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Consistency of a Modified W Test for Exponentiality
Namhyun Kim?

Abstract

Shapiro and Wilk(1972) developed a test for exponentiality with origin and scale
unknown. The procedure consists of comparing the generalized least squares estimate
of scale with the estimate of scale given by the sample variance. However the test
based on the statistic is inconsistent. Kim(2001a) proposed a modified Shapiro-Wilk's
test statistic using the ratio of two asymptotically efficient estimators of scale. In this
paper, we study the consistency of the proposed test.
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SEEHSE  GloolMe HEEHom o ERe HEAZL
XinSXpnS- <X, 08T 843 E3 A SREY BEHS

F(x;a,5)=l~exp(— x;a ) x>a, B>0, —oo gl (1.1)

2 exp(e, )2 24 o=0, f=12 EF AFEL F(x;0,1)& Folx) 2 Yetz Fyle
Foo d&sata gta. X, -, X, 0l A2 By AHFAAE HAs = AL
Hy: G(x)=exp(e,B), a, BE WA (1.2)
< HAc Aol YH/ME Ha'
Hy: G(x)*exp(a,p) (1.3)
olgta A}
A2 HAGNAM a9 A7 BEF 7AQA HE 29 EAHA FTAFL Shapiros} Wilk
(1972)2] Wp-EA ot W 7kd (1208 Hy7t AHdoletd, 2y
KX, =a+ B0,
7t A-E Aolth Q71 Ex Nd#S dvetn v,=E(V;,), Vip..., Vard exp(0,1)
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M EAEAFID EY (L.DAAM a9t B w3t HaxAS F3 F(generalized least
squares estimate) a, B<

n(}_ Xlln)

— (1.4)

azXlzn’ ?=
olth, 97|N X+ EEHAL ougr) Shapirost Wilk(1972)8] We-SAZFE 2(14)9 B9
BERN f=5(n—1)= 2‘()( )Y (n—1)& MEss RSB g9 T 2R H 7]
23 FA ot Wp-FAFe de&=
7'1(32_){1:71)2

(n—1)S?

ol ol UZE ZHAFAFo|t} Spinelli®t Stephens(1987)o A H ¢l ulel Zro] Wp-SAFLS o
nEo gystdoA 2L ARAL 2= a8y We-SA %9 8 Az gRe o) AAY
o] YXA(consistency)g ZA ¥=ve=d At

Kim(200la)ol A& Wep-SA2e ol8sh didL Bast Ny Ng-SAZL Adedc &

WE =

Wepeol BRme] =438 g2 A& 37 F(asymptotically efficient estimator, Kim(2001a)2] #
g 3 A 4

Li=5 X=X v, on=F g ) == lg(1-47)  as)
L=t X0 =BV =R e
o2 yAste, £HE Wp-FAZOZ Ny-5A%, N-FA3
Ne= n((T(—)gmz _ n(X—X1.0)°
nmDLn (= D) 3K X
n(X—=Xu)* (X~ Xy.,)°

SO L ey B XY

2 oy 7FA] gt e HAPE T oA H(simulation)& %3l vlmsHct 2
A3 AP Np-FAZFol nd HHE/ME 22X FoAM ¥EAS/ 120 2AY 22 X,
Z 74 %} E(decreasing failure rate : DFR) ¥4 nAEo] AT EIZA We-FAZHE
F2 FAFEE IEE B 4 AM 53] AFEAFIE 1A AFRE o9 X AE B
a<l, b=ala+1)/(1—a)) HEEE B(ae bolX Wpe EEQ =77 42 HAHo

HE ZasL Nyt ©o] 35 AAHe] s $5EE £ 5 A
E§ Kim(2001b)oll = Neg-SAZFe] AF7HHMe ZdEIXE HE v (Brownian
bridge)®] HE e HEZ 73U N-SA%FL de Wetd} Venter(1973)2] EAZFL gBut of
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A Aol AFEXY AHLe Folgtx AT 5 o de Wetd Venter(1973)2
24 B X ZY(scale parameter family of distribution)ol A2} Ag = HAAL %

FoHdd M el SREXE FIAT 2 ALE TAZF A ds)

oo

Kim(2001a)9l| 4 & D’Agostino®} Stephens(1986 528 AE3e Weoll 71x3 AAYl dX
qE 22 ZE olfUt BRe TEREA AR AE HIFIEFAF] oy dEY A
olg} x| H3tn, Wetr Erel 2R B AZFEZAFOZ A Ng, Npo 718 A
Aylo]l AAAHL 712 Aoz 7lddgdn AF3HT. 22 oo dfd o] 23 TEL o F o

o

o d
AR 3 EA 2 A¥E T 4

2. Np9 Np-SAFo & AAWY X4

X1, .., X0 2xEE Go)dAe gEx2d 9, GTI(H)E
G Ut)=inf{x:G(x)=8

ofr

g s, G,&

G,,(x)=l ZI(X,-Sx)

o2 Aoy AYA R (empirical distribution function)&Fiz 1A A7A [ EAESF

(indicator function)& ¢jwgch =& G, '8

, =1 i .
ol e X jins n+1<t£n+1’ i=1,...,n
X inr . nff_l (<1

o2 Aoy FEEY 4 (sample quantile function)zt 3t}

BEAY 1. Xpy..., X0 ASHFEREIFSE G dAd &ASAFHgn 3k
wa= (A7) IR K, —ooladeo, w(r), 0CKIE ASFEoIh B w(h)E
tw(t)<C, 0<K1 1)
fol w(£) WG~ (1))dt oo 22)

L S0, 0 2 [ wlDHGH (D), meo 2 W,
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=9, w,(t)E

b 1 7 .
“’(n+1)' +1<tS atl: = Lhom
w,(t)=
n
w n+1)’ +1<t<1

g st aE 99 80 o WA
1
HZ ,g Wil X j.p) — fo w( t)h(G—l(t))dt’

-|f (OGNt~ | lwmh(c*(t))dtj
<| [ e MG ) = w(OM G e
4| 6w,,<t>h<c;l<t>>d¢(+( i 6w(t)h(G_1(t))dt/

1
+|fll_awn(t)h(GZI(t))dt‘nL‘fl_aw(t)h(G"l(t))dtl
ok w(f) 7 0KKIANA A% Gsolme
U lw,(8) = w(H)=0, noood (2.3)

816

o] 4 Y%t} Glivenko-Cantelli A2 (Billingsley(1986))°l <] 3]

S 160~ G| 2550, nocod

°ja, G7t 9&FFolER
sup “1py . 1
soct_g [CGn (1) (2550, noood w, (2.4)

o)}y, 4(2.3), (24)% k7t Aol sHH] o FA
SUD 0 (D R(GH(1)) — w DR GTH (1)) —B250, pooodd o,

8¢t<1—¢
o)1l
| [ 0 OHG3 () = (K C (D] 2550, poco) o, (25)
7F A ggi), W A (22)Z8H
&
fow(t)h(G_l(t))a’tHO, -0 o, (2.6)
1
[ @G (e)dt—0, 60 @7
o]_ﬂ
tw(HG™H(t)—0, t—0% =, (2.8)

(1—Dw(R(GHE)—0, t—19 o, (2.9)
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o BRT (FeBRUA [ Utdi=oo, [11-Ddt=o02 18). 23z

U[(n+1)5]:n_2)81 n—)oooé IIH’
olm hst Gt A%olmz
WG U (maepspn)) 2 HGTUS)), noood 1) (2.10)

oltt, ANN Uy, ..., Upye TFEE U0, M9 EXEAZITH 2(21), (2.8), (2.10)9]
o} 3 A

8
JECL O
= w( N[ MG (U (s verw)) — KGO ]+ sw( (G ™1(8))
<Coy)+0(1)=0,(1), no0,6-0% 9, (2.11)
o] 4t whRstA PHo
1
J o OMG )0, n>oo, 502 212)
4 Y F vk webA 2(25), (26), 27), (2.11), 2.12)d YsiA Fo3 At FH g
O

THEAZFY o HEAG "l;lgwmh(Xj;n)ﬂ 2 AR F A (asymptotic normality), 7]1EHe]
A A ag]: olo] digk AxEH A A A ZZ(regularity condition) Chernoff, Gastwirth$}
Johns(1967), Stigler(1969), Shorack@} Wellner(1986, 19%)o] 4 = o gl ¢}

Fil=—logl—x)=uv(x) &1 3z 288 15 v;,2 v,,=0v(/(n+1))elch 4
(15), (16)9 Nz, Np-EAZS 9%, A% EwW(location and scale invariant)$) E A FolB 2
GEFEITT G(x) o AA(suport)7t x> a>0d Z$o dNAFE 4A ¥ oa=022 7HHA=

H

—
ofr
R
£

Ad 1. X,,...,. X0 dSFEREESF G oA gE8xEeln G0)=0°1tx 3t F

G(x) 9] A A (support)7t (< x< oo o]t} f—(—(—lde@O%l uf

(%)

(f'e ‘(x)daa2
(n'“l)NE , oY o,

f v(x)
o] Y3t

z9. G0)=022%H noood o X,,D0clmz thsel oy = (WLLN)S o4

(Tf—szn)z—p—’<f()1G_l(x)dx)2, n—oo @ o, (213)
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o ARTH L SXL e md wzgd 13 A8 MW= 0K,
w() =1/v(H=1/(—log(1—9), <Kl FE, —log(l—H=¢t, KKIZHH tu()<lolz

- 2 -1
2 aend d4ded we [ GG piezng [(CD g yasnz
o v(x) o v(x)

(Liapounov 54 (Chung(1974)) % 2){ il VN E PRI 2 mxAe] 18 2831
e

_1_ E;:Z(Xj:n_Xl:n)z/vjn

SEDIP SRS 36 WIS IS o

n ;= Ujn
= }1 P XZI n/vm Xln 2‘1Xj n/vm
Jz,f (G7Hx)? dx, nocod o (2.14)
(x)
ol i, 2(2.13), (214l 3|A FojR A} FHI}
L]
Fact 1. 4(16)9] v, HEe Ho2 o]&atd,
l (e —I
n+1 n+1/2
b A, v,=—log(1—j/(n+1))ol=2 HFg A (mean value theorem)E o©] &3},
~ ;
0= 0= v G a D (nt 172=9)
1 1 1 I
( Og( nt+1/2 ))

A8 2. X,,...,X,0 ASFERIYF G IMY FEREoGT A Gx) 7t 4 19
N BEST BF old k0 s G Ha/n+1)=0((logn)*)ol&tn 4. 28
([ an?

f s e
v(x)

(n—-l)ﬁ’

, moood o,

o] A4},
9. FoA FYE FHe7] YA
—L,,—2>0, n—oo Y of
4e Rold FE3IY. Uy, ...,U,,° FTSEX U0,1DANMY ¢AEAZo|gdtn sd, 4
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(2.15) 25 ¢
L3 (kL)
n j= Vin  Uin
1

S%j;(G_I(U/:n))Z (—10g(1— j ))2 (2n+l)(il+l/2—j)

n+1/2

1
dx 2n+1

<[ w210 b

1
2n+1

n+1 1 x
| T Toa

_n_

n+1 1
f_ Al—n &

n+1

1
2n+1

1 + O(Qlogn)™) O

+
1
f# x(1—x) &3

n+1

= op(l)O(JQ;L’l) + O((log n)Zk)O(*IQ;%ﬂ)

=0,(1)O

20 pood o, (2.16)

o] AygTt nprtA LYo
1 X,,,( o - v%)il»o, pcod o, 217
n

n 5=

de BY 5 Aok 2(2.16), (217 2314
n—1,~__
" (L,—L,)

=L 2K = X =y 34K = K1)

1 2 (1 _1\_y 1 (L1
< B ) e B (5575

n j= Usn

Uiy

—p>0, n—oo Y uf
ARl '

i

olz Ae

=9 —s@gg—g%w AEEE 2
Aoz s old ¥ BHY

140

A2 29 A4 G U n/(n+1)=0((logn)*) & U
ot & o 9w AN E 9o At AEY
7t 9o a Az

o] =
"

nEAR2 1. BAF Np, Npe Wd7/MdolMe X G/t 49 1 & 39 29 2328
g o
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(n—=DNpDc, 01, nooodd o,

(n—1)Np-Dc, 0<c(l, noood u,
o) HYwh

%49 . Cauchy-Schwarz FE24& o] &3d

OIG_I(x)dx fo _G@ ()

(v(x)) 12
(GTH ()2 )\ 12
S<f v(x) ) (fo v(x)dx)
ola ZAL (G () =ko(x) & TEIE k7 E2AT g9 YIS &2 G )=V ku(x)

d Wt dystez AT HydAw 4ddct wadA dgsid HidAe

(o af

[ @2 ot

dx < folv(x)dx= fol— log(1—x)dx=1

olm At HPwh
O
gl g 100 A Npst Npol 9% @gwe 940 4ddch 5 A48 o

ot

el (n—1DNeKl—c,d W AT/ HyE 7178t #38¥L 94X48 2+ 940 2
Adolgt & 4 Yot
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