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Abstract

In this paper, a new on-line parameter estimation methodology for the general continuous time Takagi-Sugeno(T-S)
fuzzy model whose parameters are poorly known or uncertain is presented. An estimator with an appropriate adaptive
law for updating the parameters is designed and analyzed based on the Lyapunov theory. The adaptive law is
designed so that the estimation model follows the plant parameterized model. By the proposed estimator, the
parameters of the T-S fuzzy model can be estimated by observing the behavior of the system and it can be a basis
for the indirect adaptive fuzzy control. Based on the derived design method, the parameter estimation for controllable

canonical T-S fuzzy model is also presented.

Key Words : Parameter estimation, Takagi-Sugeno fuzzy model, fuzzy systems, adaptive control, nonlinear system.

| . Introduction

Fuzzy controllers are assumed to work in the
situations where the plant parameters and structures
have some uncertainties or unknown variations. The
objective of adaptive control is to maintain the consistent
performance of a system in the presence of the
uncertainties. So advanced fuzzy control might be
adaptive. An adaptive fuzzy system is a fuzzy logic
system equipped with an adaptive law. The major
advantage of the adaptive fuzzy controller over the
conventional adaptive controller is that the adaptive
fuzzy controller is capable of incorporating linguistic
information from human operators[1].

The adaptive fuzzy controllers are divided into two
classes. One is called the direct adaptive fuzzy control
and the other is called the indirect adaptive fuzzy
control. In the direct adaptive fuzzy control, we view the
fuzzy logic systems as controllers. However, in the
indirect adaptive fuzzy control, the fuzzy logic systems
are used to model the plant. Then the controller is
constructed assuming that the fuzzy logic systems
approximately represent the true plant and an appropriate
adaptive law plays an important role in estimating the
parameters in the fuzzy model representing the plant
model, whose parameters are unknown or varying due to
the external disturbances and parameter perturbation.
Hence, the parameter estimation for the fuzzy model is
essential to the indirect adaptive fuzzy control

Hitherto, some studies on the parameter estimation of
the fuzzy system from the input-output measurements
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have been conducted. The estimation algorithm of fuzzy
relational model in [2]. The parameter estimation of
Takagi-Sugeno (T-S) fuzzy system have been derived
in [3-5]. A qualitative modeling of a fuzzy system was
presented in [6] and neural-network-based approaches
have been made in [7] and [8].

However, most of these are the off-line algorithm and
cannot be applied to the situations where a real-time
processing is required such as adaptive control and
signal processing. Even though the successive adaptive
fuzzy modeling was suggested in [9], it cannot be
viewed as an on-line algorithm in an actual sense since
it requires off-line learning phase before being adapted
on-line. Furthermore, many on-line parameter estimation
schemes used in the indirect adaptive fuzzy
control{10-15} can be only applied to the specified fuzzy
controller, mainly feedback linearization based controllers.
Hence the parameter estimation scheme applicable to the
general fuzzy model and controllers is needed.

To avoid these problems, this paper presents a new
design and an analysis of the on-line parameter
estimator for the plant model whose structure is
represented by the general T-S fuzzy model without
considering any specific controllers. The essential idea
behind the on-line estimation is the comparison of the

measured state x(H with z(§ of a estimation model
whose structure is the same as that of the parameterized
plant model. The parameters are adjusted continuously

so that x(# approaches x(# as time increases.

Il . Takagi-Sugeno Fuzzy Model

As an expression model of a real plant we use the
fuzzy implications and the fuzzy reasoning methods
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suggested by Takagi and Sugeno[3]. The set of fuzzy
implications shown in the Takagi and Sugeno(T-S)
modeél can express a highly nonlinear functional relation
in spite of a small number of fuzzy implication rule. As
a describing rule the T-S fuzzy model uses fuzzy
implication of the following form:

R': If x(9) is Mj and - and x,(9 is M, 1)
then x(D) = A; x(d + Bu(d

where R'(i=1,2,-, /) denotes the ith implication, 7
is the number of fuzzy implications, M are fuzzy sets

and x () = [x,(D, %D, -, 2D,

2" () = Lu (D, (D), ~, un(D].

The T-S fuzzy model approximates a nonlinear
system with a combination of several linear systems.
The overall T-S fuzzy model is formed by fuzzy
partitioning of the input space. The premise of a fuzzy
implication indicates a fuzzy subspace of the input space
and each consequent expresses a local input-output
relation in the subspace corresponding to the premise
part.

Given a pair of input (x(8, #»(#), the final output of
the fuzzy system is inferred as follows:

2wl 2(0) (A, x(D+Bu(h)

2w 2(5)

where w{ x(8) = Ii MiGe(D), Mi(x{(D) is the grade

() =

of membership of x(f in M. and it is assumed that

B0l #(D)> 0, wlx(D) 20, for i=1,2,,1.

Il On-line parameter estimation for
general T-S fuzzy model

To develop the parameter estimator for the T-S fuzzy
modeled plant, we start with the plant parameterization as

i ’;wi(Aix+B;u+Amx—Amx)
* = 3)

w;

i=

gw,—( (A,—A,,,)x+ B,-u)

A,x +

wi

=

where A,, is a stable matrix, i.e., has all its eigenvalues

in the left half plane.
Now, we define the estimation model as
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Zwi((iﬂ—Am)x+ B u)
+ =

w;i

A -~
x =A,.x

, “)

=

ALY, B are the estimates of A;, B; at
t to be generated by an adaptive law, and

where
time
;( He R" is the estimate of the vector x(# .

Remark 1: In this paper, to derive the adaptive law,
we use series-parallel estimation model configuration,
which has been widely used for a parameter estimation
model for considering the parameterization of the plant
model[17]. Different from another parameterization
method, parallel model configuration in which only * is

used, the estimate x for x is generated using the real
state x and the forced control input « in the
series—parallel model configuration.

By defining the estimation error vector &, as
g &2x— x

we obtain

.61 = J.t— x . N (5)
2wA _ 2 w;B;

i
x
w; w;

A, & — u

where A;%2 A;— A;, B;2 B, — B;

Let us now consider the series—parallel model design
and use (5) to derive the adaptive law for estimating the
elements of A;, B;. We assume that the adaptive law

has the general structure
/)l\z‘:Fi(x,;. 61,11), §=Gi(x,2 61,11) ®)

where F; and G; (:=1,-,)) are functions of known
signals that are to be chosen so that the equilibrium

ﬁie = A, Bie =B;, . =10 ("

of (5), (6) has some desired stability properties. By
choosing the following function as the Lyapunov function
candidate,

-~ T —~
We, A, B)= & P et i“ty(ily—%)
= 1i
T
+ ol ELEE)
= V2i

where #{A) denotes the trace of a matrix A, 7,

8

y,; >0 are constant scalars, and P=P7>( is chosen as
the solution of the Lyapunov equation

Alp+ pPA, = —1 )]

whose existence is guaranteed by the stability
assumption of A,,, we obtain the time derivative V of
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V along the trajectory of (5), (6), which is given by

V= — e e1—2€ P zwwA x—2¢& P ZWL;B; u
+ 2 2¢ A PF)+22t §y2PG)
(10

After some straightforward manipulation on (10), we
have

: T
V= - €1 €
T o
oo | Ab"yfF"— E%;,- Pe x (D
ETPG;' Zwi B:T T
+2 Yoi B Zwi Pe u
The obvious choice for F;, G« to make V negative is
A'PF;, _ Zw A" r
2 i Sw L eF
B;"PG; >w; B T
2 Yo N Zwi Peu
That is,
;i\i =F,= 71;‘% €] x’ (12a)
Bi=¢ = mzw—;; e u’ (12b)

The signals for driving the adaptation law (12a) and
(12b) of the parameter estimator are known or available
for measurement. Therefore, the estimation law for the
estimation model (4) can be implemented. The overall
estimation scheme is shown in Fig. 1.

We establish the following theorem, which shows the
properties of the adaptive law (12).

Theorem 1: Consider the plant model (2) and the
estimation model (4) with the estimation law (12).

Assume u< £,. and then, the adaptive law (12)
guarantees that
(i) ] A 1—0 as t—o0

(i) || A =0, || Bo|| —0 as t—>oo

Proof: From the adaptive law (12), it directly follows
that the time derivative V of V along the solution
trajectory of (5), (6) satisfies

V= — & &=0 (13)

Since the function V is a Lyapunov function for the
system (5), (6) where x and
independent bounded functions of time, and V<0, we
conclude that the equilibrium given by (7) is uniformly
stable, which implies that the trajectory &, (9, ALD,
B{(# is bounded for all ¢>0.

x— x and x€ £ ., we also have that

u are treated as

Because €=

xe £ ,. Therefore, all signals in (5) and (6) are
uniformly bounded.

From (8) and (13), we conclude that because V is
bounded from below and it has a limit, ie.,

lim V( &,(9), A(D, B() = V(o (14)
From (13) and (14), it follows that
f e adr=— [ Var= (vo-va) (15)

where
Vo = V( &(0), A40), BA0))

which implies that Because 0<wi{x)<1,
and u,A,B, % € £, it follows from (5) that

egefl,.

;:1 € £ ., which, together with &, € £,, implies that

e,—0 as ¢t—oo, which, in turn, implies that
A(D, B{H—0 as t—oo.
Zw(A,x+Bu) X

™ T Sa

u +

— f T-S Plant Model g
i o Dald-4x+Bw| X

—ﬂ X=4,x+ Z“’

i

Estimation Model

y @,
A=y, Za’ &X
/ By B

Adaptive Law

Fig. 1 T-S fuzzy model parameter estimator

IV. Parameter Estimation for controllable
canonical T-S fuzzy model

In the previous section, we have presented an on-line
parameter estimation for the SISO general T-S fuzzy
model. Based on the analysis, in this section, we
consider the following T-S fuzzy model whose
consequent parts have a controllable canonical form
representation and the estimator for the parameters
comprising the canonical T-S fuzzy model which has
been widely used in the practical modeling problems is
designed.

483



HX ¥ XsAlaHSE =2X 2002, Vol. 12, No. 5

[N

1
n Ap-1 """

{ al as a b -
1 0 - 00 Oi
§Mﬂlg 1o 0 0|50
. . : . N 0
x= 0 Q0 1 0 (16)
A Wi(x)
where state %' = [%,,%,—1,~>%] and input ze< R

are available for measurement, a;’ =[a}, a1, 4] ,
bie Rl
wix) = I Miw) .

By considering the plant parameterization

(i=1,-,0) are unknown, and e £,

2w (A~ A)x+ B

x= A,x +
Z;w,-(x)
ail ain—l e aé d{ b
1 0 0 0 Oi
where A; = O 1 0 O , Bi= |7 and
0 0 10 0

A, is a stable matrix of the same form as A;, we
define the estimation model as

| R A=Azt B () )
,‘i:‘l wi( x)

The estimation error vector €, defined

A ~
x = A,x

a7

-~
&g 2x— x

satisfies
-81 = x— 2
~ T -~
a; b‘
sz - (:) x— O u
= 0 0
=Ane >, (18)
~ T
=A,& — 2wl a0 0] x
w;
_ Sw [ 500" .
w;
where &, 2 a— a7, b2 b — b,

Now by using the estimation error dynamics (18), we
derive the adaptive law for updating the elements of
a;7, b, so that the estimation model (17) having
updated parameters follows the plant model (16). We
assume that the adaptive law has the general structure

AT
a;, =

19
(20)

T -~
fi(x, %, &,%)

N -
b:= gi(x, x, e,u)

where f,-T and g; (:=1,-,) are functions of known

signals.
Let us choose the following function as a Lyapunov
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function candidate

e .
~ g i 4 b;

W e, a, b) = €1TP g+ 2 2 + i'l ! (21)
= 1 = 2%

where 7y, 7> 0 are constants, and P=PT>{( is
chosen as the solution of the Lyapunov equation

Alp+pA, = —1I (22)

The time derivative V of V along the trajectory

of (18), (19) is given by

—~

T T
T 2w, b € X a

51—2

Zwi
-2 ZWi b‘ ﬂlT g u (23)
w;
el 5 5;
a; & _0i 0i
+l= 2 b4t + = 2 Yo

Since the primary objective of the adaptive law is to
stabilize the estimation error dynamics we have to
choose the adaptive law such that it makes V to be
negative. The obvious choice to make V negative is

T

a;, = a = fiT=71i_Zwi ﬂlT 3} ' (2a)
E;= Z\i=gi=72i2wﬁ ﬁlT &1 u (24b)

Now, let us consider the properties of the adaptive law
(24), which are given in the following theorem.

Theorem 2: Consider the plant model (16) and the
estimation model (17) with the estimation law (24).
Assume that ue £, and then, the adaptive law (24)
guarantees that

(i) ]| e(H|—0 as t—>x

Gi) || ao|l =0, || 8]l =0 as t—oo

Proof: Since the estimation for the controllable
canonical form T-S fuzzy model is a special case of the
general T-S fuzzy model estimation given in the
previous section, by following the procedure similar to
that of the proof of Theorem 1, we can easily prove the
above theorem.

V . Conclusion

The on-line parameter estimation scheme for the
general T-S fuzzy model has been designed and
analyzed. The adaptive law adjusting the parameters has
been formulated based on the Lyapunov theory so that
the parameter estimation was guaranteed. Hence, it can
be used in the case where the plant parameters in the
T-S fuzzy model are uncertain. We have also presented
the estimator for the parameters comprising the
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controllable canonical T-S fuzzy model by following the
proposed design method. Combining the proposed on-line
estimation scheme with any other T-S fuzzy model
based state feedback controller can give a good robust
performance to the T-S fuzzy control systems in the
sense of an indirect adaptive control methodology.
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