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AN ANALOGUE OF HILBERT’S
INEQUALITY AND ITS EXTENSIONS

YouNG-Ho KiM AND BYUNG-IL KiM

ABSTRACT. In this paper, we obtain an extension of an analogue
of Hilbert’s inequality involving series of nonnegative terms. The
integral analogies of the main results are also given.

1. Introduction

Hilbert’s double series theorem [2, p.226] was proved first by Hilbert
in his lectures on integral equations. The determination of the constant,
the integral analogue, the extension, other proofs of the whole or of
parts of the theorems and generalizations in different directions have
been given by several authors (cf. [2, Chap. 9]). Recently, B. G. Pach-
patte [11] established a new inequalities similar to those of Hilbert. A
representative sample is the following.

THEOREM 1.1. Let p > 1, g > 1 be constants and let 1/p+1/q = 1.
Let a(s) : N, — R,b(t) : N,, — R, and a(0) = b(0) = 0. Then

_la(s)[[p(®)]
;; qu—l +pt‘1 1

< M(p,q,m,n) (3 (m— s+ DIVa(s)P) "

x (>m—t+ 1)|Vb(t)|q)1/q

t=1
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for m,n € N, where

M(p, q,m, n) = plqm(l’—l)/pn(q_l)/q

for m,n € N.

The purpose of the present paper is to derive an extension of the in-
equality given in Theorem 1.1 and its integral analogue. In addition, we
obtain some new Hilbert type inequalities. These inequalities improve
the results obtained by B. G. Pachpatte in [11]. The author would like
to thank the editor and the referee for their useful comments.

2. Main results

In what follows we denote by R the set of real numbers. Let N =
{1,2,..}, No = {0,1,2,..}, N, = {1,2,...,a}, o € N. We define the
operator V by Vu(t) = u(t) — u(t — 1) for any function u defined
on Ny. For a function v(s,t) : Ny x Ny — R, we define the opera-
tors Viv(s,t) = v(s,t) — v(s — 1,t), Vau(s,t) = uv(s,t) — v(s,t — 1),
and V,oV1u(s,t) = Va(Viu(s, t)) = Vi(Vau(s,t)). Let I = [0,00),Ip =
(0,00),1Ig = [0,8),8 € Iy, denote the subintervals of R. For any func-
tion u : I — R, we denote by u' the derivatives of u, and for the
function u(s,t) : I x I — R, we denote the partial derivatives (0/0s)
u(s,t), (8/0t) U(s,t), and (8?/8s0t) u(s,t) by Diu(s,t), Dou(s,t), and
DyDsu(s,t) = Dy Dyu(s,t), respectively. Our main results are given in
the following theorems:

THEOREM 2.1. Let p > 1, q¢ > 1 be constants. Let a(s) : Np, —
R,b(t) : N, — R, and a(0) = b(0) = 0. Then

i z": la(s)|[b(t)]
gsP=1(p+a)/pa 4 ptlg—=1)(p+a)/pe

s=1t=1

m

< M(p.gmm) (Y (m - s+ Diva(s)P)

s=1

- 1/q
x (Z(n —t+ 1)|Vb(t)|q)
t=1
for m,n € N, where

1
M(p,q,m,n) = - m-1/pp(e-1)/q
( ) pP+q
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Proof. From the hypotheses of Theorem 2.1, it is easy to observe that
the following identities hold

8

(1) als) = 3 Va(r),

T=1

(2) b(t) = Vb(0)

for s € Np,,t € N,,. From (1) and (2) and using Hélder’s inequality with
indices p,p/(p — 1) and g, q/(q — 1), respectively, we have

s 1/p
3 (o) < (e (SO wan)l )

8

1/q
(4) [b(t)| < (t)la=1/a (Z |Vb<a>|q)

o=1

for s € N,,,,t € N,,. Using the inequality of means [8, p. 15]

n 4 1/, 1 n
() = (g eet)

for r > 0,w; >0, w; = Qy,, we observe that

1/r

©) (s1s57)/ten) <

T T
< w18y + wgs2).
wy + wo (

Let 51 = sP7 1,55 = t97 1wy = 1/p,wy = 1/q and 7 = w; + ws, from (3)
and (4), we have

a)Io)
s 1/p t 1/q
< (e (S vamp) (L Iveor)

T7=1 o=1

(e-1)(p+a)/pa  la—1)(p+a)/pq 8 1/p
(ST (B meer)

T ptgq p

x (g be(a)lq)l/q

=1
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for s € N,,,t € N,,. We observe that for s € N,,,,t € N,

© 2L p+q<2|w )" (S wser)

o=1

where F(p,q,s,t) = qs®~D@+0/ps 4 ptla-1)(p+a)/pa, Taking the sum
on both sides of (6) first over ¢ from 1 to n and then over s from 1 to
m of the resulting inequality and using Holder’s inequality with indices
p,p/(p—1) and ¢, ¢/(q — 1) and interchanging the order of summations,
we observe that

ii la(s)][6(t)]
gsP=1)(p+a)/pq + ptla-1)(p+a)/pq

s=1 t=1

) HE o))
L mye- W”{Z(ZWG ) p}(n)(q—n/q

p+q s=1 M=1

(R (g mer) "}

t=1

| /\

IN

m

= M gym,) (Y 0m -5+ DITa(P ) "

s=1

x (Xn:(n—tﬂ)wb(t)w)l/q.

t=1
The proof of Theorem 2.1 is complete. O
REMARK 1. In Theorem 2.1, setting 1/p+1/q = 1, we have Theorem
1.1. From the inequality (5), we obtain

1
wy + wa

(7) (s"557) < (wrst7 + wosr+2).

If we apply the elementary inequality (7) on the right-hand sides of result
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inequality in Theorem 2.1, then we get the following inequality

Z Z a(s)|[b()|
gsP- 1)(:D+q)/pq + ptla—1)(p+a)/pa

s=1 t=1 '
_ P e-1/p (q—l)/q{} o B p\ /e
< m n m— s+ 1)|Va(s
~ (p+q)? p(;( ) Va(s)| )
- {p+q)/pq
(-4 o)

t=1

An integral analogue of Theorem 2.1 is established in the following
theorem.

THEOREM 2.2. Let p > 1, ¢ > 1 be constants. Let f(s) and g(t) be
real-valued continuous functions defined on I, and I, respectively, and
let f(0) = g(0) =0. Then

|F(s)llg(®)]
// gsP— 1)(1>+<1)/pq + ptla—D(p+a)/pa dsdt
Ve f? 1/q
M s d e
< ae)( - ol as) ([ u-owor )

for x,y € Iy, where

K(p)qaxay) x(p 1)/Py(q 1)/q

+q

Proof. From the hypotheses of Theorem 2.2, we have the following
identities

(®) f(s) = /0 Cfrydr
(9) o(t) = / §(0)do

for s € I;,t € I,. From (8) and (9) and using Holder’s integral inequality
with indices p,p/(p — 1) and q,q/(g — 1), respectively, we have

(10) £ (s)] < ()17 (/0 |f'(m)IP dT)l/p,

(1) o0 < v | @) io ) v
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for s € I;,t € I,,. From (10) and (11) and using the inequality (5), we
observe that

£ ()llg(®)]

< oo ( [y @par) v ([ W) v

(p—1){p+q)/pq (g—1)(p+q)/pq s 1/p

] t

< M ( " )( / If’(T)I”dT>
p+q p q 0

t 1/q
< ([ o)
0
for s € I;,t € I,. From above inequality, we observe that

o Fond <[ rore) " ([wers)

where F(p,q,s,t) = qs®-D@+a/pa | pt(a-D(p+d)/Pa_ Integrating both

sides of (12) over ¢ from 0 to y first and then integrating the resulting
inequality over s from 0 to z and using Holder’s inequality with indices

p,p/(p — 1) and ¢,q/(q — 1), we observe that
/03c /Oy qs(,,_1)(p+q|f;f,j)ﬂg;:()!_1)(p+q)/pq ds dt
([ wora) sl [ ([ wera) " a)
L onf [*([repar)as)
Y t 1/q
x (y)(q‘”/q{/o (/0 Ig’(a)lqda> dt}

= MG.a)( [ - sl a) v ([w-owor dt)l/q.

The proof of Theorem 2.2 is complete. O

IA

IA

REMARK 2. By applying the elementary inequality (7) on the right-
hand sides of result inequality in Theorem 2.2, we get the following
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inequality

£ {s)llg(®)]
/ / -0 /pa + praDera/e @ L

pq (p—1)/p (q—l)/q{1</ 1(a\|P
< m n r—8 s)|P ds
(p+q)? P \Jo ( A

+1([w-ol0ra) w/m}.

In the following theorems we establish the two independent variable
versions of the inequalities given in Theorems 2.1 and 2.2.

> (p+49)/pa

THEOREM 2.3. Letp > 1,q > 1 be constants. Let a(s,t) : Ny x N, —
R,b(k,7): N, X N, — R, and a(0,t) = b(0,t) = 0, a(s,0) = b(s,0) =0
Then

x

Y la(s,t)||b(k, )|
Z ZZ gs(P—1(p+a)/pa 4 ptla—=1)(p+a)/pa

s=1t=1 “k=1r=1
< L(p,q,z,y, z,w)(zz (x — s+ 1)y —t+1)|VaVia(s, t)|p) e
X (ZZ(z——k+1)(w—r+1)|V2V16(k,r)|q)

k=1r=1

for x,y,z,w € N, where

1
L(p,q,z,y,z,w) = +q(my)(p_l)/p(zw)(q‘l)/q-

Proof. From the hypotheses of Theorem 2.3, it is easy to observe that
the following identities hold

(13) a(s,t) =Y > VyVia(€,n)
£=1n=1
k r

(14) b(k,r) =3 > V3Vib(o,7)

o=1r=1
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for (s,t) € N, x Ny, (k,7) € N, x N,. From (13) and (14) and using
Holder’s inequality with indices p, p/(p—1) and ¢, ¢/(g— 1), respectively,
we have

s i 1/p
15 Ja(s,0)] < (st)@ D/ (ZZ |V2V1a(§,n)|”> |

g=1n=1

E r 1/q
(16) lb(k,7)| < (kr)la—1)/e <Z > [V2Vib(o, T)|q>
o=171=1
for (s,t) € Ny x Ny, (k,7) € N, x Ny,. From (15) and (16) and using
the inequality (5), for (s,t) € Ny x Ny, (k,7) € N, X N,. it is easy to
observe that

la(s, t)llb(k, )|

F(p,q,s,t)

1 S t 1/p k T 1/q
< (X maar) (L mavanl)
pta E=1n=1 o=17=1

where F(p, g, s,t) = qgs®~D@+0)/pq 1 pt(a=1)(p+a)/Pd, Taking the sum on
both sides of above inequality first over r from 1 to w and then over k
from 1 to z and taking the sum on both sides of the resulting inequality
first over t from 1 to y and then over s from 1 to z and and using Holder’s
inequality with indices p,p/(p — 1) and ¢,¢/(¢ — 1) and interchanging
the order of summations, we observe that

ZZ Zi |a(s, t)||b(k, )]
gs(P=1)(p+a)/pq + ptla—1)(p+a)/pq

s=1t=1 “=1r1= 1
z Y s i 1/p
< 3 (S wTatear)
P9 e=1n=1
z w k T 1/q
X ZZ(Z > [V2V1b(o, 7)14)
k=1r=1 ‘o=171=1
z Y 1/p
< (ay) ™ 1)/”{ Z(ZZ|V2V1(I§"7 )}
p+q s=1t=1 *=1n=1
z  w k r 1/q
% (Zw)(q—l)/q{zz<z Z |V2Vib(o, T)I")}
k=1r=1 ‘o=17=1
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T

Y L/p
= L(p,q,x,y,z,w) (Z Z(w —s+1)(y—t+ 1)|V2V1a(s,t)|p>

s=1 t=1

z w 1/q
(Db D =+ DI a0

k=1r=1

The proof of Theorem 2.3 is complete. O

THEOREM 2.4. Let p > 1,q > 1 be constants. Let f(s,t) and g(k,r)
be real-valued continuous functions defined on I, x I, and I, X I,
respectively, and let f(0,t) = ¢(0,t) =0, f(s,0) = g(s,0) = 0. Then

|f (s, 0)llg(k, )|
/ / (/ / gsP—1(p+a)/pe 4 ptla—1)(p+a)/pe dicdr | ds di

< L(p,q,,y,2,w) /0 /0 (x — s)(y — t)|D2D1 f(s,t)|P ds dt) Ve
x (/0 /Ow(z ~ K)(w — )| DaDyglk, ) dkdr)

for x,y, z,w € Iy, where

L(p,q,z,y,z,w) = (g;y)(P—l)/p(zw)(q~1)/q_

ptq

Proof. From the hypotheses of Theorem 2.4, we have the following
identities

(17) s)= [ [ eprsiemacan
(18) alk,7) = / / DaDrglo,7)do dr

for (s,t) € I, x I, (k,r) € I,x1I,. From (17) and (18) and using Holder’s
integral inequality with indices p,p/(p—1) and ¢, ¢/(g— 1), respectively,
we have

s pt 1/p
19) If(s,t)IS(st)(”‘”/pUO / |D2D1f(§,n)|”d€dn> |

@0 totkr) < Gne 1 [ [ 1DDgtoparar)
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for (s,t) € I, x I, (k,r) € I, x I,. From (19) and (20) and using the
inequality (5), for (s,t) € I, x I, (k,7) € I, X I,. it is easy to observe
that

| £ (s, )llg(k, 7] 1/p
< p+q(/ / |D2D1 f(€, )|pd§dn>

F(p,q,s,t,)
1/q
x(//ID2Dlg(a,7')|qdad'r) ,
o Jo

where F(p,q,s,t,) = qs® D@ta)/pa 4 ppla=1)(p+a)/pe_ Integrating both
sides of above inequality first over r from 0 to w and then over k from
0 to z and integrating both sides of the resulting inequality over ¢ from
0 to y and over s from 0 to z and using Holder’s inequality with indices
p,p/(p — 1) and ¢,q/(q — 1) and Fubini’s theorem, we observe that

|f(s,t)|lg(k, )]
//(//0 gsP—D(@+a9)/pa 4 ptla—1)(p+a)/pq dkdr) ds dt
1/p
p+q//<//1D2D1f(§ U)Ipd£dn> ds dt
1/q
X// (/ / |D2Dlg(0',7')|qd0'd7'> dk dr
o Jo o Jo
< (wy)(”‘”/”{/z/y(/s tlDlef(ﬁ U)]pdgdn>l/pdsdt}l/p
Pty o Jo \Jo Jo ’
z w ko pr 1/q 1/q
X(zw)(q‘”/"{// </ / |D2D1g(0,7)|qd0dr> dkdr}
o Jo o Jo

= L(p, 0,25 2,w) ( | [@=aw-oimaniss.pas i) W

x (/O /Ow(z — k)(w — )| D> Drg(k, r)|“ dk dr)l/q.

The proof of Theorem 2.4 is complete. 0

REMARK 3. By applying the elementary inequality (7) in the right-
hand sides of main inequalities in Theorem 2.3 and 2.4, we get the
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following inequalities

T

Zi ZZ la(s, t)[[b(k, T)]
< qs(P— D(p+a)/pg 4 ptla— 1)(p+a)/re

s=1t= k=1r=1

1 z
SLl{—(
p

+

L4 (p+q)/pq
(z—s+)(y—t+ 1)|V2V1a(s,t)|p)

s=1t=1

(

S

NE

(p+9)/pa
(2 = k+ 1)(w — 7+ 1)|V2V1b(k, 1)) }

Q| =

k=1r=1

O |f(s,t)llg(k, )| |
/0 /O ( /0 /O 25D lra)/a - pita-DGra7e O 4 | s df
1% [Y (p+9)/pa
< L1{—(/ / (w—s)(y—t)IDngf(s,t)P’dsdt)
PXNo Jo
IV Y (p+9)/pa
+—(/ / (2 — k)(w — )| D2Dig(k, )| dk dr ) }
qNo Jo

where L; = pq(zy)®~ /7 (zw)(@~1/9/(p + ¢)*.

Il
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