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Three-Dimensional Vibration Analysis of Thick Shells of Revolution
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Abstract

A three-dimensional method of analysis is presented for determining the free vibration frequencies and mode
shapes of hollow bodies of revolution (i.e., thick shells), not limited to straight line generators or constant thickness.
The middle surface of the shell may have arbitrary curvatures, and the wall thickness may vary arbitrarily.
Displacement components #,, #., up, in the meridional, normal and circumferential directions, respectively, are
taken to be sinusoidal in time, periodic in @, and algebraic polynomials in the ¢ and z directions. Potential(strain)
and kinetic energies of the entire body are formulated, and upper bound values of the frequencies are obtained by
minimizing the frequencies. As the degrees of the polynomials are increased, frequencies converge to the exact
values. Novel numerical results are presented for two types of thick conical shells and thick spherical shell
segments having linear thickness variations, Convergence to four digit exactitude is demonstrated for the first five
frequencies of both types of shells. The method is applicable to thin shells, as well as thick and very thick ones.

Keywords : three-dimensional analysis, shell of revolution, thick shell, vibration, arbitrary curvature, variable
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y(axis of revolution)

Fig. 1 Cross-section of an arbitrary shell of revolu-
tion with variable thickness in the meridional
direction ¢ and positive Gaussian curvature,
and the curvilinear coordinate system (4, z, 6)
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Fig. 2 Meridian of the middle surface of a shell
of revolution
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Table 1 Convergence of frequencies oLV o/G of a
completely free, truncated hollow conical
shell with linearly varying thickness( z,/4,
=1/3) for the five lowest modes for n=2
with ¢,=60", R,/L=0.25, h/L 0.125, and
v=0.3

DET 1 2 3 4 5

12 10.8686| 1.641 | 3.668 | 4.759 | 7.721
24 10.8062|1.491|3.277 | 4.025 | 4.925
36 [0.8019; 1.481 ] 3.263 | 3.907 | 4.830
48 |0.8018|1.480| 3.261 | 3.897 | 4.824
60 [0.8018|1.479(3.261 | 3.896 | 4.823

18 0.8205 1.606 | 3.633 | 4.755 | 7.637
36 |0.7792|1.442| 3.228 | 3.945 | 4.883
54 |0.7762|1.435|3.217 | 3.801 | 4.796
72 10.7761(1.434 ] 3.216 | 3.790 | 4.791
90 |0.7761 | 1.433|3.216 | 3.789 | 4.791

24 |0.8028| 1.597| 3.619|4.746 | 7.610
48 0.76501.427 | 3.213 | 3.918 | 4.870
72 |0.7623|1.420 | 3.203 | 3.760 | 4.783
96 |0.7623|1.4183.202| 3.751 | 4.779
120 10.7622 1.418 | 3.202 | 3.750 | 4.778

30 [0.8022|1.595 | 3.616 | 4.746 | 7.603
60 |0.7644|1.427|3.213|3.916 | 4.869
90 |0.7618|1.419| 3.202 | 3.757 | 4.782
120 (0.7617| 1.418 | 3.202 ) 3.749 | 4.778
150 |0.7617|1.417| 3.201 | 3.748] 4.778

36 |0.8014|1.590 | 3.612 | 4.746 | 7.602
72 |0.7639| 1.426 | 3.212| 3.913 | 4.868
108 |0.7618| 1.419| 3.202 | 3.756 | 4.782
144 |0.7617| 1.418 |3.201| 3.749 | 4.778
162 10.7617|1.417 | 3.201 | 3.748 | 4.778

: TZ=Total number of polynomial terms used in
the z or ¢ direction

TP=Total number of polynomial terms used in
the s or ¢ direction
DET=Determinant order
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Table 2 Nondimensional frequencies wLV o/G of
completely free, truncated hollow conical
shells with linearly varying thickncess for
$,=60", R,/L=0.25 h,/L=0.125, and v=0.3

Byl by
n | Mode
1 1/3 0
1 3.523 3.915 4.590
2 6.497 6.748 7.531
o(T) 3 9.569 9.615 7.806
4 12.67 9.738 10.55
5 12.80 12.80 12.38
1 1.928(4) 2.081(4) 2.261(3)
2 2.956 2.993 3.023
0(A) 3 3.650 4.117 4.648
4 5.518 5.643 6.160
5 5.661 6.051 6.831
1 2.158(5) 2.330(5) 2.536(5)
2 2.965 3.064 3.234
1 3 3.476 3.679 4.154
4 5.168 5.409 6.045
5 5.348 5.783 6.275
1 0.6184(1) 0.7617(1) 0.9728(1)
2 1.468(2) 1.417(2) 1.360(2)
2 3 3.004 3.201 3.440
4 3.696 3.748 4.051
5 4.613 4.778 4.895
1 1.496(3) 1.878(3) 2.312(4)
2 3.095 3.090 3.049
3 3 4.224 4.419 4.413
4 4.791 4,979 5.139
5 6.137 6.473 6.495
1 2.508 3.127 3.693
2 4.448 4.554 4.683
4 3 5.439 5.799 5.772
4 6.497 6.579 6.569
5 7.572 8.143 7.789

Note : T'=Torsional mode
A =Axisymmetric mode
Numbers in parentheses identify frequency
sequences.
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Table 3 Convergence of frequencies waV p/G of a
completely free, spherical shell segment
with linearly varying thickness( &/k,=1/3)
for the five lowest modes for »=1 with
#,=30", ¢,=90°, h,/a=1/10, and »=0.3

DET 1 2 3 4 5

12 |2.47812.897|5.024 | 6.664 | 13.54
24 |2.022]2.4472.073|4.510|5.658
36 [2.011(2.441(2.9144.464|5.186
48 |2.010|2.441]2.912|4.456 | 5.085
60 |[2.009|2.441(2.911|4.456|5.081

18 [2.476(2.887|5.015(6.61113.06
36 |2.001]2.435)2.903|4.499]5.623
54 | 1.989(2.429|2.84814.422|4.963
72 |1.987(2.429|2.846|4.404,4.872
90 |1.987|2.429|2.845|4.403|4.869

24 |2.475|2.885|5.014|6.603|12.43
48 |1.997|2.43412.895|4.494|5.614
72 |1.985]2.428|2.840(4.410|4.918
96 |1.983|2.427|2.838|4.388|4.832
120 [1.982|2.427|2.837|4.387|4.829

30 {2.474(2.882(5.013(6.59712.43
60 |1.99712.433]|2.894 144945611
90 |1.984|2.428|2.8394.409|4.914
120 11.983)2.427|2.837)4.387)4.830
150 |1.982|2.427|2.837 (4.386|4.827

36 |2.474|2.881|5.013|6.594 | 12.42
72 |1.996|2.433|2.893|4.493|5.609
108 [1.984|2.428|2.839|4.408|4.912
144 |1.9822.427|2.837|4.387|4.829
162 (1.982(2.4272.837{4.386 | 4.827

Note : TZ=Total number of polynomial terms used in
the z or ¢ direction

TP=Total number of polynomial terms used in
the s or ¢ direction
DET=Determinant order
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Table 4 Nondimensional frequencies waV /G of
completely free, spherical shell segments
with linearly varying thickncess for ¢,=30",
$,=90", h,/a=0.2, and v=0.3.

Ryl by
n Mode
1 1/3 0
1 3.448 3.668 4.142
2 6.241 6.385 7.003
0(T) 3 9.115 9.200 9.526
4 12.03 11.91 9.973
5 14.97 12.11 12.65
1 1.879(3) 1.809(3) 1.647(4)
2 2.132 2.163(5) 2.267
0(A) 3 2.727 2.688 2.737
4 4.708 4.617 4.529
5 5.520 5.700 6.163
1 2.064(5) 1.982(4) 1.996(5)
2 2.357 2.427 2.487
1 3 2.919 2.837 2.837
4 4.310 4.386 4.456
5 4.886 4.827 4.887
1 2.608 2.380 2.281
2 2.815 2916 3.017
2 3 3.799 3.707 3.639
4 4.987 4.903 4.674
5 5.285 5.403 5.986
1 1.539(2) 1.060(1) 0.7130(1)
2 3.304 2.896 2.580
3 3 3.333 3.464 3.518
4 4.880 4.880 4.787
5 5.487 5.355 5.078
1 0.8948(1) 1.250(2) 1.188(2)
2 2.739 2.273 1.580(3)
4 3 4.102 3.590 3.065
4 4.195 4.220 4.145
5 5.766 5.925 5.362
1 1.901(4) 2.274 2.342
2 3.723 3.389 2.498
5 3 4.970 4.458 3.721
4 5.326 5.114 4.842
5 6.706 6.668 5.949

Note : T'=Torsional mode

A=Axisymmetric mode
Numbers in parentheses identify frequency

sequences.
h,, is the average shell thickness, defined by
(it /2

F=ZAE A E F oA, el (FEeAd,
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