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DETERMINANT OF INCIDENCE
MATRIX OF NIL-ALGEBRA

Woo LEE

ABSTRACT. The incidence matrices corresponding to a nil-algebra
of finite index n can be used to determine the nilpotency. We find
the smallest positive integer m such that the sum of the incidence
matrices . p{n, m)f ” is invertible. In this paper, we give a different
proof of the case that the nil-algebra of index 2 has nilpotency less
than or equal to 4.

1. Introduction

Throughout this work, K is a field of characteristic 0. Let A be a
K-algebra. If there exists n € N such that a™ = 0 for all @ € A, then A
is called a nil-algebra and the natural number n is called the nil-index
of A. A is nilpotent of index m or A has nilpotency m if A™ = 0,
but A1 # 0. Let K(X) = K{x1, x2, x3, ...) be the polynomial ring
over K in countably many non-commutative indeterminates x1, xo, 23,
oo I(f(z1,72,23,...)) is the T-ideal of K{x1, x2, z3, ...) generated
by f(z1,z2,23,...). The quotient ring R = K(x1,%2,23,...)/Z(z}) is
a relatively free algebra which is a nil ring of nil-index n. Nagata [4]
proved that R is nilpotent, i.e., there exists a positive integer m such
that R™ = 0. Furthermore, Higman (1] showed that %2— <m<2" -1
Razmyslov [6] improved Higman’s upper bound; he showed m < nZ.
Kuzmin [2] showed that ﬂ";—l) < m and conjectured that the equality
holds. Procesi [5] found that the index of nilpotence m of R is equal to
the minimal degree of generating set of the ring of invariants of n x n
generic matrices.
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THEOREM 1.1. [1, 4] (Nagata-Higman Theorem) If we set Z,, = Z(z")
for all z € K(X), then there exists m(n) such that ajay---am € I, for
all a1, ag, ... am € K(X).

2. Incidence matrices

If a1, ag, ..., a, € K(X), we denote by S, (a1,as,...,a,) or simply
Sn,

Sn(ah ag, ... 7an) = Z Ao(1)0s(2) """ Qo(n):
oceSym(n)
so called the symmetric polynomial of a1, as,...,a,, where Sym(n) is
the symmetric group on n letters. For a partition P = (py,...,pn) of
m with n parts, the incidence matrix denoted by (n, m)P is constructed
as the following. First of all, one labels the columns by the (multilin-
ear) monomials of degree m lexicographically. In other words, the first

column is labeled by z1 9 -+ Zm-2 T;m—1 Tm, the second by x1 xo
© Tm—2 Tm Tm-1 and so on. Thus the last column is indexed by z,,
Tm_1 T2 +++ Lo x1. We use 1, 2, --- for x7, x9, --- if there is no risk

of confusion. Suppose that j-th column is indexed by zjl -4}, or sim-

ply i1 ---4m,. Fix a partition P = (p1,...,pn) of m with n parts where
pi > Piv1, 1 <i<n—1. Then j-th row of the matrix corresponding to
the partition P = (p1,...,pn) is labeled by

St pyy by 41 Gprdpgs - -+ s Ipybotpy 117 Gprbetpn)s

and the matrix is called (n, m)F-incidence matriz. In the j-th row one

places 1 for the columns labeled by the monomials that appear in that
row index, and 0 elsewhere. In other words, if
Sn(ll e ipl ’ ip1+1 e Z'p1-4~pza v 7ip1+~~~+pnf1+1 Tt ip1+~'~+Pn)
=41 Uy dpy 1 prpy T it 1 Ipybedp
o e #1 T pyedpy i1 byl s

then put 1 for the columns labeled by
oty lp 41 e it p o141 Ipr

ey

1+ dpn1+1 7 Uprtedpn T tpi 10 Ipi4patl t  py -
Now we can construct the incidence matrix for any n, m and a partition
P of m with n parts.
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3. Determinant of incidence matrices

The (2, 3)2D-incidence matrix is in [3]. The (2,4)3) and (2,4)%2-
incidence matrices are listed below. The determinants of (2,4)31) and
(2,4)?)-incidence matrices are 0.

100000000000000000100000
010000000000100000000000
001000000000000000010000
000100100000000000000000
000010000000010000000000
000001010000000000000000
000000100000000000001000
000000010000001000000000
000000001000000000000100
100000000100000000000000
000000000010000100000000
010000000001000000000000
000000000000100000000010
000000001000010000000000
000000000000001000000001
001000000000000100000000
000000000100000010000000
000100000000000001000000
000000000000000010100000
000000000010000000010000
000000000000000001001000
000010000000000000000100
000000000001000000000010
000001000000000000000001

(2, 4>(3’1) =

In other words, the matrices are not invertible. Thus we need both of
them to show that Nagata-Higman holds for n = 2, m = 4.
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100000000000000010000000
010000000000000000000010
0010000000100060000000000
000100000000000000001000
000010001000000000000000
000001000000001000000000
000000100000000001000000
000000010000000000000001
000010001000000000000000
000000000100000000100000
001000000010000000000000
000000000001100000000000
000000000001100000000000
00000000000C0OCO10000000100
000001000000001000000000
000000000000000100010000
100000000000000010000000
000000100000000001000000
00oooo0000100000000100000
000000000000000100010000
000100000000000000001000
00000000000O0OO10000000100
010000000000000000000010
000000010000000000000001

The sum of (2,4)31 and (2,4)?? does the work.

<2’ 4> 22) =

THEOREM 3.1. The determinant of the sum of (2,4)31) and (2, 4)(%2)
is 16777216 = 224, which means that the matrix is invertible.

PRrROOF. The characteristic polynomial of the sum of (2,4)(3’1) and
(2,4)22) is

A% 4807 41092072 — 15688721 + 15999602° — 1234608)°

+ 750158418 — 3687417617 + 149476464116 — 506709888\ 1°

+ 145105939211 — 3535648896 A1% + 7364793664112 — 131478351361
+ 2012469427200 — 26364499968)\° + 29437922304\° — 278172917767
+ 2200612454405 — 14343241728)\% + 7521632256 1% — 30597447683

+ 90911539222 — 176160768\ + 16777216.
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Thus the eigenvalues are 1 — i, 1 + 4, 2 and 4, each of multiplicity 6.
Hence z17273%4 € Z(2:?). Now we are able to express the monomial
1222324 explicitly in term of the sum of symmetric polynomials.

16z1z0z374 = T{S2(z 12923, 24) + S2(z122,2374)}
+ 3{Sa(zoz324, 1) + S2(z2T3, T471)}
— {SQ(IL‘35E4$1,.’L‘2) + Sz(x3x4,x1x2)}
— 5{Sa(z4z122, 23) + S2(x421, T273)}
= T{So(zox3zq, 1) + S2(x122,2374)}
— 5{Sa(z3z471,22) + S2(r273, Z471)}
— {S2(z4z122, 23) + So(x374,2122)}
+ 3{Sa(z12273, x4) + S2(x4%1,Z273)}

Therefore the nil-algebra of index 2 has nilpotency less than or equal to
4. |

References

[1] G. Higman, On a conjecture of Nagata, Proc. Cambridge Philos. Soc 52 (1956),
1-4.

[2] E. N. Kuzmin, On the Nagata-Higman theorem, in Mathematical Structures-
Computational Mathematics-Mathematical Modeling, Proceedings dedicated to
the sixtieth birthday of academican L. Iliev, Sofia, 1975. (Russian)

[3] W. Lee, Center symmetry of incidence matrices, Commun. Korean Math. Soc. 15
(2000), no. 1, 29-36.

[4] M. Nagata, On the nilpotency of nil-algebras, J. Math. Soc. Japan 4 (1953), 296~
301.

[5] C. Procesi, The invariant theory of nxn matrices, Adv. Math. 19 (1976), 306-381.

[6] Y. P. Razmyslov, Trace identities of full matriz algebras over a field of character-
istic zero, Izv. Akad. Nauk SSSR 38 (1974), 723-756; English transl., Izv. Math.
8 (1974), 727-760.

Division of Computer, Electronics and Communication Engineering
Kwangju University

Kwangju 503-703, Korea

E-mail: woolee@hosim.kwangju.ac.kr



