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GENERALIZED JENSEN’S FUNCTIONAL EQUATIONS
AND APPROXIMATE ALGEBRA HOMOMORPHISMS

JAE-HYEONG BAE* AND WON-GIL PARK

ABSTRACT. We prove the generalized Hyers-Ulam-Rassias stabil-
ity of generalized Jensen’s functional equations in Banach modules
over a unital C*-algebra. It is applied to show the stability of al-
gebra homomorphisms between Banach algebras associated with
generalized Jensen’s functional equations in Banach algebras.

1. Generalized Jensen’s functional equations

Let E; and E3 be Banach spaces with norms ||-|| and ||-||, respectively.
Consider f : E; — Es to be a mapping such that f(tz) is continuous in
t € R for each fixed x € F;. Assume that there exist constants € > 0
and p € [0,1) such that

1/ (2 +v) = f(2) = f)ll < e(le]” +[lylP)

for all z,y € E;. Th. M. Rassias [6] showed that there exists a unique
R-linear mapping T : Ey — Fj such that || f(z) — T(x)|| < 525 ||z||P for
all z € E;.

According to Theorem 6 in [5], a mapping f : E; — FEj satisfying
f(0) = 0 is a solution of the Jensen’s functional equation 2f (%) =
f(z)+ f(y) if and only if it satisfies the additive Cauchy equation f(z+
y) = f(@) + f(y).

Throughout this paper, let n be a positive integer.
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LEMMA A. Let V and W be vector spaces. A mapping f : V — W
with f(0) = 0 satisfies the functional equation

(A) 2f(f+—+—) - fjf(m

21’L
i=1

for all z1,--- ,x9n € V if and only if the mapping f : V — W satisfies
the additive Cauchy equation f(z +y) = f(z) + f(y) for all z,y € V.

Proof. Assume that a mapping f : V — W satisfies (A). Put z; =
Ty = =Ton-1 =& and Ton-141 = Tgn-1,9 = -++ = Tgn = ¥y in (A),
then

n T + n— n—
2 f(—f) = 2" (@) + 277 f ()
for all z,y € V. So 2f (££¥) = f(z) + f(y) for all z,y € V. Hence f is
additive. The converse is obvious. (]

Throughout this paper, let A be a unital C*-algebra with norm | - |,
U(A) the unitary group of A, A; = {a € A||a| =1}, and A} the set of
positive elements in A;. Let 4B and 4C be left Banach A-modules with
norms || - || and | - ||, respectively.

The following is useful to prove the stability of the functional equation
(A). '

LEMMA B [4, Theorem 1]. Leta € A and |a| < 1—2 for some integer
m greater than 2. Then there are m elements uy, -+ , Uy, € U(A) such
that ma = uy + - - - + Upy,.

The main purpose of this paper is to prove the generalized Hyers-
Ulam- Rassias stability of the functional equation (A) in Banach modules
over a unital C*-algebra, and to prove the Hyers-Ulam-Rassias stability
of algebra homomorphisms between Banach algebras associated with the
functional equation (A). '

2. Stability of generalized Jensen’s functional equations in
Banach modules

We are going to prove the generalized Hyers-Ulam-Rassias stability of
the functional equation (A) in Banach modules over a unital C*-algebra
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associated with its unitary group. For a given mapping f : 4B — 4C
and a given a € A, we set

(B) Duf(z1, - ,man) == 2"af (M) Zf az;)

for all z1, -+ ,xon € 4B.

THEOREM 2.1. Let f : aB — 4C be a mapping with f(0) = 0 for
which there exists a function ¢ : 4B%" — [0,00) such that

. 1 1
(2i)  @(z1, -, 2m) —Zzﬁ ( 19, .2,---,—27x2n><oo

(2.11) Do f(@1, s z2n)l| < (21, -, T2m)
for all u € U(A) and all z1,--- ,xo» € 4B. Then there exists a unique
A-linear mapping T : 418 — AC such that

1
(2'111) ”f(x) - T(.’IT)H < F(p(‘rvoa T ,.’E,O)
for all x € 2B.

Proof. Put w = 1 € U(A). Let 27 = 23 = -+ = T2»_1 = z and
To = L4 = -+ = Lon = 0 in (2.i)). Then we get ||f(w)—2f (2 <

ZTl_—lgo (2,0, ,z,0) for all z € 4B. We prove by induction on j that

1 , 1 27 1 1
J _ 97+l _ il e
f(zja:) 2 f(2j+1x>'§2n_1<p<2jm,0, ,zjx,0>

for all z € 4B. So we get
(1 1 = 1 1
@ -2 (52| < 5 2o (gm0 gmnd)
m=0

for all z € 4B. Let = be an element in 4B. By (2.1), for positive integers

[ and m with | > m,
1 1
§0<2_3$701 72_3-'1:70)’

ORVES

(2.2)
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which tends to zero as m — oo by (2.i). So {27f(%z)} is a Cauchy
sequence for all z € 4B. Since 4C is complete, the sequence {27 f(3 )}
converges for all z € 4B. We can define a mapping T : 48 — 4C by

(2.3) T(z)= lim 2/ f (%x)

]—00

for all z € 4B. By (2.ii) and (2.3), we get

, 1 1
cor gon)l| = lm 2 e —Tom
|1 D1T (%1, -, z20 )| Jim 2 Dif <2j961, » 57 %2 ) '
, 1 1
i J p— “ e _ =
S]%z 30(2‘71:17 ,2j{172n> 0
forallzy, -+ ,Ton € aB. Hence D1T(xy, -+ ,xon) = 0forallxy, - ,xon

€ 4B. By Lemma A, T is additive. Moreover, by passing to the limit in
(2.2) as j — oo, we get the inequality (2.iii). Now let L : 48 — 4C be an-
other additive mapping satisfying | f(z) — L(z)|| < 7= %(=,0,--- ,,0)

for all x € 4B.
1 1

()1 (2)

1 1
2 . (1 1
Jo | — .
S2n—12 ¢ <2jx,0, ,ij,0> ;

which tends to zero as j — oo by (2.i). Thus T'(z) = L(x) for all z € 4B.
This proves the uniqueness of T. By the assumption, for each u € U(A),

IT(z) — L(=)|| =2’

<27

}+2f

. 1 1 . 1 1 1
J o j ey oy
for all z € 4B, and 27 ||Duf (2%:1:, ,2%56)” — 0 as j — oo for all
z € 4B. So
DT = lim 2D 1. L =0
@ (:E”x)_J_l_l:{)lo U.f 2]_7;’ ’2—](1; —

for all u € U(A) and all € 4B. Hence

D, T(z, - ,z) =2"uT(z) —2"T(ux) =0
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for all u € U(A) and all z € 4B. So uT(z) = T(uz) for all u € U(A)
and all z € 2B. Now let a € A (a # 0) and M an integer greater than
4|a|. Then
a| 1 la| 1 1 2 1

=< mi<i-imy
By Lemma B, there exist three elements ui,us,us € U(A) such that
3L =u; +up+us. And T(z) =T(3- 3z) = 3T(3z) for all z € 4B. So
T(3z) = 3T(z) for all x € 4B. Thus

M a 1 a M a

= %/[—T(ulx + us + ugx) = % (T(urz) + T(uzz) + T(uzz))
M M _a
= 5 (u +uz +u3)T(2) = 5 - 35T (2) = aT(z)

for all x € 4B. Obviously, T(0z) = 0T (z) for all z € 4B. Hence
T(az + by) = T'(az) + T'(by) = oT'(z) + bT(y)

for all a,b € A and all z,y € 4B. So the unique additive mapping
T : 4AB — 4C is an A-linear mapping, as desired. O

Applying the unital C*-algebra C to Theorem 2.1, one can obtain the
following.

COROLLARY 2.2. Let E; and E; be complex Banach spaces with
norms || - || and || - ||, respectively. Let f : E1 — E3 be a mapping with
F(0) = 0 for which there exists a function ¢ : E}" — [0,00) such that
(2.1) and || Dxf(z1, -+ ,xan)|| € @(®1,+-+ ,x2n) for all X € T! := {A €
C ||\ =1} and all z1,--- ,zon € Ey. Then there exists a unique C
-linear mapping T : E1 — FE, such that

1£@) ~ T@)] < 5oy 8(@,0,- ,,0)

for all x € E;.

From now on, assume that ¢ : 482" — [0,00) is a function satisfying

(2.4).
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THEOREM 2.3. Let f : sB — 4C be a continuous mapping with
f(0) = O such that (2.i) for all w € U{A) and all 21,--- ,29n € AB. If
the sequence {27 f(5:x)} converges uniformly on 4B, then there exists
a unique continuous A-linear mapping T : AB — 4C satisfying (2.iii).

Proof. Put w = 1 € U(A). By Theorem 2.1, there exists a unique
A-linear mapping T : aB — C satisfying (2.iii). By the continuity of f,
the uniform convergence and the definition of T, the A-linear mapping
T : 4B — 4C is continuous, as desired. O

THEOREM 2.4. Let f : 4B — 4C be a mapping with f(0) = 0 such
that ||D1f(z1, -+ ,2zon)|| < @(z1,-++ ,T2n) for all z1, - ,Tan € aB.
Then there exists a unique additive mapping T : 4B — 4C satisfying
(2.iii). Further, if f(Az) is continuous in A € R for each fixed = € 4B,
then the additive mapping T : 4B — AC is R-linear.

Proof. By the same reasoning as the proof of Theorem 2.1, there
exists a unique additive mapping T : 4B — AC satisfying (2.iii).

Assume that f(\z) is continuous in A € R for each fixed z € 4B. The
additive mapping T given above is similar to the additive mapping T
given in the proof of [6, Theorem]. By the same reasoning as the proof
of (6, Theorem], the additive mapping T": 4B — 4C is R-linear. [

THEOREM 2.5. Let f : 4B — AC be a continuous mapping with
F(0) = 0 such that |Dgf(z1,--- ,z2n)| < @(z1,-++ ,T20) for all a €
AfUu{i} and allzy,- - , 290 € 4B. If the sequence {27 f(&=)} converges
uniformly on 4B, then there exists a unique continuous A-linear mapping
T : sAB — AC satisfying (2.iii).

Proof. Put a = 1 € Af. By Theorem 2.4, there exists a unique R-
linear mapping T : 4B — 4C satisfying (2.iii). By the continuity of f
and the uniform convergence, the R-linear mapping T : osB — AC is
continuous.

By the same reasoning as the proof of Theorem 2.1, T'(az) = aT'(x)
for all a € AT U {i}.

For any element a € A, a = a;+ias, where a; := ‘“LT“ and aq := “gf
are self-adjoint elements, furthermore, a = a] — a; +iaf —~ ia, , where
af, ar, af, and a; are positive elements (see [2, Lemma 38.8]). So

T(az) =T(afz — a7z + ia} z — ia; )

=(ay —a] +ia} —ia;)T(z) = aT(z)
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for all @ € A and all x € 4B8. Hence T is A-linear, as desired. O

THEOREM 2.6. Let f: 4B — 4C be a mapping with f(0) = 0 such
that |D,f(z1, -+ ,T)|| < @(zy1,--+ ,29n) for all a € AT U {3} and
all z1,--- ,x29n € aB. If f(Azx) is continuous in A € R for each fixed
x € 4B, then there exists a unique A-linear mapping T : osB — AC
satisfying (2.iii).

Proof. Puta =1 € Af. By Theorem 2.4, there exists a unique R-
linear mapping T : 4B — 4C satisfying (2.iii). The rest of the proof is
similar to the proof of Theorem 2.5. O

3. Stability of generalized Jensen’s functional equations in
Banach algebras and approximate algebra homomorphisms

In this section, let A and B be Banach algebras with norms || - ||
and | - ||, respectively. D.G. Bourgin [3] proved the stability of ring
homomorphisms between Banach algebras. In [1], R. Badora generalized
the Bourgin’s result.

We prove the generalized Hyers-Ulam-Rassias stability of algebra ho-
momorphisms between Banach algebras associated with the functional
equation (A).

THEOREM 3.1. Let A and B be real Banach algebras, and f : A — B
a mapping with f(0) = 0 for which there exist functions ¢ : A?" —
[0,00) and ¢ : A x A — [0,00) such that (2.i),

(3.0) [D1f(z1, - s 22n)|| < (@1, ,2an),
(3.ii) P(z,y) =D 2y <-217wy> < 00,
§=0
(3.1ii) If(@-y) = f@)fWl < ¥(z,y)
for all z,y,x1, - ,x2n € A, where D, is in (B). If f(A\z) is continuous

in A € R for each fixed x € A, then there exists a unique algebra
homomorphism T : A — B satisfying (2.iii). Further, if A and B are
unital, then f itself is an algebra homomorphism.
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Proof. By the same method as the proof of Theorem 2.4, one can
show that there exists a unique R-linear mapping T : A — B satisfy-
ing (2.iii). The R-linear mapping T' : A — B was given by T(z) =
im0 27 f (5z) for all z € A. Let R(z,y) = f(zy) — f(z)f(y) for all
z,y € A. By (3.i), we get lim; .o 2R (55z,y) =0 for all z,y € A. So

T(zy) =jlin902jf (%xy) =j1ig§>102jf [(2—1396> y]
31 = lm [f (—21—x) ) +R (zixy)} — T@)f ()

J—00

for all z,y € A. Thus

ror(89) 2l (30)] 7 [(3)] -7 ()

= S T@f)

for all z,y € A. Hence
(32 1)1 (g) =T@IW

for all z,y € A. Taking the limit in (3.2) as j — oo, we obtain
T(z)T(y) = T(z)f(y) for all z,y € A. Therefore, T(zy) = T(x)T (y) for
all z,y € A. So T : A — B is an algebra homomorphism. Now assume
that A and B are unital. By (3.1),

T(y) =T(ly) =T fly) = f{v)
for all y € A. So f : A — B is an algebra homomorphism, as desired. []

THEOREM 3.2. Let A and B be complex Banach algebras. Let f :
A — B be a mapping with f(0) = 0 for which there exist functions
@0 : A¥ —[0,00) and ¢ : Ax A — [0,00) such that (2.), (3.ii), (3.iii)
and

(3.v) IDAf(z1,-- - z2n)|| < (@1, T2n)

for all A\ € T! and all z,y,%y, - ,%2~ € A, where D), is in (B). Then
there exists a unique algebra homomorphism T : A — B satisfying (2.iii).
Further, if A and B are unital, then f itself is an algebra homomorphism.
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Proof. Under the assumption (2.i) and (3.iv), in Corollary 2.2, we
showed that there exists a unique C-linear mapping T : A — B satisfying
(2.ii).

The rest of the proof is the same as the proof of Theorem 3.1. O

THEOREM 3.3. Let A and B be complex Banach x-algebras. Let
f : A — B be a mapping with f(0) = 0 for which there exist func-
tions ¢ : A2 — [0,00) and 9 : A x A — [0,00) such that (2.i), (3.ii),
(3.ii), (3.iv) and ||f(z*) — f(z)*|| < @(z,--- ,z) for all X € T* and all
z,y,Z1, - ,Ton € A. Then there exists a unique x-algebra homomor-
phism T : A — B satisfying (2.iii). Further, if A and B are unital, then
f itself is a *-algebra homomorphism.

Proof. By the same reasoning as the proof of Theorem 3.2, there
exists a unique C-linear mapping T : A — B satisfying (2.iii).

Now
1, 1 \* /1 1
1(5) 1 () [ =2e (o 32)

for all + € A. Thus 2/ ”f(%:c*) —f(glj—:c)*H — 0 as j — oo for all
z € A. Hence

97

Jj—oo J—oo

T(z*) = lim 27 f (%x*) = lim 2/f (2%1})* =T(z)"

for all x € A. The rest of the proof is the same as the proof of Theorem
3.1. O
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