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(A Feature Selection for the Recognition of Handwritten
Characters based on Two-Dimensional Wavelet Packet)
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Abstract We propose a new approach to the feature selection for the classification of handwritten
characters using two-dimensional(2D) wavelet packet bases. To extract key features of an image data,
for the dimension reduction Principal Component Analysis(PCA) has been most frequently used.
However PCA relies on the eigenvalue system, it is not only sensitive to outliers and perturbations,
but has a tendency to select only global features. Since the important features for the image data are
often characterized by local information such as edges and spikes, PCA does not provide good
solutions to such problems. Also solving an eigenvalue system usually requires high cost in its
computation.

In this paper, the original data is transformed with 2D wavelet packet bases and the best
discriminant basis is searched, from which relevant features are selected. In contrast to PCA solutions,
the fast selection of detailed features as well as global features is possible by virtue of the good
properties of wavelets.

Experiment results on the recognition rates of PCA and our approach are compared to show the
performance of the proposed method.

Key words : Character Recognition, Feature Selection, Principal Component Analysis, Wavelets
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with allocating new objects to predefined groups.
Image recognition is one of the major fields in
pattern recognition, which comprises the object
recognition like classifying handwritten characters
(11, the face

recognition.

recognition of fingerprints, and
A problem which frequently arises in classifying

image data is that the dimensionality, ie., the
number of features to be used for the classification,
is wusually quite large, especially when using
statistical classifiers. In such cases, the number of
parameters for the statistical pattern recognition
mode! increases rapidly and it makes the parameter
estimation very difficult. The purpose of feature
selection is to remove any redundant, irrelevant
information from the patterns, and in the process,
to reduce the dimensionality of the feature vector.
Generally, for the reduction of the dimension in
classification, PCAlalso known as Karhunen~Loéve
Transform(KLT)] has been often used[2, 3, 4].
Since PCA relies on the eigenvalue system, it is
not only sensitive to outliers, but has a tendency to
Often,

features for image data, such as edges and spikes,

select only global features. the important
are characterized by local information. If this is the
case, PCA fails to extract those features which can
And

eigenvalue systems require expensive operations in

be important for the classification. also
solving the problem. The computational complexity
of the algorithm for solving the eigenvalue system
is O(»%, where n is the number of pixels in the
image.

To overcome such drawbacks, there have been
many approaches(56] which use one-dimensional
(1D) wavelets to 1D applications and have proven
to be very effective. Such 1D applications include
signal processing on electrocardiogram or on-line
handwritten character signals. Even though these
methods are designed for 1D applications, they can
be extended to 2D applications if 2D data set is
to 1D data

elements. In this case, however, spatial information

mapped like a sequence of data
contained in the data set of 2D applications cannot

be fully utilized. For example, correlations with
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pixels located in vertical, horizontal and diagonal
directions in an image data cannot be properly
represented if the pixels are collapsed into 1D data
formats.

In this paper, we develop a procedure called 2D
Wavelet Packet Bases(2DWP-DB)

using 2D wavelet packet for the recognition of

Discriminant

image data, specially of hand-written characters.
To select relevant features for the recognition of
images, the original data is transformed with 2D
wavelet packet bases and the best discriminant
basis is searched. Based on the best discriminant
relevant features are selected and
The
is that they provide

basis found,

irrelevant  features are discarded. main
characteristic of wavelets
localized frequency information about image data.
Such

classification

information is particularly beneficial for
detailed

substantial differences. Also, the whole procedure

where features  make
can be carried out much faster because of the low
complexity of computing the wavelet packet basis.
The computational complexity of computing the
best 2D wavelet packet basis is known as is
O(nlogn) for an image which is composed of =
pixels [7]. In section 2, basic concepts of 2D
wavelet packet functions are given. In section 3,
the selection algorithm of 2DWP-DB is explained.
Section 4 gives the result of experiments and

finally conclusions follow.

2. TWO-DIMENTIONAL WAVELET PACKET
FUNCTIONS

In the late 1980’s, wavelet with its accompanying
multiresolution analysis emerged in the field of
applied mathematics, which has made a tremendous
impact on fields such as image analysis and signal
processing. The wavelet technology introduced in [
8}, consists of an orthonormal basis for the
function space L% R), in which all basis elements
are formed from a single function by two simple
dilations and integer

operations of dyadic

translations :
@ Hx)=2 & 14 (2735— k)
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for given the function(the mother wavelet) ¢, all
wavelets are constructed from the mother wavelet.
that

requirements. The vervy name wavelet comes from

Wavelets are functions satisfy  certain

the requirement that they should integrate to zero,
the The
diminutive connotation of wavelet the

function has to be well localized. There are many

"waving” above and below X-axis.

suggest
kinds of wavelets, One can be chosen among
wavelets, compactly supported wavelets, wavelets
with simple mathematical expressions, and wavelets
with simple associated filters. The most simple one

is the Haar wavelet.
1, 0<x<s

o(x)=4-1, 1sx<l

0, oW,
Like sines and cosines in Fourier analysis,
wavelets are used as basis functions in the

representation of other functions. Once the wavelet
¢ (x) is fixed, all "wavelets” are constructed from
mother wavelet by means of two operations:
dilations and translations.

Wavelet packets, a generalization of wavelets
bases, are alternative bases that are formed by
taking linear combinations of usual wavelet
functions. These bases inherit properties such as
orthonormality and smoothness from their
corresponding wavelet functions. In this paper, the
important reason using wavelet packets is to search
the best basis can be chosen from the library of
basis functions. With respect to wavelet packets,
the references include [9,10].

Wavelet packet function is a function with three
w}f’k(t).

wix) = 2 (27— k)

indices :

Just as with usual wavelets, integers ; and &

index dilation and translation operations,

respectively. And the extra index m=0,1,2,-- is
called the modulation parameter.

We can define 2D wavelet packet function by the
two 1D wavelet packet

tensor product of
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functions(horizontal function and vertical function).
Wi (s %) = Wik () @ wi (xz), J=Jv=1,
Any smooth function can be expressed with
wavelet packet functions. Denoting I by a suitably
chosen set of indices, decomposition of 2D function
Rz, x2)
given by

flax)= Y S wrhe(xx),

|mhmy.jlel keZ

into its wavelet packet components is

where the coefficients are computed via

ym,

kb, = JJ. w(mjf::“’kv)f(xl,xz)dxldxz'

The example of 2D wavelet decomposition of

a

image ‘4’ is given in Figure 1.
Suppose we can express the wavelet packet

transform in a vector-matrix form as
T
a, =W, x

the wavelet

coefficients, and Wje%"x" is an orthogonal wavelet

where « ;€ R™" contains packet

. 2,
packet transform matrix. Then ¢'= a;- @; (where

”

product ” +” means Hadamard product) means the

energy at each position on level j, it has been
used in the wavelet scalogram[11, 12]

2-D wavelet packet coefficients using Haar filter

Fig. 1 An example of 2-D wavelet decomposition
for a image '4’
The original data (left), 2-D wavelet packet
coefficients(level 1) of original data (right)
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for the image ‘4" of 8 X8pixels are shown in Figure
2. Going from left to right, top to bottom, the first

picture means the original data. Also, it is
considered as wavelet coefficients a§® under w)’

basis (w'=wiQw, that is, the tensor product of
a horizontal 1-D wavelet packet function w) and a

vertical 1-D wavelet packet function w), and w}'=

0.0

(w50, wi, -, The second one is aXi,

%}, a' a'}, the expression by combinations of 4

W gxzi—1))-

- partial basis functions %, w®} w? wli And

third one and forth one are a%3 %}, a*} and
a%} @}, a’l, respectively. Those are calculated

0.0 0,1 3,3 0

under basis functions @3, w%} - w®3 and w%d

w® -, w"] respectively.

From a set of basis functions, we can select any
special basis if we want. Figure 3 is an exdample
wavelet packet coefficients with arbitrarily supposed

basis. If this is the case, new basis consists of

following partial basis functions of each level, w'!

30 .21 ,01 Ll 2 .03 13
(evel 1), w*% % w?l w%h wbl w3 w') woi

1,0 0.1 1.1 2.0 3. 2.1 3.1
(level 2), w®) w'd w%) wii w%) w?l w?l wdl

6.2 63 7.3 2.4 2,5

w®s, whi wbd w'd whi whi wii w3 (level 3).
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Fig. 2 2-D wavelet packet coefficients using Haar
filter for the image ‘4’ of pixels. Going from
left to right, top to
data(level 0),

bottorn, original

level -1, level -2, level -3,
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Fig. 3 An example of coefficients of new basis in
2D wavelet packet basis

3. PROPOSED ALGORITHM : 2DWP-DB

The approach to the feature selection proposed in
this paper is guided by the so—called best-basis
paradigm in [9]. That is :

» Select the best basis(or coordinate system) for

the problem from a set of bases.

« Sort the features by importance for the

problem and discard unimportant features.

« Use the

problem.

surviving features to solve the

The criteria for selecting the best basis and the
definition of important features can be different by
the requirement of the given problem. If we want
to apply the above approach to the signal
compression, a basis for the global components of
the coordinate vectors is selected so that we can

discard the other detail components without much

signal degradation. For the regression, a basis
through  which we «can see the essential
relationships between input signals and output

responses of interest should be selected. For the
classification purpose, a basis in which classes are
maximally-separated is the choice. Since we focus
on the classification of images in this paper, we
identify maximally-separated classes.

To identify the wavelet basis which transforms
the original images into maximally—separated group
of images, we need to consider a discriminant
measure among groups of images. Although there

are many choices for the discriminant measure [13],
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we use W=|lp—all®’=211(p;~a)? as discriminant
measure for simplicity, where p={p}’, a={g}/’,
be two nonnegative sequences with 2 p;=2q;=1.
The discriminant measure W is known to be
adequate when images are normalized and sizes of
sample images are same. Also, the algorithm for
classification become fast when the discriminant
measure is additive.

Definition 1. The discriminant measure D{p,q)
is said to be additive if

D p, @)= Db q), for

1,42, qny

P=2i 02, by 4=

It is obvious the measure W is additive.
Suppose that there are L image groups, p!l, p?,
-, pY, p' where denotes ith group of sample

images. And to measure differences among L
image groups, we may consider another measure Z
which is sum of pairwise combinations of measure

D.

L-1 L
z@'pph= Y, Y D' p))
i=l j=it+l
For inputs to the discriminant measure Z, the
energy function of each image is used. Suppose the
wavelet coefficients for a image for the resolution
level jis computed as in Figure 2. Then the value
of the energy function of at an arbitrary position
(a,b) is
arbitrary position (a,b),

computed by % T, where, T is an
is the total energy of the

original image or 7= Zpr,, where p; is the value
7

of the original pixel in position i,/

N training images
of group y' L 1=4

wavelet coefficients
at position (a.b) of
each image

Fig. 4 A diagram for calculation of energy function
value at position (a,b) at each image

Now, like Figure 4, suppose that we have N
training images in the group p[= {pf,ﬁé,"'ﬁf\r}, then
the value of the energy function at an arbitrary
position of the group pl is computed by

z:’Ci, where T'zg‘\Tk.

T

The energy function can be defined formally as

follows.

Definition 2. Suppose that sample images are
, p". Each
, X4} be a

divided into a set of groups pl' pz,"-
image x;is size axn Let { x{, x4,
set of training images belonging to class pl. Then
the energy function of pl for 7 th resolution level
with translation parameters, %,, #,, modulation
parameters, my, m,, denoted by Ty (j, &y, ky, my, m,)
is a set of real values specified as

i((wmh,mv )TXI)Z
Joky ok, i
LGk, komy,m,) = S —feoo——— .
Y <x! >
i=l

where j=0,—1,—2,---,—lobz-;’—,k,,,k,,=0,---,n><2’

—1, size of x Tuxn, ﬁ‘( x P = gggzxilz(a,b).

Fi(j, ky, By my, m,) is computed by accumulating
the squares of wavelet coefficients of images at
each position and divided by the total energy of the
images belong to class /. This normalization is
important if there are significant differences in
number of samples among classes.

If an image of #n;xX#ny pixels is given, it is
converted to a square image of nxX#n pixels with
uniform positions, sizes, angles, which is called
‘shape normalization’. In this paper, nonlinear shape
normalization using inscribed circle [14] is used.
The examples of normalization for numeral '8’ are
shown in Figure 5.

Our algorithm selects 2DWP-DB which maximizes -
the discriminant measure on the energy functions

My, M,
B;

w ™ Let A™™ denote a

of classes. Let denote a set of basis

matrices at subspace
set of discriminant basis matrix. Also, let 4™ be
a work matrix containing the discriminant measure

Mg, My

of subspace w
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Fig. 5 The example of normalization using NSN

method for image '8’

In step 1, we calculate the energy functions Ty, /

L as defined in

p',pip
Definition 2. In step 2, initially Bg°

0.0 0.0
Ay”, s

=1, L of groups
is assigned to
is calculated. For j=0, there is only one
"(which is By™*™

the maximum depth of decomposition. In step 3, for

basis for w, ™" ") because ;=0 is

j=—1 let A”'™ be a basis, then either AZF™

My, M, My, M, My 2, m¥2 myx2,mx2+1
I or ALV = AL & AL @

mx2+1, mex2 myx2+1, mx2+1
AT &AM .

meX2, mex2

Ifa7t™ = 4% + a%
+ A:n‘x2+l m.x2+1 then A:n,,,m,: B:nfm' lse Am, m,

mx2, m*2 myx 2, m.x2+1 my¥2+1, m %2
AZ b AL ®& AL 2

myx2, mux2+1

+ 42

2+ 1, mr2

myx2+ 1 mx2+1

% . Then by inductive rule, the best
2DWP-DB A;/™™ is determined, in the decreasing

order of j(j=-1,—2,,— logzﬁ).

After this step, we have a 2DWP-DB. From the
repetition of STEP 3, once 2DWP-DB is selected,
we can use all expansion coefficients of images in
the basis as features.

However, the two subsequent steps are still
want to reduce the
In STEP 4, we have to
calculate a measure of discriminant power of an
STEP 5 reduces the
without

necessary because we
dimensionality of features.
individual basis function.
dimensionality of the problem from to

losing the discriminant information in terms of
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energy functions among classes.

Algorithm

Given a training data set consisting of L classes
of normalized images [{ x '},N'l],L " x ! is an image
of nxn

STEP 1: Construct the energy functions T
=1, L

STEP 2: SET A™"= B™™,
A" = DU, (T oy, ,m,) Y D)
initially, J=0, m" m*=0
STEP 3: Determine the best subspace A;™™
J—1, by

for j=—1,-2,---,~ logzg,mh, m,=0,,2

the following rule.
SET 4" =D(I{i, -, -
IF Amhmzdm,,meK2+Aer;2mx2+l+A

s My, mu)]lL=1)

myx2+1, m,x2

m,y2+1 mor 241

+ 4,
THEN A= B

myx2, m72 Mg, 1,

(where 4, is smooth level of 4

A7 s horizontal detail level of 4™

Am,,x2+1 m.x2 m;.m

i is horizontal detail level of 4;

my 2+, mex2+1

45
ELSE
Aim,.,m,: Al ny> 2, m, xzea A m,.><2 m, ><z+1EB A ,.>42+1 m, /269

J—1

is diagonal detail level of 4,™™)

my 2+, mx2+1

A/'—l
Ny, M, Mmpx2, m¥ 2 myx 2, mex2+1 mpx24+1, m A2
a7 = A +oam +oam +
myt 241, mex2+1
d] Al

STEP 4. Order the wavelet packet coefficients by
their power of discrimination.
STEP 5 Select g(g<n)

coefficients for classifiers.

wavelet  packet

4. EXPERIMENTS AND CONCLUDING
REMARKS

Although the method we develop can be applied
to many different types of images, we focus our
experimental attention on character recognition. We
carried out the experiment to compare the
recognition rates of PCA and 2DWP-DB(Two-
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Dimensional Wavelet Packet based Discriminant
Bases). The 6000 hand-written numerals from
CENPARMI at Concordia University were used for
the experiment. The 4000 digits were used for
training and the remaining 2000 digits were used
for test, which consist of 10 groups(from 0 to 9 of
200 digits).

In experiments, Linear Discriminant Analysis
(LDA) of statistical classifiers and Neural Network
model(NN)

recognition rates.

were used for the calculation of
The illustrations of Figure 6 and Figure 7 are
follows: On the whole, the
2DWP-DB  method is
superior to that of PCA. Especially, for the case

summarized as
recognition rate of the
with the highest recognition rate, the proposed
method gives better recognition. In addition, as the
number of features increases over 70(in LDA case),
the recognition rate decreases. That is , as the
number of features increases excessively, the
recognition rate of statistical classifiers decreases
on the contrary. In other words, for statistical
dimension  problems

classifiers, become very

important. Without feature selection, when we use
every feature, recognition rates are 89.1%(in LDA
and 94.8%(n NN

Therefore, we believe suggested method is useful

case) case), respectively.

in handwritten character recognition, especially

when using statistical classifiers.

92

86 4

Recognition rates(%)

84

a0

0 50 100 150 200 250 300

The number of features
~e— PCA
0. 2DWP-DB

Fig. 6 Comparison of the recognition rates between
PCA and 2DWP-DB using LDA
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92 -

S0

Recognition rates(%)

88 -
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The number of features
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-0-. 2DWP-DB

Fig. 7 Comparison of the recognition rates between
PCA and 2DWP-DB using NN
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