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THE INEQUALITIES OF COMMUTATORS
ON WEAK HERZ SPACES

Liu LANZHE

ABSTRACT. In this paper, the boundedness of some commutators
related to linear operators on wesk Herz spaces are obtained.

1. Introduction

Let b € BMO(R"™) and T be a standard Calderon-Zygmund operator.
The commutator [b,T] generated by b and T is defined by

b, T]f (z) = b(z)T f(z) - T(bf) ().

A classical result of Coifman, Rochberg and Weiss [2] states that commu-
tator [b, T is bounded on LP(R") (1 < p < 00). Chanillo [1] considered
the similar question when Calderon-Zygmund operator is replaced by
the fractional integral operator. In recent years, the theory of Herz type
spaces has been developed (see (3], [6]). Lu and Yang [7] generalized
these results to the case of Herz spaces (also see [5]), in fact, they have
proved that if [b,T'] is bounded on L? for some g € (1,00), then [b,T]
is bounded on Herz space K?(R") for any a € (—n/¢,n(1 —1/q)) and
p € (0,00] only under certain very weak local conditions on the size of
T. The main purpose of this paper is to consider the boundedness of
commutators on weak Herz spaces WK;"P(R”) when o = n(1 — 1/q).
It was observed that commutator [b, T} is not be of weak type (1.1). In
fact, Perez proved that [b, T satisfy L(log L) type inequalities (see [9]).
We also show that commutator [b, T| satisfy L(log L) type estimates in
Herz spaces when oo = n(1 — 1/q), in addition, we get the weak bound-
edness of commutators in Herz spaces when b satisfies certain condition.
Let us first introduce some notations (see [3], [6]).
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Let By, = {r € R": |z| < 2%}, Ay = By \ Bi_1, k € Z. Let xx = x4,
for k € Z, where x g is the characteristic function of the set E.

DEFINITION 1. Let 0 < p, g < o<, a € R,
(1) The homogeneous Herz space is defined by

KgP(R™) = {f € LL, (R \{0}) : || £l gg» ) < o0},

where
oo

i/p
Ifll &g v @ny = [ > 2k°‘p|[kall’£q] :

k=—o00

(2) The nonhomogeneous Herz space is defined by

KeP(®") = {f € Li,o(®") : [|fll gy < 00},

loc

where

oo 1/p
1fllxee@n) = {IIfXBOII’Zq +Z2k“”l1fx:clli’q} :

k=1

DEFINITION 2. Let 0 < p, g < o0, a € R. For k € Z and measurable
function f(z) on R", let mi(\, f) = {z € Ax : |[f(z)| > A}|; for k € N,
let My (A, f) = me(\, f) and mo(A, f) = {z € Bo : |f(z)| > A}

(1) The homogeneous weak Herz space is defined by

WERP®™) = {f : | fllwicg»(gny < 00},

where

oo

1/p
£l x5 ey = S A { > 2’“"pmk(x,f)f’/q} .
>

k=—o0
(2) The nonhomogeneous weak Herz space is defined by
WKPR") = {f: “f”WK;""’(R") < oo},

where

0o 1/p
fllwker@®n) = sup A {Z 2keP (A, f)p/q} :
PONTRRN v
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DEFINITION 3. Let b € BMO(R™). The commutators of the maximal

operator and the fractional maximal operator are defined, respectively,
by

My f(z) = sup | B(z,r)| " /B INLORLOIOL

r>0

and

r>0

M} f(z) = sup | Bla, r)| "/ /B o) =6 @)l
where 1 < A<ooand 1/A+1/N =1.

2. Main results and their proofs

We begin with the boundedness of the commutators M, and Ml;\ on
weak Herz spaces, which will be useful to the main results in this paper
and are themselves of independent interest.

THEOREM 1. Let b € BMO(R®) and 0 < p <1 < g < o0, a =
n(1 —1/q). Then for any f € K;*P(R") and A > 0, there exist constant
C > 0 independent on f and A, such that

0 1/p
{}: 25 P (A, M, f)"/ q]

k=0

< CA I fliko @) (1 +10g+()\_1||f'|K§‘”’(R“))) ~

Proof. Let f € K&*P(R") and f(z) = > 72 Aja;(z), where supp a; C

—j . 00 l/p
By, llajllze < 0279 for j € NU{0} and || llxgen ~ (S50 N1P)
We write

3 1/p
> 2k (X, My )P/ ]

00 1/p
k=0

k=0

o0 1/1’
+C [Z 2karem (N, My f)P/ Q] =I+1I
k=4
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For I, by the boundedness of M on LI(R™) for 1 < ¢ < oo (see {10})
and 0 < p < 1, we have

3

1/p o
reox il 2r) <O S ol
j=0

k=0

oo e 9]
<OXTIY N7 <O Y DA

7=0 7=0
o 1/p
<ot (Z!)\jl”) S CAH|fllcer my.-
=0

On the other hand,
1/
- " p/q] /P
IT< C | 2% Py | A/2,) |\ Moa;

k=4 Jj=0
1/p

k=4 J

p/q
+C | > 2k, (A/Z,Mb( > IAanj))
=k—2

=11 1+ I Iz.
Using the boundedness of M, on LI(R"), we have

_ 1/p
x0 [e 0]

II < CA7! LZz’“””ll > Ajajll’},q}
k=4

j=k—2

- 1/p
[e'e] o0
S CATH|) ke B |,\j|1’2—j‘”’}

k=4 J=k—2

( 0o Jj+2 1p
< o)\t Z l’\j P Zz(k~3')ap
..j:O

k=0

o 1/p
<ox! (ZWV’)

Jj=0
< C/\AIHfHK:;'P(Rn)J
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For Iy, denoting b; = |B;|™* fB] b(y)dy, by the properties of BMO(R"™)
(see [12]), we have, for z € Ay with j < k — 3,

Mya;(z)
< cokn / b(z) - b(@)| |a; )|y
B;

< €27 (1b(z) = byl llayllza B~ + bllmarolla;llzal By ~/7)
< C2"k"(|b(ac) — bi| + kbl Brmo)-

Therefore,
p/q] /P
o oo
IL < C | > 2koPmy | A4, 0275 |b(z) — be| Y Ay
k=4 =0
1/p

p/q
+C Z2kapﬁzk ()\/4, Ck2#kn||b||BMo Z |)\jl)

k=4 7=0
=11 4 11®.

Using John-Nirenberg inequality, we deduce

[ & c2kn )\ p/a
1Y <c okep [ exp [ — gkn
e P S P v

[& cA2kn e
<C gkap+knp/q exp | — =
,czzo lIbllBro 2520 (A1

1/p

r

&0 cAT Hr
30/ 2P lexp | — dxz
s ( anBMoz;??__OIAjl) }

oo oo i/p
= C/\—lllb“BMo Z l)\][ (/ tp—le_tdt)
0

j=0

1/p
< oA~} (Zl&l”)
§=0

< CA Y| fllgae ey
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For I I£2), by using the fact: if there exist y > 1 such that 27/r <y
holds for z > 3, then 2* < cylog, y, we see that, for k > 3, if |{z € Ay :

C27*k|[bll mo 22520 1Ai] > A/4} # 0,

1 < 25" /kn < CA7M|bllBao B 1A,

Jj=0

and thus
2 < O ST INL ) [T logT [ AT 1N
j=0 7=0
Let K denote the maximal integer which satisfies this estimation. Then

KA 1/p
II§2) <C (Z gkap 2knp/q> < C2KATL
k=4

<ont (iw) [”bg (Algm)]

o 1/p o 1/p
< et (Zwv’) 1+logt [ A1 (Z\Aj\f’

7=0 7=0

< CXH|fl ke gy L+ log ™ (A fllkoor (ey))-

Combining the estimations of I, [1, I1 1(1) and IT 52), we gain the conclu-
sion of the theorem. g

THEOREM 2. Let b € BMO(R"™) and b satisfy the condition L :
Ib(z) — b;| < Clb(x) — by| for any k,j € Z and j < k ~ 3, z € Ay
IfO0<p<l<g<ooa= n(1 —1/q). Then M, is bounded from
K2P(R™) (or K&P(R™) ) to WKP(R™) (or WKZP(R™) ).

Proof. We only prove the homogeneous case. Let f(z) = Y. 70 Aj

=00

a;(z) € Kg*p(R"), where suppa; C By, ||a;||re < C277¢ for j € Z and
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0o 1/p .
Uf o @ny ~ (Zj:_oo I)\jlp> . We write

1My fllyy oo
< CsupA
A>0
- k3 p/a] /P
X z okap | g € Ay : M, Z )\jaj (SE) > )\/2
k=—oc0 j=—o00
+ _C'sup/\ ]
A>0
[ p/q] /P
X Z 2kap r € AL M, Z )\jaj (.’L‘) > )\/2
Lk:—oo j=k—2
=141l

For II, using the boundedness of M, on LI(R") for 1 < ¢ < oo, and
0 <p<1, we have

p q1/p

i &S] o0
II S C Z 2kap Z )\jaj
j=k—2

[F=—00 La

1
j+2 /p

[ o
<C ZP\;‘IP Z 9(k=j)ap
=0

k=-—o0

< Cllifllger rny:

For I, using the estimation of M,a; in the proof of Theorem 1 and
condition L we see that, for z € Ay with j <k -3,

Mya;(z) < C27*"(|b(z) — bk] + {|bllBMo),
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and therefore

I<CsupA
A>0
p/q| /P
x | Y gker {:c € A : C27F|b(z)— bl Y I\l > A/‘*}
k=—00 j=—eo
+ ésup)\
A>0
p/q 1/p
x|y 2k {xeAk:CT’“"HbHBMO > p\j1>>\/4}
k=—o0 j:~oo
= I1 + I2-

Using John-Nirenberg inequality, we deduce

> cA2kn e
I, <CsupA 2EnP exp | —
P LZ < bl a0 3252 o I/\j|)}

<CI il kow @n)-

For any fixed A > 0, if ]{m € Ay : C275|bl|Bmo Z;’;,w |A;] > )\/4}l
# 0, then
2kr < oAt N Tl
Jj=—0o0
Let K, denote the maximal integer which satisfies this estimation. Then

K 1/p
I, < Csup A ( » 2ker. 2k"P/4> < Csup A2F»™
A>0 A>0

k=—0c0
<C Z X < Clfl kg @ny-
J= o0

This finishes the proof of Theorem 2. O

THEOREM 3. Let b€ BMO(R") and 1 < A <00, 0<py <pp <1<
g <M\ 1/gp=1/g1 —1/A\ a=n(l—-1/q).
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(1) For any s > 0 and f € K P (R™), we have

(o] 1/P2
|:Z 2kap2mk (3’ ]\/[b)\f);nz/qz]

k=0

< C57[fll g ey (1 + Tog* (57 | fll ez o)) -

(2) Furthermore, if b satisfies the condition L, then M;' is bounded
from K&P1 (R") (or K&P (R") ) to WKZP2(R™) (or WK2P2(R™) ).

Proof. Notice that if pp > p;, then
WK(‘I’;’Pl (R™) C W]'{(‘;;wm (R™) and Wngypl (R™) € Wanz,pg (Rn).

Thus, we only need to show the theorem in the case p; = po.
(1) Let f(z) = 3724 Aja,(z) € KgP1(R™), where every a; are the
. . P 1/m
same as in the proof of Theorem 1 and ||f||K;1,m ®n) ™~ (ij-o |)\j|1) .
We write

3

00 1/p2 1/p2
{Z 2kapzmk(s,M$f>m/q2] <c [Z 2kap2mk(s,Maf>m/q2]

k=0 k=0

o0 1/p2
+C | Y 252 (s, My f)m/fn] =J+1II.

k=4
For I, using the fact that M;} is of type (g1, g2) (see [10]) and 0 < p < 1,

we obtain, by using an argument similar to the proof of Theorem 1,
I S CSHlanK;ll‘M(Rn) and

1/p2

0o k-3 p2/qz
IISC szapg {xGAk:Mg\ (Z)\jaj (l‘)>8/2}

k=4 Jj=0

. p2/q2
{a: € Ay M ( Z )\jaj) (z) > 3/2}
j=k—2

1/p2
vy 2
k=4

=1l +1I,.




908 Liu Lanzhe
Since M} is of type (g1, g2), we deduce
-1
I < Cs™ || fllkerr my-

For II,, using an argument similar to the proof of Theorem 1, we have,
frzeAdArand0<j3<k~-3,

Mpaj(z) < C27%/¥ |b(z) — b| + CE2™*/X||bl| aso-

Thus, using the argument same as the proof of Theorem 1, we deduce
11 < Cs™ | flliom oy (11087 (571l kg ) ) -

The proof of (2) is similar to the proof of Theorem 2, we omit the details.
This finishes the proof of Theorem 3. a

THEOREM 4. Let b€ BMO(R™) and 1 < A <00, 0<p; <pa <1<
@ <\ 1/ge=1/q1(1 —p1/A), a1 = n(l = 1/q1), az = a1 +n(p1/q1 —
1)/X. Then

(1) For any s > 0 and f € Ko7' (R"), we have

e8] 1/p2
[Z 2ka2p2mk<s,M3f)”2/@}

k=0
Scs_lﬂfHK;*ll*”l(R") (1 + 10g+(3_1HfHK?11’p1(R"))) :

(2) Furthermore, if b satisfies the condition L, then M} is bounded
from KgP1(R™) (or K0P (R™) ) to WKg2P2(R") (or WK g2P2(R™) ).

The proof of the theorem is similar to the proof of Theorem 3, we
omit the details.
Now let us state one of our main theorems.

THEOREM 5. Let b € BMO(R™) and T be a linear operator. Suppose

that the commutator [b,T] is of weak type (q,q) for some g € (1,+00)
and that T satisfies the local size condition

TF(2)| < Cla|™ / F@)ldy
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for f € L}, (R™) , suppf C Ay and |z| > 2%t with k € Z. Let
0<p<l<g<oo, a=n(l—1/q). Then
(1) For any A > 0 and f € K'P(R"™), we have

oo

1/p
> 2Py (A, [b, TIF)P q]

k=0
< 0)‘_1|lf|[K;"p(R")(1 + 10g+()‘_1||f||K;"’p(R")))'

(2) Furthermore, if b satisfies the condition L, then [b, T is bounded
from K&P(R™) (or KoP(R™)) to WKSP(R™) (or WKSP(R™) ).

Proof. (1) Let f(z) = Z;C:O Aja; (x) € KgP(R™), where the a; are

1
the same as in the proof of Theorem 1 and || f|| go:7 (gny~ (Z;‘io |A; |”)
We write

- 1/p 3 e
[Z 2P (A, [b, T11) Q} <C [Z 2P (A, b, T1 ) ’1}
k=0

k=0

i e p/q] /P
+C Zz’mpmk A/2,[b,T] Z

k=4 j=

i o o] o0 l/p
+C ) 2%Pm (A2, b, T) [ ) Ajas |)Pe

| k=4 j=k—2

= Il + Iz + 13.

Using the condition that [b, T is of weak type (¢,¢) and 0 < p < 1, we
have for i =1, 3,

i/p
L<cx! (Z W) < CNY[fl|oor ()
=0

For I, note that = € A, and § < k — 3, by using the size condition of
T, we obtain

b (ZA )

< C’Ia:|_"/\b ) — bly

S Cbe(.’L‘)7
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and thus, by Theorem 1,
I < N Ifllcgr ey (14108 (A Iz mieny) ) -

The proof of (2) may be obtained by using Theorem 2.
This finishes the proof of Theorem 5. O

THEOREM 6. Let b € BMO(R") and 0 < | < n. Suppose that the
linear operator T satisfies

T2 ()] < Cla]~ / F)ldy

for f € L] (R™), suppf C Ay and |z| > 2**! with k € Z. Assume
O<pi<pp<l<q<n/fl,a=n(l-1/q1), 1/g2 =1/q1 —l/n, and
that [b,T;] is of weak type (q1,q2). Then

(1) For any A >0 and f € KJP*(R™), we have

) 1/p2
Z Qkamﬁzk()\, [b, Tl]f)m/th}
k=0
< C)\_lﬂf”}(;’;"l(Rn)(l + 10g+()\_1||f||1<g;”1(Rn)))-

(2) Furthermore, if b satisfies the condition L, then [b,T}] is bounded
from Kg:P*(R") (or K37 (R™) ) to WKZP2(R™) (or WKZP2(R™) ).

The proof is similar to the proof of Theorem 3, we only notice that,
if z € Ay and supp a; C B; with j <k -3,

[6, T1] ( > )\jaj) (z)

J<k-3

< oM} (),

then, we obtain the conclusion of Theorem 6 by using Theorem 3.

THEOREM 7. Let b € BMO(R") and 0 < | < n. Suppose that the
linear operator T; satisfies

(T1f(2)] < Cla|~ / 1F(w)ldy
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for f € L} .(R"), suppf C A and |z| > 2%+ with k € Z. Assume
0<p<pa<1l<aq<n/lar=n(l~-1/q1), @z =01 +1l(p1/q1 - 1),
1/g2 = 1/q1(1 — lp1/n), and that [b,T}] is of weak type (q1,q2). Then

(1) For any A > 0 and f € K27 (R™), we have

[e'e] 1/P2
Z 2kazpzmk ()\ . [b, Tl]f)Pz/qz
k=0

< C)‘flllfHK;’l”’l(R")(l + log+(’\—1”f”K;’ll’pl(]R")))'

(2) Furthermore, if b satisfies the condition L, then [b,T}] is bounded
from KZ'P(R") (or Kg1P1(R™)) to WKZ2P2(R™) (or W K32P2(R™)).

The proof is similar. We omit the details.

COROLLARY 1. If the size condition of T in Theorem 5 is replaced by
(1) 75| < C [ 17w 1o - sl ™"dy

for f € L} (R™) with compact support and x ¢ suppf. Then the
conclusions of Theorem 5 also hold.

COROLLARY 2. If the size condition of T in Theorem 6 and Theorem
7 is replaced by

(1) T @) < C [ 15 o~ oy

for f € L}, .(R™) with compact support and x & suppf. Then the
conclusions of Theorem 6 and Theorem 7 also hold.

REMARK 1. The size conditions (1.1) and (1.2) are satisfied by many
operators in harmonic analysis, such as Calderon-Zygmund operators,
Fefferman’s singular multiplier, Ricci-Stein’s oscillatory singular inte-
gral, the Bochner-Riesz operators at the critical index, fractional integral
operators and so on. Thus, the weak type estimates of these operators
in Herz spaces are obtained.

REMARK 2. If b does not to satisfy the condition L, the weak type
estimates of [b,T] in the homogeneous Herz space is still an open prob-
lem.
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