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CONVERGENCE THEOREMS FOR
ASYMPTOTICALLY PSEUDOCONTRACTIVE MAPS

M. O. OsiLIKE! AND D. I. IGBOKWE

ABSTRACT. We prove that the results of Chang, Park and Cho in
[1] concerning the iterative approximation of asymptotically pseu-
docontractive maps with bounded ranges can be extended to a cer-
tain class of asymptotically pseudocontractive maps whose ranges
need not be bounded.

1. Introduction

Let E be an arbitrary real Banach space and let J denote the nor-
malized duality mapping from E into 2F" given by

J(z) = {f € E*: (a0, f) = |l«|* = [/},

where E* denotes the dual space of E and (.,.) denotes the generalized
duality pairing. It is well known that if E* is strictly convex then J
is single-valued. In the sequel we shall denote single-valued normalized
duality mapping by j.

Let K be a nonempty subset of E. A mapping T : K — K is
called asymptotically pseudocontractive with sequence {k,} C [1,00),
nh_r)r;o kn =1 (see e.g., (1], [9]) if for all z,y € K, there exists j(z — y) €

J{x — y) such that
(1) (T"z — Ty, j(x — y)) < knllz — yif?

for all n € N. As shown in [9], this class of mapping is more general
than the important class of asymptotically nonexpansive mappings (i.e.,
mappings T : K — K such that ||[T"z — T™y|| < knllz — y|| for all
z,y € K, for some sequence {k,} with limk, = 1 and for all n € N).
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T is called uniformly L-Lipschizian if ||T"z — T™y|| < L||z — y|| for all
z,y € K, n € N and for some L > 0.

The class of asymptotically pseudocontractive maps was introduced
by Schu [9]. In [9], Schu also introduced the modified Ishikawa iteration
method {x,} generated from an arbitrary ¢ € E by

Tnt1 = (1—oan)zn+anTyy, n>1,
Yn = (1 - /Bn)xn + ﬂnTn-'L'n’ n2>1,

where {a,} and {8,} are real sequences in [0,1]. If 8, = 0 for all n,
then the above scheme reduces to the modified Mann iteration method
also introduced by Schu in [9]. Using the modified Ishikawa iteration
method, Schu [9] proved a strong convergence theorem for the itera-
tive approximation of fixed points (when they exist) of asymptotically
pseudocontractive maps in Hilbert spaces.

THEOREM CPC ([1], Theorem 2.1). Let E be a real Banach space
and let D be a nonempty closed convex subset of E. Let T : D — D be
a uniformly L-Lipschitzian asymptotically pseudocontractive mapping
with a Lipschitz constant L > 1, and a sequence {k,} C [1,00) such that
lim k, = 1. Let {a,} and {B,} be two sequences in [0, 1] satisfying the

n—-—>00 L.
conditions

(i) lim o, = lim G, =0,
n—00 n—od
(i) D opopan = 00.
Let {z,} be the modified Ishikawa iteration method. If F(T) = {z €

D :Tz =z} # 0, T(D) is bounded and for any q € F(T), there exists a
strictly increasing function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that

2 (T @n+1 — ,§(@nr1 — ) < kallznss — dlI? = d(l|zne1 — dl])
for all n > 1, where j(zn+1 — q) € J(Tn+1 — q) is such that

(T"Tns1 — TG, §(Zns1 — @) < knl|Zny1 = ql|? for all n> 1,
then the sequence {z,} converges strongly to the fixed point q of T'.

The assumption that T'(D) is bounded in Theorem CPC appears restric-
tive since it is not satisfied by many nonexpansive mappings and even
many strict contraction maps.

It is our purpose in this paper to complement Theorem CPC by
dropping the condition that 7'(D) is bounded. We impose the condition
that Y - ,(k, — 1) < oo which is used in the original result of Schu
[9], and which has been used by several authors (see for example [2],
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[5-11]). It is clear that the condition > oo ;(kn — 1) < 00 is satisfied by
all nonexpansive maps. Our results readly show that if 7' has a bounded
range, then the condition Y o> ;(k, — 1) < oo could be dropped. Our
proof is short and of independent interest since the convergence of both
the modified Mann and Ishikawa iteration methods with errors in the
sense of Xu [13] and Liu [4] are obtained from the convergence of a
simple perturbed modified Mann iteration method.

2. Main results

LEMMA 1. Let E be a real Banach space and let T : E — E be
a uniformly L-Lipschitzian asymptotically pseudocontractive mapping
with a nonempty fixed point set F(T) and a sequence {k,} C [1,c0),
Yoo 1(kn—1) < 00. Let {an} be a real sequence satisfying the conditions

(i) 0<a, <1 foralln>1,
(i) 3pzy om =00,
(iii) 302, a2 < oo.
Let {z,} be the sequence generated from an arbitrary 3 € E by
(3) Tnt1 = (1 — ap)Zn + T T + tup, n > 1,
where {u,} C E is such that

lunl| < pn + Yallzn — pl|
for some p € F(T) and the sequences {p,} and {v,} are such that
S o pn < 00 and Y oo, Yn < 00. If there exists a strictly increasing
function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that
@) (T 41 — P d(@ns1 — P)) < knllzner — 2l = ¢(lzns1 — pll),

then {z,} converges strongly to p.
Proof. Tt follows from (4) that

(I =T")Zn1 — (I = T)p, §(Zn41 — D))
> ¢(||ens1 = pll) = (kn = Dllenss — plf?

¢(lzn+1 — plDl[Zn+1 — pl?
= 14 ¢(|zns1 — pll) + Iz — I (kn — V)l[€ns1 — pl[?

= r(:cn+1,p)||.’£n+1 - pH2v

<(I_Tn)xn+1_7'n(mn+lap)wn+1— [(I—Tn)p—T(:L‘n+1,p)p], j(xn+1 _p)> >0
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so that from Lemma 1 of Kato [3]

5) |Zn+1 — 2l < l|znt1 — 2+ MU = T™)Zns1 — ro(@nt1,P)Tns1
— (I =T™)p — r(Tns1,0)p)}]

for all A > 0. From (3) we obtain

Tn = (14 ap)Tat1+an[(I —T")Tp4y — T‘(xn+1,p):rn+1]
_(1 - T(wn-i-l:p))anxn + (2 - T(mnﬁ-l,p))ai(xn - Tnxn)
+an(Tn$n+1 = T"zy) — [1 4 (2 = 7(Tnt1, D)) 0]t

Furthermore,
p=(1+on)p+on[(l = T")p — r(ZTn+1,P)p] — (1 = r(Tnt1,p))np,
so that

Zn = p = (1+ ) (@ni1 —P)
+ € (T = T™)@ns1 = 7(@ns1,P)Tns1 — (L= T")p

— r(@n+1,P)P)| = (1 = r(@ns1, p)an(en — p)
+(2- r(xn+1,p))ai(mn —T"2y) + an(T"xpe1 — TMxy,)
—[1+(2 = 7(%ns1,p))n]un.

Hence

[0 7% n
“xn _p“ > (1 + an)llxn-l-l —p+ ) [(I =T )xn+1

(1+an)
~ 1(@nt1,P)Bnr1 = (L= T")p = r(ens1,P)p)|
— (1 = r(zn+1,p))omllzn — |
-(2- T(xn+1,p))aillxn — T zy||
— anllT"@n41 — T nl| — [L+ (2 = r(Zn41, p))om]||un
> (1+ ap)l|lzns1 — pll — (1 = 7(@nt1, p))anllzn — pll
-(2- T($n+1,p))a%”$n = T"2p|| — o || T" 11 — T"Zn

— [+ @2 = 7r(@ns1,p))an]l[unll,  (using (5)).
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Hence
[1+ (1 —r(znt1,p))on]
(1+ ay)
+ o[ T Tnt1 — T n|| + [1 + (2 — 7(Zn+1, P)) ] |un|
< 1+ (1= 7(Zns1,0))0n][1 — o + o3 ][lzn — pl|
+ 202 || Zn — T2 + an || T 2ns1 — T"20|| + 3|tn |

lzn = pll + 204 |25 — T"2n

€41 —pll <

<1 —r(@n41,p)an + 2)l|zn — pll + 202 |2n — T" ||
+ o[ T Tn41 — T || + 3|unl|.

Observe that ||z, — T"z,|| < (14 L)||zn — p|| and

1 T"%n41 — T 0|
< L1+ L)ow||zn — pl| + L||un||
< [L(1 + L)ag + Lyal||lzn — pl| + Lpy,
so that
(6)
||Zn+1 — Pl
<1+ anlkn —1) +a2(1+ 21 + L) + LA + L)) + Lanyn]||zn — |
_ [ ¢(||Zn+1 — pl))on
1+ ¢(|lznt1 — pll) + [|Zns1 — plI?
<[+ anlkn—1)+a2(1+2004+ L)+ L1+ L))
+ Loy + 3'Yn]“$n - p”
_ [ ¢(||Zn+1 — pl)an
1+ ¢(llzns1 — pl]) + |[znt1 — pl|?

[ llzn = pll + Lanpn + 3llul

Jllzn = oIl + Lon + 3ps

= (14 6n)|lzn — p||
¢(l|zn+1 — pl)on
B Tn — + (34 L)pp,
[1+¢(I|$n+1—p||)+l|xn+1_p||2]|| pll +( )p

where 6, = an(k, — 1) +02(1+2(1+ L)+ L(14 L)) + (Loy, + 3)ys. Ob-
serve that condition (iii) implies that > -2 ; 6, < 0o. Since > o7, pp <
0o, it follows from (6) that {||z, — p||} is bounded. Let ||z, — p|| <
D for all n > 1. Then it follows from (6) that

|znt1 = pll < |[2n — pll + Do + (34 L)pn = [|2n — pll + A,

where A\, = D6, +(3+L)py. Since Y 2 o A, < 00, it follows from Lemma
1 of [12] that lim ||z, — p|| exists. Let lim ||z, — p|| = § > 0. We prove
n—oC
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that § = 0. Assume that § > 0. Then there exists a positive integer Ng
such that ||z, — p|| >  for all n > Ny. Since

¢(l[zn+1 — pll) -
1+¢(||wn+1—p||)+‘|mn+l_p||2”xn ||
$(3)d

for all n > Ng,

~ 2(1+¢(D) + D?)
it follows from (6) that
2)é
lomss =9l < llsn =51l ~ 5555 5

Hence

oy + A for all m > Ng.

$(3)0
2(1 + ¢(D) + D?)
This implies that

U6 S o <oy -l + 30 A < llowo —rll + 30
2 i S o )= 0 J’
2(1+ (D) + D?) S §=No §=0

an < ”xn _p” - ||mn+1 _p” + A, for allm > Ng.

so that >-°° ; &, < 00, contradicting condition (ii). Hence lim ||z, —p|| =
0, completing the proof of Lemma 1. O

REMARK 1. If T has bounded range, then the condition Y oo ; (kn—

1) < oo can be dropped, and the condition Y oo ; @2 < co can be re-

placed by the condition lim a, = 0. To see this set M := sup{||T"zx —
n—00

p|| : n > 1} + ||z1 — p||- Then it follows by a simple induction that
n—1 n—1
e —pll < TTA+2)[M+ Y05 m 22,
=1 =1

so that ||z, — p|| < D for all n > 1 and for some D > 0. It now follows
from (6) that

(|l zn+1 — pl)an
L+ ¢([|zn+1 — pl) + [|@n+1 — P
+ Dap[(kn — 1) + an(1 +2(1 + L) + L(1 + L))]
+ (Lan + 3)Dy, + (3+ L)pn
(|| zns1 — pll)an

1+ ¢(|znsr — pll) + [Zns1 — Pl
+ apAp + on,

[Zn+1 = pll < llzn = pll - 5 l1zn — ol

= llzn —pll - 2 lln — pll
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where A\, = D[(kr, — 1) + an(1 +2(1 + L)+ L(1 + L))] and o, = (Lo, +
3)Dyn+ (3+L)pp. Since lim A\, =0and ) >, 0 < 00, it now follows
n—co
from a standard argument that lim ||z, — p|]| = 0. It is clear that if
n—o0

|| X»n — pl| is assumed bounded, then the condition 7y, = 0(ax) could also
be used inplace of Y2 | v, < 00.

2.1. Convergence of the modified Mann and Ishikawa itera-
tion methods with errors in the sense of Xu [13]

THEOREM 1. Let F be a real Banach space and K a nonempty closed
convex subset of E. Let T : K — K be a uniformly L-Lipschitzian
asymptotically pseudocontractive mapping with F(T) # 0, and a se-
quence {kn} C [1,00) such that > oo ,(kn — 1) < co. Let {an}, {bn},
{en}, {a,,}, {b),}, {c),} be sequences in [0, 1] such that

) apn+bp+ep=a,+b,+c, =1,
(i1) 3521 bn = 00,
(iil) Yop2q b7 < oo, 02 b, < oo, oplicn <00, Yool cn <00

Let {x,} be the sequence generated from an arbitrary z; € K by

Tnil = QApZp+ bnTnyn + cptin, N > 17
Yn = Ty + 0T Ty + cvn, n>1,

where {u,} and {v,} are bounded sequences in K. If there exists a
strictly increasing function ¢ : [0,00) — [0,00) with ¢(0) = 0 such that

(T"Tp 41 = P, §(@ns1 = D)) < knllznts — plI* — ¢(|zn41 — pl|

for some p € F(T'), then {x,} converges strongly to p.

Proof. Set an = by + ¢ny B = b, +¢},. Then

Tny1 = (1= an)Zn + anT"yYn + cn(un — T"yn), n > 1,
Yn = (1 - ﬂn)xn + /BnTnmn + C;l('Un - ann)a n > 1.
Observe that
Tni1 = (1 — an)xpn + T xp + uly,

where ul, = an(T"yn — T"xy) + cn(un — T™yy). Furthermore,

llyn — pll < (1= Ba)llzn = pll + BnLllzn — pll + cpllvn — pll + ¢ Lljzn — pll,
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so that
lup | < lonBaL(1 + L) + L2chan]llzn — pll + Lepan|lvn — pl
.+ callun = pll + cnLilyn — pll
< [omBuL(1 + L) + L(1 + L)cy, + L2c)an + ency L?]||zn — pl|
+ callun — pll + [enc, L + Lepom] [lvn — 2
= Ynllzn — pll + on,
where v, = anB,L(1 + L) + L(1 + L)cn, + L2, an + cpcy, L? and pr, =

cnlltn —pl| + [Lenc), + Lancy)|lvn —pl|. Since 3572 1 m < 0o and 3024 pn
< 00, it follows from our Lemma that {z,} converges strongly to p. [

COROLLARY 1. Let E be a real Banach space and K a nonempty
closed convex subset of E. Let T : K — K be a uniformly L-Lipschitzian
asymptotically pseudocontractive mapping with F(T') # 0, T(K) bound
-ed and with a sequence {k,} C [1,00) such that nh—>n;o k, = 1. Let {a,},

{b.}, {cn}, {a,,}, {b).}, {c,} be sequences in [0,1] such that

() an +bp +cn=a, +b,+c, =1,
(i) > 272y bn = 00,
(i) Jim br = Jimg B = Jig,cn =0,
(iv) dop2 ;i cn < 00.
Let {z,} be the sequence generated from an arbitrary x1 € K by
Tptl = QpTp+ b T"Yn + Crin, n 2> 1,

Yo = apTn+ 6, T Ty + cvp, n>1,

where {u,} and {v,} are bounded sequences in K. If there exists a
strictly increasing function ¢ : [0,00) — [0,00) with ¢(0) = 0 such that

(T" %41 = D, §(@ns1 = P)) < Kallznir = plI* = ¢(lzns1 = pl))

for some p € F(T), then {z,} converges strongly to p.

Proof. Using Remark 1, the proof follows as in the proof of Theorem
1. ]

REMARK 2. Theorem 2.1 of [1] is a special case of Corollary 1 for
which b, = o, a, =1 —ay, ¢y = 0,b), = Bn,al, =1 — Gy
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2.2. Convergence of the modified Mann and Ishikawa itera-
tion methods with errors in the sense of Liu [4]

THEOREM 2. Let E be a real Banach space and let T : E — E be
a uniformly L-Lipschitzian asymptotically pseudocontractive mapping
with F(T) # 0 and a sequence {k,} such that Y . ,(kn, — 1) < 00. Let
{an} and {f,} be sequences satisfying the conditions
(i) 0<op,fn<l n>1,
(il) Yoo, oy = 00,
(111) Zrozo=1 a?L < 00,
(iv) 02 anfn < 0.
Let {u,} and {v,} be sequences in E satisfying the conditions Y -, ||un||
< oo and Y oo |lvnll < 00. Let {x,} be the sequence generated from an
arbitrary ©; € K by

Yn = (1 - Bn)xn + ﬁnTnxn +up, n2>1,
Tuy1 = (L—ap)xy+ oI yp +vpn>1.
If there exists a strictly increasing function ¢ : [0,00) — [0,00) with
¢(0) = 0 such that
(T"Tn41 — D, (@ns1 — D)) < kallznsr = 2l = dllzns1 ~ pll)

for some p € F(T), then {z,} converges strongly to p.

Proof. Observe that
Tnp1 = (1 — an)zn + anT Ty + ul,,

where u!, = oy (T"yn — T"xy) + v,. Furthermore, ||up|| < anBoL(1 +
L)z = pll+anL||unll+|[vall = Yollzn —pll+pn, where ¥, = oG L(1+
L) and p, = apL||us|| + ||vnl||- Since > 02 1y < 0o and Y7 pn < 00,
it follows from our Lemma that {z,} converges strongly to p. O

COROLLARY 2. Let E be a real Banach space and let T : E — E be

a uniformly L-Lipschitzian asymptotically pseudocontractive mapping
with F(T) # 0, a sequence {k,} C [1,00), lim k, = 1 and a bounded
n—oo

range. Let {an} and {B,} be sequences satisfying the conditions

(i) O0<anfBn<l n>1,
(i) 2 oosq an = 00,

(iii) lim a, = lim B, =0.
n—co n-—>00
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Let {u,} and {v,} be sequences in E satisfying the conditions lim ||uy||
n—o0

=0and Y 7, ||lvn]| < 0o. Let {z,} be the sequence generated from an
arbitrary ©1 € K by

Un = (1=0Bp)zn + BuT Ty + Up, n > 1,
Tnt1 = (I—on)tn+onTyn+van> 1

If there exists a strictly increasing function ¢ : [0,00) — [0,00) with
#(0) = 0 such that

(T"Tn41 = P, §(@n+1 = P)) < knllZnt1 — P> — ¢(|zn41 — pl])
for some p € F(T), then {z,} converges strongly to p.

Proof. Using Remark 1, the proof follows as in the proof of Theorem
2. O

REMARK 3. Theorem 2.1 of [1] is a special case of Corollary 2 for
which u,, = v, = 0 for all n > 1.
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