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ON THE CONJUGATE DARBOUX-PROTTER
PROBLEMS FOR THE TWO DIMENSIONAL
WAVE EQUATIONS IN THE SPECIAL CASE

Jong BAE CHol AND JONG YEOUL PARK

ABSTRACT. In the article [2], the conjugate Darboux-Protter prob-
lem D, is formulated for the two dimensional wave equation in the
class of unbounded functions and the uniqueness of solutions has
been established. In this paper, we shall show the existence of solu-
tions for the hyperbolic equations with Bessel operators in another
special case.

1. Introduction
In 1954, M. H. Protter [7] formulated the following boundary value
problem as an analogue of the plane Darboux problem.

PROBLEM Dy. Find a solution u(z,y,T) to the equation

0 (a? 2 P

w%—@—w)u(x,y,r) =0
in the domain Q : 0 < 7 < p = /z?+y?2 < 1— 1 such that u €
C (Q) N C*(Q) and

u

=% 1= 07 17
where the ; (i = 0,1) are given functions, Ko : 0 < p=17 < 1/2 and
the circle without the center K; : 7=0, 0 < p <1.
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In 1957, K. C Tong [8] noted that the linear space of solutions of the
homogeneous Problem D, is infinite-dimensional. Examples similar to
[8] are presented in [4]: functions

Uik n (T, Y, T) = Uk n(pcosh,psinb, )
— Tpn—3—2z'(1 _ 7_2/p2)n—2i—3/2
x F(n—1,—,3/2; Tz/pz)Yk,n(O),
where n>3; k=0,1; i=0,1,... ,(n~3)/2; p=+22+9y2>0; 0<

8 < 2m; Yy n(0) = cosnb, Y1 ,(8) = sinné; F(a,b,c;t)-hypergeometric
functions, are nontrivial solutions of the equations (1) in @ and

ui,k,n(:v) Y, T) € C(@) U C2(Q)
and they satisfy to the homogeneous boundary conditions:
ulg; =0, i=0,1

Therefore a well-posed formulation of boundary value problems for
the equations (1) in @ has attracted the attention of many authors. In
[5]-[6], sufficient conditions for the uniqueness of solution of problem
Dy and of the following problem were given.

PROBLEM D;. Find a solution u(z,y,T) to the equation (1) in Q
such that u€ C (Q)NC (QU K;)UC?(Q) and

_ Ou|  _
?———SDO’ 87_—_()01'

0

U

The existence of a classical solution satisfying the uniqueness condi-
tions was proved in [6] for the problem D; (i = 0,1). In [2], the conjugate
Darboux-Protter problem was formulated for the two dimensional wave
equation in the class of unbounded functions and it was proved the
uniqueness of solutions in [1]. In [3], it was shown an existence of the
solution of the conjugate Darboux-Protter problem in the case of inde-
pendence of the polar angle. In this work, we shall show the existence of
solutions for the hyperbolic equations with Bessel operators in another
special case.

I would like to express my deepest gratitude to Professor Jong Yeoul
Park for many hours of inspiring conversations and encouragement. I
would also like to thank the referee for helpful suggestions.
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2. The setting of Darboux-Protter problems and lemmas
In this paper, we shall consider the following conjugate boundary

value problems.

PrROBLEM D§. Find a solution u(z,y,T) to the equation (1) in Q
such that _
ueC(Q~\0(0,0,0)N C*Q)

and

2) u

__=® U
e ’

K—2 = Y2,
@i (i = 1,2) are given functions,_f_(l is the circle T =0, 0 < p < 1 with
deleted center and Ko = 0Q ~ (Ko N K1) is the surface of the frustum
of thecone p+7=1,0<7<1/2, 1/2<p< 1

ProBLEM Dj. Find a solution u(z,y,7) to the equation (1) in Q
such that

we C(Q~0(0,0,0)n CHQUK;) NCHQ)

and
ou

or
where @; (i = 1,2) are given functions, Ky is the circlet =0, 0 < p < 1
with deleted center and Ko is the conic surface p+7 =1, 0 <7 <
1/2, 1/2<p< 1L

We note the conjugate boundary value problem Dy, D§ and D, D7
are overdetermined in the class of functions C(Q) N C?(Q), because the
homogeneous Problems D; (¢ = 1, 2) have the infinite-dimensional linear
space of solutions. Let K, be the conic surface 0 < p = 7 < 1/2. We
denote by U the class of unbounded function

=¥, U

I = P2
73] & ’

u(z,y,7) €C(Q~0(0,0,00)N C (Q U U Ki> U C*Q),

i=0
which is represented in the form

u(z,y,7) = u(pcosb, psind, 1)

o] 1
(3) = Zp_nzvk,n(p, T)Yk,n(e)a
n=0 k=0
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where Y ,(0) = cosnb, Y, , = sinnb; the functions

ven(p,7) €C(G) N C* <GU UFZ> n C*(@),

1=0

k=0,1; n=0,1,2,... ; the domain G: 0 <7 < p < 1—T; the lines
on p — 7 plane:

I'p : 0<T7=p<1/2,
'y :7=0,0<p<1,
Iy : 0<r=1-p<1/2.

THEOREM 1. (The Uniqueness of Solutions [2]) Let the functions
ui(z,y,7), 1 = 1,2 be the solutions of the equation (1) in Q with the
boundary conditions (2) and u;(z,y,7) € U, i =1,2. Then uy(z,y,7) =
’U,Q(CC,Z/,T) in Q

THEOREM 2. [3] Suppose that the functions ¢; in the boundary con-
ditions (2) are smooth and independent of the polar angle:

01 =p1(p?) € CO0 < p <), 2 =2(r) €CHO< 7<1/2) and
¢1(1) = ¢2(0). Then there is a unique solution to Problem D{.

In [3], we have the solution

u(x7y77-) = U’(pa T): pP= z? + y2‘

Therefore,
(4) 6_2+22__8_2 u(x )_QQ—U_FEQE_&_
0z2  oy? Or2 T e T hep o T

and (see [3])

(5) ulp7) = /0 [f1 ((ps +7)%) + f1 ((ps — 7)?)] (1 — s*) "% ds

+T/0/0 f2 ((p+75)? = dprst) [t(1 — )] 7* (1 — s?)~dsat
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where
(6)
ro =L L [o-ota@e 0<e<t
™)
f2<p>=%%Al(x—p>-%<l+ﬁ>%F<ﬁ)dA, 0<p<t,
®)
F(A) =/A1(M—A)‘%%F1 <1_T“> dp, 0<A<1,
)

Fi(7) = pa(T) — /Ol{fl (1 =7)s +7]?)

+ (0 -ms =) 1 -s)72ds, 0<T <12
REMARK 1. From (4) — (9) it is sufficient that the given functions
are from the following class:
PreC0<p<), peC(0<p<1/2).

Next if the function v € U and u is a solution of the equation (1)
in @, then we can show that functions v ,(p, 7) in (3) are solutions of
equations (respectively)

92 2m—-10 02
1 wWUknm =\ 335 " a. a3 n\P» = Y
( 0) L Uk, <3p2 P 8/) 87_2>’Uk7 (p T) 0
where (p,7) € G; k=0,1; n=0,1,2,... , by using functions

T T1
Ven(p, 7) = B—/ u(pcos b, psinf, 7)Yy ,(6) db.

T Jeom
LEMMA 1. [9, 10] Let wy,(p, ), wn+1(p,7) € C*(G), where
18wn+1(p77_)
11 wp(p,7) = = 22n A1 T)
(11) (p,7) PR
and
(12) Ln+1’UJn+1 =0 in G.

Then the function w,(p,T) Iis a solution of the equation
(13) L,w,(p,7) = 0, (p,7) € G.
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LEMMA 2. (Inverse lemma) Let the function
wn(p,7) € C}(G)NCHGUT) NC(G)

and wn(p,T) satisfy the equation (13). Let fu(T) = w,(1 —7,7), 0 <
T<1/2, and

far () €C*0<T<1/2)NCO <7< 1/2)

and let f,1(7) be a solution of the differential equation

(14) %@ =-2(1-7)—2—= fn(T) +(1—-2n)fp(r), 0< T <1/2.

Then the function
1—-7
(15) wr(p, 1) = fana(r) = [ bun(er)ag
p

is a solution of the equation (12) and wp41(1 — 7,7) = fni1(7), 0 <
T <1/2.

Proof. From (15), we have

Q%ﬂ = pwn(p, T),
Tintt _ 2nT) )
Blg;-u _ dfn;l—(T) 4 (1= 7)fulr) — /pl_T g—_Ow%(f,T) dg,
Py L@ _f ) 4 (1= ) 2el)
O e I e e
poto
Therefore,
32;":;1 - 2”: ! ‘9‘3;“ = a"’%(;” D) _ 20 (p, )
=(1- T)aw’ja(/f”) N 2n f,(7)
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and

B 1=7 18%2wn(€, 1) (2n—1) Bw,(§,7)  BPwn(E,T)
L”+1w”+1"*JC | ae | ¢ %€ o Je
& f, dfn
L) g @0 4 gn)g(r)

_a _T)[62wgf2p,7) 3 Bw%(:)),T)]

p=1-—T1
Because of (13) if p< &< 1—7, (p,7) € G, we have

FPw,(&,7) (1-2n)0w,(§,1)  O*wn(f,T)

o2 =
and
[Bwn(p, ) _ Qwn(p, 7’)] _ dfn(7)
or dp ien dr

Therefore, L, 1w,+1 = 0 in G if and only if the equation (14) holds.
Lemma 2 is thus proved. O

LEMMA 3. Let functions wy(p, ) and wy1(p, T) satisfy the system
of equations (11) — (13) and let

fn(T) = wn(l - 7-’7—)7 fn+1(T) = wn-l—l(l -7, T), 0 S T S 1/2-

Denote the following constants by

dfn
(16) Ap = fn(0), Bn= —_f—d—'I('j2 ’
T=0
(17) An+1 = fn+1(0)’ B"+1 = %@
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Then the following functional formulas hold:

(18)
fu(T) = [An + %(n + %)An—f—l + %Bn+1] (1- T)"_1/2
3t D)1 =) () - 21—y L1 @
— %(n+ %)(n + g)(l — r)"‘1/2/0 (1 —t)™™52f, 1 (t) dt,
(19)

fn—i—l(T) = An+1 + (2An + Bn—}—l)T
_2/ [L+(n+ 17— (n+2)fa()dt, 0< 7 <1/2
0
Proof. The proof of Lemma 3 follows from the differential equation
(14). O
REMARK 2. Let

_ d2fn+1(7')
Cnr= =0

and
1 0wnt1(p,7)
p Op
where the domain G: 0 < 7 < p<1l—7;thelinesTy,: 7=0,0<p< 1
and I';: 0<7=1-p<1/2. Then in Lemma 3, the constants are

An = f'n(O) = gp'wn—i-l p ) and Bn = (% - n)An — %Cn—{—b

=w,(p,7) € C(GUTL UT, U p(1,0)),

(1,0

3. The Darboux-Problem for the hyperbolic equation with
Bessel operator

Let n be a positive integer. We denote V,, by the class of functions

10%v(p,7)

2
> o €C(G) n Ct (GU UD)H C*G),k=0,1,2,... ,n.

i=0
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PROBLEM D,,. Find a solution v(p,T) to the equation

(20) L,v(p,7)=0 in G
such that

(21) v(p,T) € Vn,

(22) Ve = ¥1(0); v| - =a(7),

where the ; (i = 1,2) are given functions and also 11 (1) = 12(0),

Pi(p) €CTHO0 < p< 1), 4a(r) €C™HE(0<7<1/2).

THEOREM 3. [1] There is a unique solution of the Problem D, :
(20) — (22).

Proof. The uniqueness of solutions follows from the result [2]. Next
if n = 0, then the existence of solutions follows from the result [3]. If
n 2 1, then for finding a solution of the Problem D,, where n is fixed, we
consider the following n auxiliary problems for the system of equations.[1

PROBLEM S; (k=n—1,n—2,---,1,0). Find solutions wi(p,T) of
the system of equations

(23) Liywg(p,7)=0 in G
such that
(24) wk(p7 T) € ka
1 Owi41(p, 7)
25 wi(p,7) = ~———"=, k=n—-1n-2,...,1,0,

where w,, (p, 7) = v(p, T) which is a solution of Darboux boundary Prob-
lem Dy, : (20) — (22).

First we find boundary conditions for solutions wg+1(p, ) of the sys-
tem of equations (23)—(25). We denote by 91 x(p) and 1, (7) traces of
functions wg(p, 7):

(26) wi(p, ) == Y1.k(p)y wr(p,7) . Y2,5(T),
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wherek =n—-1,n—2,...,1,0. Using Lemma 3 and Remark 2, we have
the following functional formulas (see (18) and (25)):

(27)
P1a(0) = 2Ly ia(p), 0 p<1)
1,k\P o dp 1,k+1\P), Spx1),
(28)
1 1 1 k—1
1/12,k(7') = |Ax — 5 k+ 5 Ak+1 + EBk-H (1 — T) 2
1 1 -2 1 _1 Y2 k+1(7)
+2 (k+2) (1 T) fk+1(7') B 1 T) dT
1 1 3 w1 [ —n—5/2 |
o (k) (k4 2)a-nr [a—n Sl
2 2 2 o
where (see Remark 2)
1 1
A = P21(0) = Y15(1), By = <§ - k) Ag — 50k+1,
d2'¢'2,k+1(7') .
Ck+1——a*7-_2— _O,k—n—l,n—Q,...,l,O,

Y1n(p) =%1(p), 0< p<1: han(r) =1o(r), 0< 7 <1/2.

Therefore, there are one-valued boundary functions as solutions
wi(p,t), k =n—1,n—2,---,1,0. From the result [3] (see formulas
(5)—(9) of this article), we can find a unique solution wo(p,7) for the
equation (23) where k = 0 such that it belongs to (24) where k = 0 and
it satisfies the boundary condition (26) where k = 0. Now using Lemma
2, we get sequentially unique solutions

1—71
wi(p, T) = Ya2,1(7) —/ Cwp_1(¢,7)dE, k=1,2,... n.
o

Theorem 3 is thus proved. O
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4. Conjugate Darboux-Protter problem for the equation (1)
in the special case

Let the functions ¢; and @2 in (2) have forms
(29) o1 =1(p,T Zp Zmn (p)Yi,n(6),
=0

N
(30) p2=pa(r,0) =D (1—7)" szkn )Ye,n(6),
n=0

where N is any positive integer, the functions
(31) @1hn(p) €C™TPO0< p <), ann(r) €C™H(0<T<1/2),

01.6,n(1) = P2£.0(0) 1 ©1,1,0(0) = p2,1,0(T) = 0;
(k=0,1;, n=0,1,2,--- ,N).

THEOREM 4. There is a unique solution u(z,y,7) of the problem
D} : (1) — (2), where u € U and the boundary functions in (2) have the
forms (29) — (31).

Proof. The uniqueness of solutions follows from the result [2]. An
unknown solution is constructed in an explicit form:

LL‘ 'Yy T Zp kan T Ykn(e)
n=>0

where functions vk ,(p,7) are the solutions of the Darboux-Protter
problems for the hyperbolic equations with Bessel operators:

(32) Lovgn(p,7) =0 in G,
(33) Vg n(pT) € Vi,
(34) Vk,n = P11,k n(p) Vk,n = = (PZ,k,n(T)

k_O,l, n=0,1,2,...,N.

It follows from Theorem 3 that there are unique solutions of the problem
(32)—(34) for an arbitrary index. Theorem 4 is thus proved. O
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