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On the Strong Laws for Weighted Sums of AANA
Random Variables'
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ABSTRACT

Strong laws of large numbers for weighted sums of asymptotically almost
negatively associated(AANA) sequence are proved by our generalized max-
imal inequality for AANA random variables at a crucial step.
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1. Introduction

Let (Q,F,P) be a probability space and {X,,n > 1} be a sequence of
random variables defined on (2, F, P). A finite family {X;,1 <1 < n} is said to
be negatively associated(NA) if for any disjoint subsets A,B C {1,--- ,n} and
any real coordinatewise nondecreasing functions f : R4 - Rand g: RP - R,

Cov(f(Xi:i€ A), g(X;:j€ B))<0.

An infinite family of random variables is negatively associated (NA) if every
finite subfamily is negatively associated (NA). This concept was introduced by
Joag-Dev and Proschan (1983).

By inspecting the proof of Matula (1992) maximal inequality for the nega-
tively associated random variables, we see that one can also allow positive corre-
lations provided they are small. Primarily motivated by this, one can introduce
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the followings: A sequence {X,,n > 1} of random variables is called asymp-
totically almost negatively associated(AANA) if there is a nonnegative sequence
g(m) — 0 such that

COV(f(Xm), g(Xm+1’ T aXm-f-k))
< g(m)(Var(f (Xm))Var(g(Xm+1, -+ » Xm)))'/? (L.1)

for all m,k > 1 and for all coordinatewise increasing continuous functions f and
g whenever the right side of (1.1) is finite. This definition was introduced by
Chandra and Ghosal (1996a, b).

The family of AANA sequences contains NA(in particular, independent) se-
quence(with g¢(m) = 0, V m > 1) and some more sequences of random variables
which are not much deviated from being negatively associated.

The condition roughly means that asymptotically the future is almost neg-
atively associated with the present. For an example of AANA random vari-
ables which is not negatively associated, consider X, = Y, + a,Y,+1 where
Y1,Ys,- - are #d N(0,1) and a,, = 0, > O(see Chandra and Ghosal, 1996b).
Let {Xn,n > 1} be a sequence of random variables and {a,} be a sequence of
positive weights and put b, = Y ;_; ax and Sp, = b;! 3"y _; ar(Xx—EX}). Under
various dependence conditions the almost sure convergences of {S,} to zero have
been established by many authors(e.g. Birkel, 1992; Kim and Baek, 1999; Liu et
al., 1999; Matula, 1996; Peligrad and Gut, 1999), especially Chandra and Ghosal
(1996a, b) derived the Marcinkiewicz strong law of large numbers and the almost
sure convergence of weighted averages on the AANA random variables.

In this paper we derive the maximal inequality for the weighted sums of
asymptotically almost negatively associated (AANA) random variables and ap-
ply it to obtain the strong laws of large numbers for weighted sums of them.
We also show that some results for NA random variables remain true if the as-
sumption of NA random variables is relaxed to AANA random variables with

m=14°(m) < 0.

2. Results

From the definition of AANA random variable we obtain easily the following
property.

Lemma 2.1. Let {X,,n > 1} be a sequence of asymptotically almost negatively
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associated(AANA) random variables and {fn,n > 1} a sequence of increasing
continuous functions. Then {fn(X,),n > 1} is also a sequence of AANA ran-
dom variables.

Theorem 2.1. (Chandra, Ghosal, 1996a) Let {X,,n > 1} be a sequence
of mean zero, square integrable AANA random variables such that (1.1) holds for
1<m < k+m < n and for all coordinatewise increasing contz’nuous functions f
and g whenever the right hand side of (1.1) is finite. Let A> = "} ¢*(m) and
ork = EXk, k>1. Then

>eb < 2)3)2
P{lr<n’?,<x [Sk| > e}_Ze (A+ (14 A%)2) Zak

where Sp =3 " 1 X;.

Theorem 2.2. Let {an,n > 1} be a positive sequence of real numbers and

{bn,n > 1} a sequence of nondecreasing positive real numbers. Let {X,,n > 1}

be a sequence of mean zero, square integrable AANA random variables such that

(1.1) holds for 1 < m < k+m < n and for all coordinatewise increasing con-

tinuous functions f and g whenever the right hand side of (1.1) is finite. Let
=31 ¢*(m) and 0} = EX?, k> 1. Then

k n 2 2

; X 1 a;o
P LaslBT > <8 P(A+ (1+ 4252 Y (Z2k) . (21
{121’?5}(” be op s SetAR A k=1 b2 21
Proof. First note that a1X1/b;, -, are mean zero, square integrable AANA

random variables according to Lemma 2.1 and that they also have the same g(-).
Without loss of generality setting by = 0, we get
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Hence, since b ! Ele(bj —bj_1) =1 it follows from (2.2) that

a;X;
> J7<*J
{ 2o e {em| 2%

i<j<k
From (2.3) we have

i=1
by,

k
anj

> e}. (2.3)

—~k
Ny, & a: X
1<k<n by, 1<k<n 1<i<k| 4 b;
1<j<k
a; X a; X
— - >
{1Srinﬁalg(§n Z b; Z bj |~ ¢
k i<t
a; X; €
C ma; IZI > 2.4
{151%(71 Z bj |~ 2} (24)
1<5<k

By the Kolmogorov-type inequality of AANA random variables(see Theorem 2.1)
from (2.4) the desired result (2.1) follows.

From Theorem 2.2 we can get the following generalized inequality. ]

Theorem 2.3. Let {an,n > 1} be a sequence of positive real numbers and
{bn,n > 1} a sequence of nondecreasing positive real numbers. Let {Xn,n > 1}
be a sequence of mean zero, square integrable AANA random variables such that
(1.1) holds for 1 < m < k+ m < n and for all coordinatewise increasing con-
tinuous functions f and g whenever the right hand side of (1.1) is finite. Let
A? = "L ¢%(m) and ol = EXZ, k> 1. Then, for € >0, and for any positive

m=1
> 6}

integer m < n,
m 3 2
-2 2y1\2 95 4;9;
< 32¢72(A+ (1 + A?)2) ( b2.] +Z IJ) J). (2.5)

by,

P<{ max
m<k<n

Proof. By Theorem 2.2 we have

k
2 j=165X; S 6}
br -
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<P ——————z;{;mﬂ anj > ¢ + P max Z]_mH aJXJ > ¢
- b -2 m+1<k<n by -2
k k
< P{ max i=1%%; > pl max j=m+1 %K > <
- 1<k<m b -2 m+1<k<n by -2

-2 2v142 ma’?aaz - a?o?-
<32 A+ (1+ AP Y5+ > 2 |

Theorem 2.4. Let {a,,n > 1} be a seguence of positive real numbers and
{bn,n > 1} a sequence of positive nondecreasing real numbers. Let {Xn,n > 1}
be a sequence of mean zero, square integrable AANA random variables such that
(1.1) holds for 1 <m < k+m < n and for all coordinatewise increasing contin-
uous functions f and g whenever the right-hand side of (1.1) is finite. Assume

(o] a 2
00
< 00,

1 n
g*(k)

3

(2.7)
k=1

where a,% = EX,% < o0, k> 1. Then, for any 0 < r < 2,

(A) E sup,(|Sn|/bn)" < 00
(B) 0 < by, 1 oo implies Sy, /b, — 0 a.s. as n — oo, where Sy, = Y~ ; a; X;, n > 1.

Proof. Let B2 =3 %, ¢*(k).
(A): Note that, for any 0 < r < 2

T )
Esup(ls—d) <oo4=>/ P{suplf—"|>t%}dt<oo.
n 1

by, n  Op

By Theorem 2.2 it follows from (2.6) and (2.7) that

°° |Snl _ .1 * 2 Lo (an)
/ P{supb— >t?}dt < 32/ t7r(B+(1+B%)z)* > (f) o2dt (2.8)
1 1 (3

n n
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Hence, the proof of (A) is complete.
(B): By Theorem 2.3, we have

k
v X
P{ max Z,_laz ? 26} (2'9)
m<k<n by,
n 0202 m a2o'2
< 32¢%(B + (1 + BY)3)? ) =
_ R
j=m+1 J Jj=1
But
i X
P{Sup M ZE}
n bn
I a4 X
= lim P { ma |22 (2.10)
n-—00 m<j<n bj
oo 2.2 m 2 2
-2 21442 4595 4%
<RIBHOTB | Y Y
j=m+1 7 Jj=1

< 00 by (2.6) and (2.7).

Hence, by the Kronecker lemma, we get limp_, o P {sup, |(3 1 aiXi)/bn| > €} =
0, which completes the proof of (B).
O

Remark 2.1. Theorem 2.4 (B) shows that Theorem 2 of Matula (1996) re-
mains true if the assumption of negatively associated random variables is relaxed
to AANA random variables with 352 ; ¢%(k) < oo.

Corollary 2.1. Let {an,n > 1} be a sequence of positive real numbers with
sup,, a2 < oo and let {Xp,n > 1} be a sequence of mean zero, square integrable
AANA random variables such that (1.1) holds for 1 < m < k+m < n and for
all coordinatewise increasing continuous functions f and g whenever the right-
hand side of (1.1) is finite. Let B* = 332, q?(k) and sup, 02 < co. Then, for
0<t<?2, and for all e >0,m > 1,

n a0 X,
p{sup &11‘“_1‘ 26}
n>m nt
2
2—t

< 32¢72(B + (1 + B)1)? == (supo? ) (supad ) m=2/1,
n n
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where 02 = Var(X,).

Corollary 2.2. Let {ay,n > 1} be a sequence of positive real numbers with
sup, a2 < oo and let {X,,n > 1} be a sequence of mean zero, square integrable
AANA random variables such that (1.1) holds for 1 < m < k+m < n and for
all coordinatewise increasing continuous functions f and g whenever the right-
hand side of (1.1) is finite and sup, 02 < oo where 02 = Var(X,). Assume

S, g% (k) < oco. Then, for0 <t <2,

(A) i, G,iXi/’I’L% —0 a.sl., ?s n — oo.
(B) Esup, (‘ E?:l a; X; /n?) <ooforany 0 <r < 2.

Example 2.1. Let {X,,n > 1} be a sequence of mean zero, square integrable
AANA random variables such that (1.1) holds for 1 <m < k+m < n and for all
coordinatewise increasing continuous functions f and g whenever the right-hand
side of (1.1) is finite and Y 32, ¢*(k) < co. Assume

i Var(X,,)

< 0.
n4

n=1

Then, as n — o

n
n! ZXk/k — 0 a.s.
k=1
Proof. By taking ax = 1/k and b, = n from Theorem 2.4 the desired result

follows.
|

Example 2.2. Let {X,,n > 1} be a sequence of mean zero, square integrable
AANA random variables satisfying (1.1) and ) o, ¢%(k) < co.
Assume
o0
_o Var(Xy,)
2 n
Zl(log n) — < oo.

Then, as n =

n
(logn)"IZXk/k — 0 a.s.
k=1
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Proof. By taking a; = 1/log k and b, = n from Theorem 2.4 the result follows.
O

By taking a, = 1 and b, = n!/* we use Theorem 2.3 to prove the Marcinkiewicz
strong law of large numbers for the AANA random variables as follows:

Theorem 2.5. Let {X,,n > 1} be a sequence of mean zero, square integrable
identically distributed AANA random variables such that (1.1) holds for 1 <m <
k +m < n and for all coordinatewise increasing continuous functions f and g
whenever the right-hand side of (1.1) is finite and Y oo, q?(k) < oo. Assume
E|X;|* < oo for some 0 < t < 2. Then

n
ZXj/nl/t — 0 a.s.
i=1

Proof. First note that {X]'-",j > 1} and {X[,j > 1} are AANA random vari-
ables with the same g(-). Next, the method of proof is the same as that used in the
Marcinkiewicz strong law for the identically distributed NA random variables(see
the proof of Theorem 3.2 of Liu et al., 1999). O

Theorem 2.6. Let {b,,n > 1} be a sequence of positive nondecreasing real num-
bers with 0 < b, T oo and let {X,,n > 1} be a sequence of mean zero, square
integrable identically distributed AANA random variables such that (1.1) holds for
1 <m < k+m <n and for all coordinatewise increasing continuous functions f
and g whenever the right-hand side of (1.1) is finite. Let {an;,1 <i<mn,n>1}
be a sequence of real numbers with sup,~; > . | | ani |< co. Then, as n — co

n
Y aniXi/bp — 0  as. (2.11)

=1

Proof. Define
k
Sk=Y_ X;/b,
i=1
cnj = bj/bn(anj — anj41) for 1<j<n-—1and cyn = any. Then, we have

n n
Zaanj/bn = chij, (212)
j=1 j=1
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n n

D lenjl<2 supd | ans |, (2.13)
j=1 n21 j=1

nll}ngo | cnj |=0 for every fixed j. (2.14)

By (2.13) and (2.14) we easily obtain that, for every sequence {d,} of real numbers
with d, — 0 and Z;’zl Cnjd; = 0as n — 00
Note that S, — 0 a.s. by Theorem 2.4 (B). Combining Theorem 2.4 (B), (2.12)
and (2.14) yield the desired result (2.11).

|

Theorem 2.7. Let {X,,n > 1} be a sequence of mean zero, square integrable
identically distributed AANA random wvariables such that (1.1) holds for 1 <
m < k+m < n and for all coordinatewise increasing continuous functions f
and g whenever the right-hand side of (1.1) is finite and > _po ¢°(k) < oo and
E|Xi|" < oo for some 0 < t < 2. Assume that {an;,1 < i < n,n > 1} isa
sequence of real numbers with sup, >, > 1 | ani |< 0o. Then, as n — oo

n

1
Zam-X,-/n? -0 a.s.
i=1
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