

I. Find a fuzzy partition using the aigorithm proposed
by Pedrycz [10], say A = {4), 43, ..., 4s}.
2 Find a set of a fuzzy sets, B = {B), By, ..., Bu}, as
follows.
1) Set the lower bound of the support of the B; to the
lower bound of the support of the 4; .
2) Set the upper bound of the support of the B, to the
upper bound of the support of the 4, .
3) Determine b;
3-1) (calculation of the ratio r)
If aw < b,
r= (b* - aisg) 1 (a2 - aier)
else if b < a
r=(aws - b))/ (a1 - a)
end if
3-2) (calculation of b;)
If i is an even number
if aw < b,
bg=a2+r><(a3-ag)
else if b < aw ,
bz =
else if 7 is an odd number
if @ < b,

by=ay-rx(a-ajp

a; - r x (a; - ar)

. *
else if b < aiy
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by =a+r % (a3 - az)
end if
4) For k=2 to i
Set € to

[ B s a.

Determine bi+ so that it may satisfy the
condition
b 1
N Bk_l(x)f(x)dx=;—£.
Next
I (B -8) < b < (b D)
then go to step 4
else
replace A, 4y, ..., Air with By, By,
respectively and go to step 2

ey B

4, Find remaining fuzzy sets {Bi, Biw, ..., Ba} as
follows.
For k = i+l to n-1

Set € to
J Bt S0 d.

Determine by+; so that it may satisfy the

condition
biwt 1
"B () f() de= e
2 n
Next
5. B = {By, By, ..., By} is a new fuzzy partition with

fuzzy equalization.

4. Examples

Gaussian p.d.f. with a mean 3.0 and a variance 1.0 reads
as follows :

fx=

We assume that the domain of the normal distribution is
taken as a segment of real numbers spreading 1 to 5. We also
assume that the number of fuzzy sets in the family of fuzzy
sets is given 5. Then,

[ f(x)=09544.

By step 1 of the proposed algorithm, the lower bound of
the support of the A2, a2, can be determined from the follow-
ing equation.



58 SRR

" r(x)=00954.

By the standard normal distribution table,
a; = 1.8160.
This leads to following resulting bound values :
1.0000
1.8160
2.5598
2.9539
3.5361
4.0704
5.0000

This is a fuzzy partition with fuzzy equalization. However,
it seems to be natural that the peak of a fuzzy set super-
imposes on the peak of the normal distribution. Let's find such
a fuzzy partition with the peak allowance of 0.0005. In this
example, it is assumed that the peak of the third fuzzy set in
the fuzzy partition should be located on the interval from
2.9995 to 3.0005. With this information, the first iteration of
the algorithm suggested in the previous section gives us a re-
sult that the peak of the third fuzzy set in the new fuzzy parti-
tion is located on the point 3.0013. Since the peak of the third
fuzzy set is not located in the allowed interval, another iter-
ation of the algorithm is required. The second iteration results
in the following bound values :

1.0000
1.8732
2.5122
2.9999
3.4881
4.1265
5.0000

Since the peak of the third fuzzy set, 2.9999, in the new fuzzy
partition, is located within the allowed interval, this is a
solution, Like this, a new fuzzy partition reflecting the users
intention can be constructed.

5. Conclusions

As an explorative discovery process, data mining will face
great difficulties if only one fixed grouping is allowed for the
given data. Even with experimentally meaning encapsulation
provided, fuzzy equalization is not widely applied to data min-

ing due to the limitation of its algorithm that generates only
one fuzzy partition for the given data. In this paper, we ex-
tracted a few topological characteristics of two distinct fuzzy
partitions with fuzzy equalization condition for a given proba-
bility density function. From the extracted characteristics, we
proposed an algorithm that generates new distinct fuzzy parti-
tions with fuzzy equalization for the given probability density
function. An example showed that a new fuzzy partition with
fuzzy equalization could be generated as the user sets a peak
value of a fuzzy set. This implies that another fuzzy partition
can be constructed as the user chooses a different peak value
of the fuzzy set.
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