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Dynamic Characteristics of Cantilever Pipe Conveying Fluid with
Moving Mass Considering Nozzle Angle
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ABSTRACT: The vibrational system in this study consists of a cantilever pipe conveying fluid, the moving mass upon if, and an attached tip
mass. The equation of motion is derived by using the Lagrange equation. The influences of the velocity and the velocities of fluid flow in the
pipe have been studied on the dynamic behavior of a cantilever pipe using a numerical method. While the moving mass moves upon the
cantilever pipe, the velocity of fluid flow and the nozzle angle increase; as a result, the tip displacement of the cantilever pipe, conveying fluid,
is decreased. After the moving mass passes over the cantilever pipe, the tip displacement of the pipe is influenced by the potential energy of the
cantilever pipe and the deflection of the pipe; this effect is the result of the moving mass and gravity. As the velocity of fluid flow and nozzle
angle increases, the natural frequency of the system is decreased at the second mode and third wiode, but it is increased at the first mode. As

the moving mass increases, the natural frequency of the system is decreased at all modes.

.M £
ol5atgolut olF A oa FIFE we B FHEH
& 71z ¥Y, 1%, a3 NAFE T A BAEHA
FHASN a7l gk ® fAClSE ZE Sejze 1
9] FWER st molzo] dAEHE F& FolT &£&
z2E FAZE YAA7E AR AN 21T = ok gol
= &% 528 Ao ofste slo]=Zo| xFo] LA,

A S5} olw YAl EUSE 1 AFo] BAFsHe]
shol =7t AFHINE ok Al B FAY FAEE o)
=of oo At YFEFFHE Hu, FHol & AAE

o] Ze] e b FRE FAFEHE oyt 9
H3 TEYEL vREHo 2 BA4AY AF # A 3
Ao F23 A7t et

FAREA g STl e PP e A= o
ghulote] Ak i #ERE AT S A3 e A
FoA H|EHrHAshley et al. 1950). o] % 2 AHFEE 2 B
A $5% (articulated pipe)o] TRl Tt o] B HPH

ALAA S AR FABAA FAAT TPolBF 4L 24
051-890-1645 hiyoon@dongeui.ac.kr

18

o]
s

LAFE o]
{flutter) B doivtE A& AABHA THBenjamin, 1961;
Benjamin, 1961). Sugiyama 5 (Sugiyama et al, 1988)2 3%

A 23 94 2ol o5 AxY B F S5ae)

Wiol §A47F B2 A9 Axds gEawd Byt
Aol B8 Al ol 92 vIAEHE 8H $3)

47 whgoz AFEYL, Wilson(Wilson, 1973)2 F3 4%
oz ® oFalFol o SEE Agoz @ olFaE o
F 19 $Ye AT, olFAYe ofF M Fo F2E

Lee, 1996; &7+, 2001).

o] ApolAE Aol wit Ze o)FfA e AL A3t
o & sol=e] oo F FFEol eI TG B
olZ 9 o] YA &&= o[Fde AE HHIFHU ©]
G Ae A Soll F& AA AFEAANA AFe O
FAHoR9] olFol QoA 1 ol F A ot w7} 7}
dele ZAE 2l st Wil fA7t YAFAE

E

=1

S E=

L=



i

1.
a

SLagt VAR TEE 4 ik Al 23ubgale
lagrange WA o8 {3l x84 39Tk F do|=
] B ZAgske T FF5YY AviE oldHA 29
el HIHEIER o)9} dAAEE do|E £& B2 FAY
iE 9 o)FHRE oF Ho|Ze] FAHEAY BAEL Uk
kA B A7 E B3 AE 2SR e oldRAl, olF
A 77 9 &5, aEn o)A 3k FEEH| =7
o] AET =5 Zo] A FEA "AE dFE A
Ak T3} o)A o] wo]T Y5 wd Fol mo]Zo FF
S o) disiM s nEstET

2. O|EalN

Qo] §A7} B2t 9% stz
iz olFeE wAlel e
AN my & o1FRD, » £ oIERDY T, 22T uE
AERA SEols F ol&iA BALolth & m,
i:ofolze] wE ol SRl BwAdeln, /& 9% 5
o) A Dolg ek 95k A Sx9) o)5d
k) =7), aelm o 5RAS) SEWET} A wolzel F

el PR QRS s Siste) Lagrange WHALE 7]

dE AEATel UA%

Fig. 191 9] njs} 2o,

lig.1 A cantilever pipe conveying fluid with moving mass

2.1 QEIO|Zo| Of|LIX[A]
o vo]sze] WY y(x, t) E FAV} Q= AL AAz
1S BEAFE 9P ozl A Ao U m&de
5 (x) & o183t thg3t o] RHS & ok

EDED WO RN ©

A7NN, g(t)E Uws #HE, pE E
1L ¢ i(x) © IAEEEA TS 2o

BEY £% btk

¢ (%) = cos(A;x) — cosh(A;x)
@
— a;[sin(4;x) — sinh(4,x)]

A71A, ;v YR ARFEY AR LHFoly ol
oz Folanh

 cos(A;0) + cosh(A,0) 3

2= TG, + sinh(3,0) @

Azt el oA A &

AolE o ol FEA Y 19

E A O 402 78 ok

14 cos(A; cosh(A;!) _
sin(A;0) cosh{A;l) —cos (4;1) sinh(A;/) ~—

mp
PL(D W)

A71H, me % sholxe] wel BolY Aselth. img
solze} SEolUIAE B 2T (Meirovitch, 1986).

T, =5 [ () ’am+ Fm,* 1)
B %mzdiz(f)fol‘ﬁiz(x)dx ®)
g my 2 DD

°ol3, ()& Az foll W mE
o] Xl doiAE a3t 2k

g e, %, s ol

I !
V,= %fﬂ EI(y ) dx — mygy(l,t) — mgfo yde  (6)

471N ElE % vjo|=
W§ vlEe epdck

o FYAATF, () xol

2.2 OIBRHL! LKA
A% spolze] g fAe] AUSEIL w o2z, §49)
g sole volze) £50] XgEolol Ak metN 4

o Avsze] FHPE, & y %Hé—'ﬂr% y+ wy eolx, x

u(l= 5 Ly2) ol gepy ge)

e 7ahm \/[u +ou gy + 3+ %uzy”i] o] gt} =,

vlagte] g v S AgetE oldRAlY exduixlE
o3 2ol AL
! . .
T Z%fomf(u2+2uym,y’m,+ y?,,)dx @
FEY FEe 1H3E A Taldduxe tea 2ok
1
Vy=— fo(mfgym,)dx @)
A7VM, myE HAY 99 Zold AFoln, y,, = T
2} .
Y, = ¥ s, Ol _ ©)
2.3 OISRAQ A0 2fst Uzt
Aol sl e e BAEe vlo|zo] o) g3}

£ A2EEY) 90, 249 BAEA o e wFN
B2 BH7k 04 Yuel T W wA FHl 437 )
A o XY & Yok wekd sz EwEZ 9
Qo e Re) FAE Fig 29 2ol XAY & Ak



20 & -

Fig. 2 Works of conveying fluid by jet force

Fig. 2014 slolZo] Zure] 2hgste Yot BHEF el

BE F,, 283 59 FAQ WY o 4R F, & 4
A T 5 o, v e ¥ Fi oed 2ok
F= pA,u’cosf (10)

71N G =2 A, A, e fA7 SHshe =89
934, aga o= #A¢] el =, w
oA RALEE YERAL gom] BFFE u el XH
202 ZAT £ YKl T, 191). olERA HAtEH
st} ol Zof] AL HE P x= 101 xgoﬂ g @%
Y4FFl Ak ol 44 5%
E_&.E’:I/H_‘?—oﬂ ,]6} ?___]J,]. H]E a HH‘_]
o 92 Fras. e A% Fuzsee) BEY 4
g de

go=
=210

H

W, = L

4
5 fo(pAzuicosﬁ ¥'?) dx

ox, AF PUETUe] FAHRY MREY FRo) 9T U

< o3 2ok

Wy = — pA,utcos0y (I, ) y(l, 1) 12
2.4 O|SEEQ| KX A

olFAHY FEHEEI] pold 1 FHHYE

t

n=ft)= [ vat (13)
°la, FRARYE y,, olFn 38 TIF m L JPFTEAY
olmz 1 FuAe} EeldoUiAE Ztz} o) 2ot

-1 2, 2

Tw=-gm(y, +v°) (14)

Vm_ -—m g yml (15)
A7 ge TENERE, v, & o1 FF m o WY
o] W99 FAld Folze) Fuigolrt F, o|FHHFL o

=9 BEHA 2T AED AUz FI0TL 2o waA

ols e ARG WS} e T P,

Yo, = ¥, O, _ 4 (16)
S (v 9 ay
Vm, ( axl at + 82() e (17)
olF ;elakn, A4 M A @)l Biglshd
= 03 (D LAWD)]
B (18)
2 (b LA ()]
oJch 4 (18)& 4 (199) hgiske] gelakd o)FAFY £F
AUAE ok A 2o,
7= 3 m{o 35 a0 ()8 AW
+20 23 a0 .1 (DIB] L (D] (19)

+ 2 GO+ § ot m

Ao &5 HAE =8y At SkollA 73 A oYy

A A& thg-9l Lagrange g 4ol thdste] Aelgich

d (QL\ _ (9L\ _

dt ( aq'l.) ( aq,-) 0 @0)
o714 L& Lagrangian® 2 thg-3} 2ok

L=(T+ T+ T = (V,+ VAV, )+ Wt Wy @y
mebr Aol AN =188 p@37H o2 %

asv] thes gk
21 {m folfﬁg(ﬁc)a’xnL m,$: (1)
+ mffolqs%(xf)deL m1¢%(x1)}q"i(t)
+ B (L e [ 18 Gl ) o)
+ B [Br[ (810 e pA.atcos [ (410
204, cos 04, DB D)+ vy G (8, (x))B(x)
— % Hn) + omy G (8, Ga)) 100
+ f[ A4 d iy

ums | { dt(¢i(xf))¢i(xf)+ pACHEN)

@)
se0Ndda 0~ B {Ontmg [ 60 de

+ mygd (1) +migdlx)} =0

A (22) 9 $EUAAL EsE] dete] By WsE

g3 2ol el



_x _ _t JEI ",
A A

m pAz q
M=%, U=uwll 572, d=42,

Mi EI / )
__omyl - mlls*z _ my
B=TmEr " "= TET UV M=
o Smtmpel L m,gl* . _ mal’®

El » El ! ET

| 2AE W olgdlel A 9 £EWRAL AU
P che gk

Z:l {f01¢?(5)dé+ Mf1¢§(}f)dg+ ,64(1)

5 ()

= [¢l~<x1)]]di<r>

+ my4:(x)) d(r>+ [4%(x ]
+ 741
+ 121{ f01(¢;'(§))2d5— UZCosﬁfl(z;S;-(E))zdf
+2U%cos 0¢;(1) ¢,(1) + B8 [¢ (xD1g:(xy)

— y¢i(xy) +BE[ b (;1)]‘25{(761)

VU [ G191 ds +VIU [ -0 ,(3 )]
#:Gepde) o) - {0 [ 8.0 d+ mis, D
‘*‘Wl; ¢i(}1)}= 0 (24)

710 x, = vi%y % T, x;= ul\/% T,
1213 FRUSE AT rol @ e ek,
2.6 Aol TR oHA

4 QOE ARATAANE Aojel Guel 99 g9l Ao
2z e oo o] BT 4 Aok

[MHdt+I[ CHa}+ [ Ki{a}={0}
2 (8B)s a5A BAE E@3] A5t thaa) go] HMg

(25)

& 4= Utk
4714 z+ ke zbzh the-a ok
[[M]‘[C] [ M] K]
M= @)
[1] [0]
{n}= 28)
d

FAolF

AT so|Zo] EEA A

A714, T S9gde ousi, B4ns §4e s 2
(28)2 v} go] RHT 4= vk
7=e"0 29)
71 e Bad @9 afAoly, Ov RE¥AE Y
e PZoltk 4 (20~29F o83t %n A nHAE B
T ke zhed o] o gXE EAY A53EsrE 4 g

Ak
3. TR[ofA] Zat

o] AoME olBa AN FEH TFUAHNES uFoR
&%

Ael 5 Aufshe o]F-frA 9l ,

EEQO X
he e =1

E5gol tate] o mo|=o FFE 10 A RE/A 1

o p=10) 2 Zze] JFE 2
ok a4 =232 Matlab(ver 6.1)S AMR3sIF.oH,
Runge-Kuttatf 0 2 3443} t}.

Fig. 32 fxp4l olgAFe A7}t 1, olgdHe £=7}
02m/s A o F59] Wslel] wte )& vojmol e JWS
£ ZAJEM Qith AwbA o g o]F o] o]z YE T
T AE Tﬂrolﬁgl AL o)EFA Y £e7) WESF
T 2)&} oJRAL AAEA 4_%6}7]3_
i%ii 401»4 Aze o

&4 3t wim, s}

azje]

-

L.
T

=

=

g ?swom

_4

ol solZ oiF Bk
59 sholz Q%S Soud o|Fael solT AE Wb
W SOIZ A4 ST B 2AE Sua S
ol ARl 4% @Al F7tsl 4B TolZ AR B
eAUA FUAIE AL A olgAe delz 4

g £ ol AFg AYk Fig 3 o FAY
o 052 o} 159 HE MmHE o|F ATl ol

£ QU BUE A%

7

.

.
o] 0521 A97} 1.5¢ 759
A% wy
& 5 gk
Fig 4 olBagel £E7b 02m/s, TR oA &
57119 W o|5AFe] A7lol We A solzo] B 3
WeE BelF3 Yok ol5AR J7)Y Fte o15AZo] %
T 9% olfhe U] AL FMITh AN )54
o] solxE Ed Fol ol = WSS Uwuw T4 of
A% 277119 w7k 29 Wl wls) § 2 A% wol
Ttk ole oJEABe] Holz AT wike ¢l
29 e 9B solx ByUAY At AEE Aol
1, 430l 19 HE ol BAUAT S8 Y A4
o]7) wtolch. o) Aol Vol =G S Fo| solx Y

=

ot

231, o]l gA#Fe] mo]=z
KX

AE =2

Aol



22 &3l - &004 .

0.04

0.00

-0.04

-0.08

Tip displacementd/ 1)

! 1
0 20 40 60

Dimensioniess Time

Fig. 3 Tip displacement of cantilever pipe due to variation
of fluid velocity

0.03
S o000
c [
o i
g |
& 003 h
1) 1
E
"E Y
a 006
'_
-0.09 L L
0 20 40 60
Dimensionless Time
Fig. 4 Tip displacement of cantilever pipe due to moving
mass
%004_
q
— 0.02 (a)
3000&,/\\/\,\/
5002 [V v
atooey
L0086
0 20 40 60 80 100
Dim ensionjess Tim e
% 004—
R oo () .
a R, Lo !
2] 0.00 L . - ~ \\“\‘\“‘ |
o 002 ., TN H\“H\w‘x“f
o 004 VoMY Vo
o 008
0 20 40 60 80 100
Dimensionless Tim e
% 004 [
E 002 (€) . /
Q - . i
w 000 [ .
o c002 b .o o
Q-DOA_
o 0.0
0 20 40 60 80 100

Dimensionless Tim e
Fig. 5 Tip displacement of cantilever pipe <2 to variation of
velocity of moving mass;

(@) v = 01 m/s, (b) v = 015 m/s, (c) v = 0.2 m/s

0.03

4
=3
=3

I
=1
&

Tip displacement @/ 1)

-0.09

0 20 40 60
Dimensionless Time
Fig. 6 Tip displacement of cantilever pipe due to variation
of nozzle angle

w N =

3rd. mode

Natural frequency

0 05 1
Position of movina mass x /1)

Fig. 7 Natural frequency of cantilever pipe due to variation
of fluid velocity

60

50
3rd. mode

Natural frequency

0 0.5 1
Position of moving mass (x /1)

Fig. 8 Natural frequency of cantilever pipe due to moving

HolE olsdun FHAT oY ok AWelE FFL
WA 53, 9B spolZ Ax|e] AUA FAI7I M2
BAElo) W] BRI,

Fig 5% 79 oFa%e a7k 1, ¥39
W o5 Sxo] WE stolZo| EH Fuls)
ek o 5AFY SEsh A Aelel =t
Juz, oFAYY SRt o|FUYol Ho|ZE 3
e ARk Fig 504 2 & Qe A 5T &



N atural frequ N atural frequ

N atural frequ

NN W R A O ¢

20
18
16
14
12
10

8

80
55
50
45
40
35
30
25

o]

o =

Art. A
AEe Z)s}
2} 50 °1 AS-
A FUS AL
Zo] oF 12H|AE E—] A3, olzd#o] ¥
so] AEL oF owiAL ZA Jepdth T
e RS Fo IS
AZo] AY =A vehIH,

A wls)

(a) 1st.

P osition of moving m ass

b)) 2nd.

0 .
P osition of moving mass (x /1)

[(c) 3rd.

lkl mh
o M _
2 o o
rN

P o sition ofmov.ing mass (x /1)

ig. 9 Natural frequency of cantilever pipe due to variation
f nozzle angle

é%l:o] de)z 92 o)Edu Y= Zoke 9l
2 %S "IAA F1, ot o]
ARt w3l dojz o]
AAs}tt. &4A|Tk Fig. 3, 4004 A=
A due AH2 EWoﬂLixH
BABL7] wFEol| o|FdFo] HolZE Wy F
°‘X}°u‘—% wHgg 4 ok

FRAY £27F 19 Aol =258
o vlolZo| Ed FWE vehixn
oz o] R}
Atk ZAatzre] 10 °91
6}1 LR °1%Z‘E*°l olz AE
AR °ﬂ HlsH

EE M—— e

4
o}z

o}

i

rﬁ Okﬂ oy, il

10 "9 Wi} 50

3 Ate] 50 1 29
e ol5dge] o)z 98
quke @7t stolze] AT A GRANIA 27 7
g 77he AR A7) WE

Fig. 7 &

ojgt Alg €t

s 7] 02 el
AT AA E}-A A |
Astar gtk FAR o
olEAo] sho]=

AE olFshe
F W3lE 3 x} E'_E?J}Z] E
zau PSS
EER S A
i REoME oF 81 % AR, 34 XM= 456 % FAE A
gaiA 7lshe @e Holw

3 @x] 2

AT 12} BEoAE 93}

$A01% o2 slojze] FEA 84 23

B olgAe £wst 39 We) Agsh WA 977% A%
o 2742 Holn ik e Al JFL HAE HeuE
o} Wge] me T=w E4ow AWy 4 UrkFung et al

Fig. 8 & olgdae] A7} ¥ o |57k X w
g 13% WIE 3383k ok Al RAFFE °lF
Aol =719 BAGe] 23 REoMe olFAFe X7}
) g u, 183 3% REdAE 067, 0929 $X
o & ) e %k% WB} olR2z o] zHo| Y& o]

< A4 ¢ ok oz o] AFEE
_‘15011*1 olsdge] A7} FAETE

9 & % Yehidh
Flg 9 =& A ¥l o)F A X wE 1L
AEF Wl e 9% 7 2edz 3d93x ok
:L%OH A BRe ZAAE =& o] 50 ° A wo Hls] 10 °
2 R ME 1.3 % A, 28lx 3xF REdiAd= 09 %

@E e BFAFEE AL 13 2ooie 147% =
L4AFSTL FAEE S+ Yok
5.8 28

B0l vhg- A olE A BAle] elste] 9% shol=
o Zaol % £50] A3, S AT Tol= 9
Aol Y SEZ o|Fohe AS FANNGA e 2
& 2L A
(1) ol5AFe] ol 91T Bk AN o5A

2719 Ae) AES Az wwle, o) A
Nz WS, E ol5Ane] £EE Aol Ao 2 o
g mAA gk

@ 5] HolZ T BHW T Aol AFE 52

% 9 Feo] 9@ vol= Mol Malsi, 53 o) A7
o olg VAU BTt 9B solx R wAol
WA 27040719 A2 BASEA o5 Ao ol A
W F9) sho)= AL AR

() As) DRASEE 2 34 RIS olEfASl St

wg zto] Az whlgsin, 17 Esow: SEE

(@) ol5aBe] T7)9h AY LFAFLE A meo] AH W

slgjals, olgd%el =79 A nNELe WAR
B3j0) 9% volzo] WL AVE F AUk

S
o4, urH3s), FAE (191). “HRe] A7+ T2E volx

Ao BAWEA 2 LAY, AN A, A5
A, A6z, pp 1861-1871.
290 Q001 “ReAlA] el BB Pl olF AT
qay, dFAUBEIA, A15Y, A3, pp 135140
Ashley, H. and Haviland, G. (1950). "Bending Vibrations of
a Pipe Line Containing Flowing Fluid", Journal of
Applied Mechanics, Vol 17, pp 229-232.



2 &3] - &9

74

Benjamin, T.B. (1961). "Dynamics of a System of Articulated
Pipes Conveying Fluid(I. Theory)", Proceedings of the
Royal Society (London), Series A, Vol 261, pp 457-486.

Benjamin, T.B. (1961). "Dynamics of a System of Articulated
Pipes Conweying Fluid (II. Experiments)", Proceedings of
the Royal Society (London), Series A, Vol 261, pp
48749,

Chen, SS. (1971). "Dynamic Stability of Tube  Conveying
Fluid", Journal of Engineering Mechanics
Proceedings of the ASCE, Vol 97, pp 1469-1485.

Fung, EHK and Yau, DTW. (2001). "Vibration Frequencies
of a Rotating Flexible Arm Carrying a Moving Mass',
Journal of Sound and Vibration, Vol 241, No 5, pp
857-878.

Lee, HP. (1996). "Dynamic Response of a Beam with a
Moving Mass", Journal of Sound and Vibration, Vol 191,
pp 289-2%4.

Meirovitch, L. (1986) Elements of Vibration Analysis,
McGraw-Hill, Second Edition, pp 282-285.

Division,

. 7]

2=
VT '

- 279

-

Stanisicc, MM. (1985). "On a New Theory of the Dynamic
Behavior of the Structures Carrying Moving Masses",
Ingenieur-Archiv, Vol 55, pp 176-185.

Sugiyama, Y., Kawagoe, H. Kishi, T. and Nishiyama, S.
(1988). "Studies on the Stability of Pipes Conveying
Fluid(The Combined Effect of a Spring Support and a
Lumped Mass)", JSME International Journal, Series 1,
Vol 31, No 1, pp 20-26.

Sugiyama, Y. Katayama, T., and Kanki, E. (199).
"Stabilization of Cantilevered Flexible Structures by
Means of an Internal Flowing Fluid", Journal of Fluids
and Structures, Vol 10, pp 653-661.

Wilson, J. F. (1973). "Response of Simple Sans to Moving
Mass Loads", AIAA Jouwrnal, pp 4-5.

20029 6Y 39 Y FH
20029 109 23Y HF AL A



