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HOLDER ESTIMATES FOR §
IN ANALYTIC POLYHEDRA

Honc RAE CHO

ABSTRACT. We consider Holder estimates for 8 in analytic polyhe-
dra. In the case of dimension 2, it preserves exact Holder regularity,
and it maps bounded (0, 1)-forms into BMO with respect to volume
measure.

1. Introduction and statement of results

A bounded domain © C C" is an analytic polyhedron with defining
functions ¢; if

Q={z€C% |¢;(2)] <1,j=1,...,N},

where the defining functions ¢; are holomorphic in some neighborhood
Q of 0. For a multiindex I C {1,... ,N} we let o7 = {z € {; | (2)| =
1, j € I't. We say that Q is non-degenerate if d¢y, A--- A O¢r, # 0 on
ot for every multiindex I. In particular, this means that no more than
n of the functions ¢; can have modulii 1 at the same point. The poly-
disk D™ in C" is a non-degenerate analytic polyhedron with n defining
functions. It is easy to see that §2 being non-degenerate is equivalent
to that £ is locally biholomorphic to a part of the polydisk D™. In [2],
Andersson provided a weighted variant of the solution operator for  in
any analytic polyhedron, and he obtained LP estimates for 8. In this
paper we consider Hélder estimates for 0 in analytic polyhedra.
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THEOREM 1.1. Let 2 C C" be a non-degenerate analytic polyhedron.
Let 0 < a < 1. Then there is an integral solution operator S : Cp 1(€2) —

C(Q) for 9 such that
ISflaa_c@) < Coyelflan for all f with Of =0and 0 <e< .

THEOREM 1.2. Ifn = 2 in Theorem 1, then for 0 < o < 1 we have
(1) 1Sflas@) < Calflag ) for all f with 0f =0,
(i) |1Sfllsrmow) < Clflre(e)-

In [5], Henkin and Sergeev proved uniform estimates for 0 in the
strictly pseudoconvex polyhedron. Range-Siu [8] proved Holder esti-
mates for the J-equation on piecewise smooth strictly pseudoconvex do-
mains. Menini [6] proved LP estimates for O on piecewise smooth strictly
pseudoconvex domains.

From Theorems 1.1 and 1.2 we can see that for n > 2 there is a small
loss € > 0 of regularity as in the piecewise smooth strictly pseudoconvex
case ([8]). It seems that the loss cannot be removed by our method.
However, if n = 2, we can get the optimal result.

2. Construction of the solution operator for

Let ¢%(¢, z) be holomorphic functions in Q x  such that
$;(0) = ¢5(2) = Y #5(¢, 2) (G — 21),
k=1

¢;? are so-called Hefer functions to ¢,, and define the (1,0)-forms ®; =
> he1 #FdCk. Let B(¢,2) = |[{—2|*. For any r > 0 we can define a kernel

(2.1)

N - ' BN (DD )" 1- 16,002\
Ken=20 2. B H(l—m@-(z))

v=1 [Il=n—v j¢I

(19O o o
AN e R

which induces a solution operator

(2.2) S"f(z) = FAK™((,2), z€Q
¢eQ

such that 8(S” f) = f for a O-closed (0,1)-form f (see [2]).
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THEOREM 2.1. Let r — 0 in (2.2) and then we obtain the solution
operator for 0

(2.3)
si =c [ QA “i(ﬁ%zl
CeQ
+T§C zl: f(C)/\ (U](C,Z) 2 €0
S S Jeeon B Tler(#5(Q) — 8;()’ !

where w; are smooth (n,v — 1)-forms such that w;({, z) = O(|¢ — z|).

PROOF. We consider a fixed term K7, in (2.1). Let 1 < v < n.
Without loss of generality we may assume that I = (1,... ,n —v). Let
¢0 be a fixed point on . We may assume that |¢;(¢%)] =1 for say j <1
and |¢;(¢°)| < 1 for I < j < n —v. Then, by the assumption on {2,
Ap1 A--- ANO¢y # 0 at ¢V. Therefore, we can choose a local holomorphic
coordinate system & at (Y such that £; = ¢; for 1 < j < I. There is a
smooth (n,n — [ — 1)-form w such that w = O(|¢ — 2|) and

n—v !
[ x0cn @cocor= N BE@ A, = [ x \TF Aw
Q 1 Q

for all cutoff functions x with support near ¢°. Note that

. 1 1- ;O\
1 S—— I =
Tl_r’r‘l)jl;ll (1= 8;(0)¢;(2)" E (1 - ¢j(€)¢j(z))

—r(1— 16O 5 _ a1 —1¢;(O1*)
1—¢,;(C)p;(2) T 95(0) = 18;(OP45(2)

and

Thus we have

l
(2.4) foAKF,U=/fA“g—X(1+o(1) vl /\ o |;|l§j¢g) 5

for x with support near ¢°. If {* € o7 (i.e., | = n—v), then this integral
tends to

2.5 wIx
29 /f B T= (& — ¢5(2))
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when r — 0 (see Remark 2.2). If ¢° is outside o7, then (2.4) tends
to zero when r — 0. The various (n,v — 1)-form w, corresponding to
points on oy can be pieced together to a global form w; defined in a
neighborhood of o7, and thus f A K7, tends to the term f fANKr,
corresponding to I in

’ wi(¢,2)
|I|§n:—u C€or on B T;er(85(C) — 85(2))’

-z €.

Now we let v = n. Then there is a smooth (n,n — 1) form wgy such
that wo(¢,2) = O(|¢ — 2|) and

/Qf/\Kg’nz/Qf/\%. 0

REMARK 2.2. The limit process of (2.5) is justified by the following
one-variable result ([1], [4])

lim F(C)M Ad¢ = lim 5 (F(C)(l — 1P )T> AdC

r—0 Jp ¢ —¢22 r0 I¢[?

o3 ( ) e
pEE

=/ ?EC)dC.

3. Proofs of the main results

Theorem 1.1 is a consequence of the following proposition.

PROPOSITION 3.1. There exists a constant C, . such that

|d.Sf(2)] < Cu.elfla,dist(z,00)* ¢! forzcQand0<e<a.
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PROOF. The first term in the right hand part of (2.3) is given by
integrating f against the Bochner-Martinelli kernel over . It is well-
known that the Holder norm of the term is dominated by the L> norm of
f, so that it is enough to consider the case 1 <v <n—1and [I| =n—v.
We may assume that I =(1,...,n —v). Let

3.1 St f(2) = Zo '
3.1) 10f(2) Cemﬂwﬁun;f;f<¢j(<>~¢j(z))

By differentiating under the integral sign in (3.1), one obtains

d.S1,f(z ) + Z T (2) + Ja(z
where
/ f AO(C7Z)
TV (65(0) — 65(2))
_ AI(C’ )
—/ fon B (u(C) — $u(2))? I, (85(0) — ¢5(2))

A2(C’Z)
/ TN A T 60 -6 @)

The expressions A;(¢,z) are double forms which satisfy |A;((,2)| <
Ic— 29,5 =0,1,2.

We will prove that for each pair of points z° € Q and ¢° € o7, we
can find neighborhoods U?* and US° such that if X is a smooth cutoff
function with support in U CO, then the estimate

|JE(2)] S |fla.dist(z,02)*7 ¢ for a>e>0

holds uniformly for all z € U = nQ.

As usual, we assume that |¢;(z°%)| =1 for 1 < j <! and |¢,;(z°)] < 1
for ]l < j <n—v. Near 2% w; = ¢1,... ,w; = ¢, are part of a local
coordinate system wi,... ,w, and moreover & = ¢q,...,&, = ¢, are
local coordinates near °. In these coordinates, the integral to estimate

N FOXO41 (& )
HO= [ oo o P =0
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We will consider the only term J1(z). We can write Ji(z) = Ji;(2) +
Ji 2(2), where

(32  Jii(2) = /ﬁ

and

1 fwi)x (A1 (&, w)
3.3 Jl = y
(33) ,2(2) »/.;‘ET"—"XD" & — w|? (& — w;)? Hé‘:g(fj — w;)

where f(wy) = f(w1,&2,...,6n)-
Now we recall the following lemma in the unit disk in C! (see 1.4.10

in [9]).
LEMMA 3.2. For c real, define

d¢
1) = [
&= |
Ifc > 0, then I(2) = (1 — |2|*) ¢ and I(2) = log 1—_|12—|2
Using Fubini’s theorem and Lemma 3.2 in (3.2), it follows that

L1 (2] S |flas / L

geTn-vxDv € — w1 |& — w12~ TTj_y 1€ — wl

!
1 1

< - - | | log ——

S | flas (1 — Jwy [2)1-= s 08 T |w; ]2

(f(&) = Fw1))x( A (&, w)

ern-vxpv |€ — w[? (& — w1)? TT oo (& — w5)

a—e—1
< 3 _ 12
S flag [fé’}%z(l |w;] )]
< |fla, dist(z,0r)* ¢!
N |f|AadiSt(Z,<9Q)°‘_€_1 for 0<e<a

uniformly for all z € U= nQ.
In order to estimate (3.3), we use integration by parts. Since x has a

compact support in U CO, using integration by parts, we have
flw)x(§)A1(§, w)
Ji =
= [ oo T a s = P TT oy )
- / fw) @ ( 1 ) X(€) A1 (&, w)
geTn-vxD¥ H;:2(§j —w;) 06 \& —wr € — w|*
_ / flw) 9 [X(E)Al(ﬁ,w)]
gern—vxp [T5 (& —w;) 06 L € —wl™ |
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Thus it follows that

L5 (2)] S |flzes / 1

EeTn—uxDV |£ —_ 'w|2" ]:[ll?:]_ |§] - w]l .

For £ € T™% x DY, it follows that

n

l I
€ —w® [ 1€ —wsl > [ 16 — w7 T 165 — wyP~2
j=1 1

n—v+41

for0<s< % By Fubini’s theorem and Lemma 3.2, we have

. 1
l sv n —2s
/éeT""’XD" [T 1&g — wyl @A 1€ — wy P2

1

4
< .
s Ha=mmean

We choose s sufficiently small so that 0 < 2sv < 1 — a4+ €. Then we
have

. a—e—1
|71 2(2)] < Cael flre [min(l — |¢;(2)[*)]
< C’o¢,6|f|,;c>cdist(z,89)”‘_6_1 for 0<e<a.
Hence we have
|4 (2)] S | fla, dist(z,00)* ¢! for 0<e<a.

In cases of Jo(z) and J2(z) we can see that |J2(2)| < |Jo(z)|- The esti-
mate |Jo(2)| < | f|a, dist(z,Q)* <! for € > 0 can be obtained similarly
and we omit the details. Thus we obtain

4251, f(2)] S |f|aqdist(z, 02)* <

for 0 < € < @ and all I and v. Hence the proposition is proved. a

In the proof of Proposition 3.1, if n = 2, then it follows that

(3.4) |d.Sf(2)| < |fla,dist(z,00)* ! for 0<a<1
and
(3.5) |d25f(2)] S |f|~dist(z,02) "

No integration by parts is needed for the proof of (3.5). By classical
arguments, Theorem 1.2 is a consequence of (3.4) and (3.5) ([7]).
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4. An example

We consider the sharpness of the estimates in Theorem 1.2.

Let D? be the unit polydisk in C2. Let 0 < o < 1. Let f = Ov, where
v(21,22) = (1 — 21)*Zy. Then f = (1 — 21)%dz is a (0,1)-form in D?,
8f = 0 is obvious, and f € A,(D?).

Suppose u € Ag(D?) satisfies Ou = f in D?. For 0 < d < 1/2, we
consider the integral

@1y Id) = /| ) a2, )] dy

Since u € Ag(D?), it follows that
(4.2) [1(d)| < d°.

On the other hand, 8(u — v) = 0, so u = v + h, with h € O(D?). By
Cauchy integral theorem we can replace u by v in the integral (4.1).
Therefore we have

(4.3) 1(d) = [d — (2d)7] %2 dz
|z2|=1/2

o a 71'_2
If 8> «, (4.2) and (4.3) lead to a contradiction as d — 0.
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