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Free Vibration Analysis of Thick Circular Ring from
Three-Dimensional Analysis
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Abstract

A three-dimensional(3-D) method of analysis is presented for determining the free vibration frequencies and
mode shapes of thick, circular rings with isosceles trapezoidal and triangular cross—sections. Displacement
components #,, #,, and %4 in the meridional, normal, and circumferential directions, respectively, are taken to be
sinusoidal in time, periodic in #, and algebraic polynomials in the ¢ and z directions. Potential(strain) and kinetic
energies of the circular ring are formulated, and upper bound values of the frequencies are obtained by minimizing the
frequencies. As the degree of the polynomials is increased, frequencies converge to the exact values. Novel
numerical results are presented for the circular rings with isosceles trapezoidal and equilateral triangular cross-
sections having completely free boundaries. Convergence to four—digit exactitude is demonstrated for the first five
frequencies of the rings. The method is applicable to thin rings, as well as thick and very thick ones.

Keywords : three-dimensional analvsis, free vibration, circular ring, Ritz method
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Fig. 1 A circular ring with isosceles trapezoidal cross-
section and the coordinate system (s, z,6)
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Table 1 Convergence of frequencies wLv o/Gx100
of a completely free, circular ring with
isosceles trapezoidal cross-section for the
five lowest modes for =2 with ¢,=0,
hulL=1, Ry/L=3, h/h,=1/3, and v=0.3

1z rs (per| 1 | 2 | 3] 4] 5
2 2 12 |9.86419.876|66.78|98.65]|301.0
2 4 24 19.282(9.407|62.32|98.56298.1
2 6 36 |9.278(9.399|62.14|98.56 | 298.0
2 8 48 19.278]9.398162.12|98.56|298.0
2 10 60 [9.278(9.398|62.12]98.56 | 298.0
3 2 18 |9.48219.616|65.72]98.61}299.7
3 4 36 |9.14219.196|61.30|98.54(297.2
3 6 54 |9.133[9.195|61.12(98.54|297.1
3 8 72 19.133[9.195|61.10(98.54|297.1
3 10 90 (9.133]9.195|61.10]98.54|297.1
4 2 24 19.161]9.611|63.81(98.61]283.6
4 4 48 [8.867|9.196|59.95|98.54|280.5
4 6 T2 18.86019.194}59.81198.54]280.5
4 8 96 [8.859(9.19459.80]98.54|280.5
4 10 120 [8.859]9.194|59.80|98.54 | 280.5
5 2 30 [9.159/9.601|63.80(98.61283.5
5 4 60 [8.866(|9.196]59.93(98.53|280.4
5 6 90 (8.859|9.194]59.79|98.53|280.4
5 8 120 |8.859(9.194|59.79|98.53(280.4
5 10 150 (8.85819.194|59.78|98.53|280.4
6 2 36 |9.137(9.601|63.29(98.61{282.9
6 4 72 18.863(9.196159.88(98.53(280.3
6 6 108 18.85919.194|59.79198.53|280.3
6 8 144 |8.85819.194|59.78|98.53|280.3
6 9 162 (8.85819.194|59.78|98.53|280.3

TZ : Total number of natural polynomial terms used

in the z or ¢ direction
TS : Total number of natural polynmial terms used in

the s or ¢ direction
DET : Determinant order

g ana 39 509 A fERA 42
A Y 2 A7) FaAlE Bk 60014 1449)
B8 457t Bew dth £ BYRAE e
A3 T2=62 W TS HjE 10046] 9% 4}
$a9T

4. FXOIH|

Table 2-4% 01%— Attt E @8 (h,/L=0.2,
R /L=3)% 7t ARF7A 2 F,JA% BEPIED
FaEA Lﬂz}a]nm By 2 AES oLV /G2

(¢]

]
H
[}
[
-
P
0p
o
o
mr
Ho

& HM158 ®45(2002.12) 613



e 4999 3298 A2 5HN

N

%Z h, /h, =173 @ @ =0°

h;/hb =1 /r

!
1@ =45°
h/hy =1/3 d

h/hp=3

2
>

&
<
&

he/hy =3 @
% h./hy, =1 %
% h,/hy =1/3 % @ =90°
W by /hy =3 X/

Fig. 2 Cross-sections of circular rings with &,/L=1
and Ry/L=3

AFstn ik o] F& A e SAUE(h/h,=1/3,
1, 3)3 Al e BA ¢y=0° (Table 2), ¢y=45"
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Table 2 Nondimensional frequencies oLV ¢/G of a
completely free, circular ring with isosceles
trapezoidal cross-section for ¢,=0, h,/L=1.
R,;/L=3, and v=0.3

helhy
n mode
1/3 1 3
1 |2.643 3.142 2.860
2 13.232 3.190 3.104
o(T) 3 |[5.025 4.477 5.120
4 |5.239 6.283 5214
5 16.293 6.308 6.237
1 10.3325(5) [0.3277(5) [0.3719(5)
2 10.4529 0.4640 0.4749
0(A) 3 13.008 3.960 3.046
4 (3.832 4.340 3.850
5 14.150 4.352 4.085
1 [0.4125 0.4225 0.4426
2 (0.6292 0.6431 0.6587
1 3 |2.685 3.182 2.912
4 |3.010 3.233 3.047
5 13.274 3.942 3.154
1 [0.08858(1) [0.09083(1) |0.09619(1)
2 10.09194(2) |0.09835(2) [0.1027(2)
2 3 10.5978 0.6320 0.6176
4 10.9853 1.006 1.030
5 (2.803 3.293 3.057
1 10.2418(3) (0.2475(3) [0.2576(3)
2 |0.2464(4) |0.2635(4) |0.2823(4)
3 3 10.8213 0.8781 0.8355
4 |1.385 1.413 1.446
5 12.983 3.460 3.092
1 (0.4344 0.4472 0.4619
2 10.4421 0.4727 0.5068
4 3 |1.059 1.137 1.069
4 (1.794 1.829 1.869
5 (3.044 3.665 3.136

T : Torsional mode, A : Axisymmetric mode
Numbers in parentheses identify frequency sequences.
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Fig. 3 Cross-sections of circular rings with equilateral

triangular cross-section for k/h,=0, h,/L=
V3, and R/L=4/V3



Table 3 Nondimensional frequencies oLV o/G of a
completely free, circular ring with iso-
sceles trapezoidal cross-section for ¢,=45",
hL=1,R,/L=3, and v=0.3

Ryl hy
n mode
1/3 1 3
1 (2,690 3.150 2.815
2 13.200 3.177 3.128
o(T) 3 |5.056 4.475 5.117
4 |5.229 6.294 5.210
5 16.276 6.317 6.237
1 10.3233(5) [0.3082(5) [0.2945(5)
2 10.4525 0.4377 0.4247
0(4) 3 1[3.015 3.959 3.033
4 3.834 4.344 3.841
5 (4.140 4.354 4.095
1 [0.4044 0.3977 0.3677
2 (0.6266 0.6080 0.5893
1 3 |2.734 3.185 2.855
4 (3.018 3.215 3.038
5 13.240 3.942 3.164
1 0.08563(1) |0.08131(1) |0.07356(1)
2 10.09588(2) |0.08826(2) {0.09043(2)
2 3 10.5902 0.5948 0.5349
4  10.9794 0.9522 0.9227
5 |2.857 3.286 2.962
1 0.2333(3) (0.2228(3) (0.2017(3)
2 10.2568(4) |0.2376(4) [0.2440(4)
3 3 10.8129 0.8263 0.7355
4 1.375 1:339 1.297
5 |[3.014 3.441 3.057
1 (0.4208 0.4050 0.3673
2 (0.4587 0.4283 0.4376
4 3 1.049 1.070 0.9481
4 1.794 1.735 1.681
5 13.044 3.634 3.097

T : Torsional mode, A @ Axisymmetric mode
Numbers in parentheses identify frequency sequences.
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Table 4 Nondimensional frequencies oLV po/G of a
completely free, circular ring with iso-
sceles trapezoidal cross-section for ¢,=90",

hw/L=1, R,/L=3, and v=0.3

el g
n mode
1/3 1 3
1 |2.774 3.142 2.766
2 |3.167 3.190 3.156
o(T) 3 15.107 4.477 5.105
4 15226 6.283 5.211
5 16.250 6.308 6.248
1 (0.3254(4) |0.3277(5) |0.2814(5)
2 10.5014 0.4640 0.4334
0(A) 3 [3.032 3.960 3.025
4 13.840 4.340 3.836
5 |4.123 4.352 4.118
1 (0.4212 0.4225 0.3635
2 10.6883 0.6431 0.5995
1 3 |2.828 3.181 2.807
4 (3.038 3.234 3.030
5 |3.215 3.942 3.192
1 (0.09908(1) [0.09083(1) |0.07585(1)
2 10.1254(2) |0.09835(2) |0.09533(2)
2 3 10.6335 0.6320 0.5443
4 1.071 1.006 0.9370
5 12970 3.292 2.920
1 |0.2673(3) [0.2475(3) |0.2078(3)
2 10.3283(5) [0.2635(4) |0.2536(4)
3 3 10.8829 0.8781 0.7567
4 |1.501 1.413 1.316
5 |3.061 3.459 3.036
1 0.4788 0.4472 0.3778
2 10.5754 0.4727 0.4516
4 3 1.146 1.137 0.9804
4 |1.937 1.829 1.704
5 |3.106 3.664 3.077

T : Torsional mode, A @ Axisymmetric mode
Numbers in parentheses identify frequency sequences.
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Table 5 Nondimensional frequencies oLV o/G of a
completely free, circular ring with equi-
lateral triangular cross-section for #4,/k,

=0, ha/L=1/V3, Ry/L=4/V3, and v=0.3

&
n | mode
90° 45° 0°
1 |3.511 3.543 3.510
2 (3.858 3.790 3.815
0(T) 3 16.309 6.305 6.303
4 |7.276 7.273 7.285
5 [7.349 7.401 7.305
1 10.4962(5) [0.4223(5) |0.3701(5)
2 10.7053 0.5831 0.5454
0(A) 3 [3.818 3.811 3.807
4 ]3.868 3.861 3.843
5 |5.442 5.477 5.440
1 ]0.6042 0.5082 0.4553
2 10.9673 0.8084 0.7572
1 3 {3.586 3.597 3.555
4 |3.805 3.793 3.797
5 |[3.879 3.865 3.849
1 |0.1532(1) [0.1112(1) |0.09432(1)
2 [0.1811(2) [0.1233(2) (0.1143(2)
2 3 10.8651 0.7154 0.6542
4 |1.502 1.263 1.185
5 3.785 3.750 3.684
1 [0.4102(3) (0.3063(3) (0.2621(3)
2 104711(4) (0.3291(4) |0.3052(4)
3 3 [1.185 0.9723 0.8954
4 |2.101 1.772 1.667
5 (3.828 3.816 3.814
1 ]0.7301 0.5514 0.4762
2 10.8344 0.5873 0.5451
4 3 [1.601 1.248 1.152
4 |2.712 2.292 2.159
5 (4.087 3.841 3.835

T : Torsional mode, A @ Axisymmetric mode
Numbers in parentheses identify frequency sequences.
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