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GALOIS CORRESPONDENCES FOR SUBFACTORS
RELATED TO NORMAL SUBGROUPS

JUNG-RYE LEE

ABSTRACT. For an outer action o of a finite group G on a factor
M, it was proved that H is a normal subgroup of G if and only
if there exists a finite group F' and an outer action 8 of F on the
crossed product algebra M Xo H with M xq G 2 (M xq H) X3 F.
We generalize this to infinite group actions. For an outer action a
of a discrete group, we obtain a Galois correspondence for crossed
product algebras related to normal subgroups. When « satisfies
a certain condition, we also obtain a Galois correspondence for
fixed point algebras. Furthermore, for a minimal action o of a
compact group G and a closed normal subgroup H, we prove M =
(MH)B(G/H) for a minimal action 8 of G/H on MH,

1. Introduction

When a group acts on a von Neumann algebra, a Galois correspon-
dence which says that there is a one-to-one correspondence between
subgroups and subfactors is one of the important things in the theory of
operator algebras. In [4], Izumi-Longo-Popa have recently obtained the
general Galois correspondence of outer actions of discrete groups and
minimal actions of compact groups on factors, which has been studied
by several authors [2, 6, 7].

Let « be an action of a group G on a von Neumann algebra A C B(H).
The crossed product algebra A x G is the von Neumann algebra (7, (A)U
{Mg)lg € G})”, where my(z) and A(g) are operators on the Hilbert
space L(G, H) defined by (ma(2)6)(g) — o, (2)é(g) and (A(g)€)(h) =
£(g~'h), respectively. The fized point algebra A® is the von Neumann
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algebra {z € Ala,(z) = z, for all g € G}. For asubgroup H of G, AxH
and AH denote intermediate von Neumann algebras of A C A x G and
AC@ C A, respectively.

Generally, let 3 be a mapping of a group G into the automorphism
group and u a mapping of G x G into the unitary group of A. If u satisfies
that 8,6, = Adu(g, h)Byn, ulg, hyu(gh,k) = By (u(h, k))u(g, hk), and
u(1,h) = u(g,1) = 1, then u is called a B-2-cocycle and (3,u) a cocycle
crossed action of G on A. The regular extension A x g,y G of Aby G is
the von Neumann algebra (mg(A4) U {\.(g)lg € G})”, where mg(z) and
Au(g) are operators on L%(G,H) defined by (ms(x)€)(g) = B, (z)¢(9)

and (Au(9)8)(h) = u(h™",9)§(g™ ), respectively.

On the other hand, when « is an outer action of a finite group G on
a factor M, Teruya proved in [9] that H is a normal subgroup of G if
and only if there exist a finite group F' and an outer action § of F on
the crossed product algebra M x H with M x G = (M x H) xg F. An
important assumption here is the finiteness of groups. For an extension
of it, we ask what happens without the finiteness of groups and it should
be possible as well in the infinite case with the help of the general Galois
correspondence in [4].

In this paper, we study an outer action of a discrete group and a
minimal action of a compact group. Note that no assumptions are made
on the finiteness of groups.

First, we consider an outer action « of a discrete group G on a factor
M. We show that a subgroup H of G is normal if and only if there exist
a discrete group F' and an outer cocycle crossed action (3,u) of F on
M x H with M x G = (M x H) x g,y F. In fact, we obtain a one-to-one
correspondence between the set of all normal subgroups of G and that of
all intermediate subfactors L of M C M x G with M x G = L x5 F
for an outer cocyle crossed action (3,u) of some discrete group F' on
L. Moreover, if there exists a faithful normal conditional expectation
of (M©) onto M’, then we get a one-to-one correspondence between
subgroups of G and intermediate subfactors of M® C M.

Next, we consider an action « of a compact group G on a factor M.
a is called a minimal action if « is faithful and (M%) N M = C- 1. For
a minimal action a of a compact group G on a factor M and a closed
normal subgroup H of GG, we prove that there exists a minimal action 8
of the quotient group G/H on a factor M with MG = (MH)8(G/H),
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2. Intermediate subfactors of a crossed product inclusion

This section is concerned with a crossed product inclusion of an outer
action of a discrete group on a factor. We investigate intermediate sub-
factors of a crossed product inclusion related to normal subgroups. The
following gives a general Galois correspondence.

THEOREM 2.1. (Theorem 3.13 of [4]) Let G be a discrete group and
« an outer action of G on a factor M. Then the map H — M x H gives
a one-to-one correspondence between the lattice of all subgroups of G
and that of all intermediate subfactors of M C M x G.

In this section, a denotes an outer action of a discrete group G on a
factor M with the crossed product algebra M x G. It is well known that
there exists a faithful normal conditional expectation £ of M x G onto
M and an element z € M x G is expressed by = = > z(g)A(g), where
z(g) = E(xA(g)*) is the Fourier coefficient of z at g.

LEMMA 2.2. For a normal subgroup H of G, there exists an outer
cocycle crossed action (8,u) of G/H on M x H such that the crossed
product algebra M x G is isomorphic to the regular extension (M
H) X(B,u) G/H of M x H by G/H

ProOF. For each § € G/H, we define an automorphism 85 of M x H
by Bz(x) = A(g)zA(g)*. We also define a -2-cocycle u by u(gr,92) =
Magrg2k™ 1) (G1,92 € G/H), where k is in the set G of all representatives
of G/H with g7 gz = k. It is straightforward to show that (3,u) is a
cocycle crossed action of G/H on M x H with the regular extension
(M x H) x(g,4) G/H of M x H by G/H.

For g € G/H, if there is a unitary w € M x H such that §; = Adw,
then we have w*A(g) € (M x H)’ N M x G. Since « is outer, we get that
Ag) € M x H and g € H which implies that (8, u) is outer.

On the other hand, since M x G = (M x H U {\(g)|g € Go})” and
{A(g)lg € Gg} is the set of all implementing unitaries of 3, we have
M xG=(MxH) g G/H from Theorem 7 in [3]. O

LEmMA 2.3. For a subgroup H of G, if there exist a discrete group
F and an outer action S of F on M x H with M x G = (M x H) xg F,
then H is normal.

Proor. For a convenience, let I, and E; denote M x H and a faithful
normal conditional expectation of M x G onto L, respectively.



256 Jung-Rye Lee

Suppose that there exist a discrete group F' and an outer action 8 of
F on L with M x G = L xg F, where the crossed product L xg F is
the von Neumann algebra (mg(L) U {A(f)|f € F})". When we identify
M x G with L xg F, for any g € G\ H, A(g) = Zfer(f)S\(f) with
y(f) = EL(M9)A(F)"):

For any g € G\ H, since A(g) ¢ L, we can take an element f, € F
such that ErL(Mg)A(fo)*) # 0. It follows from A(g)*MA(g) = M and
X(fo)LA(fo)* = L that A(fo)Mg)*"yMg)M(fo)* € L for any y € M. So,
the equality of

yA9A(fo)" = Ma)A(fo)" A fo)M9) "y (9)A(fo)”
gives
yEL(M9)A(f0)") = EL(M9)A(fo) )M fo)M9) ¥ M9)A(fo)".
Thus we obtain
Er(M@A(fo) ) Mg)A(fo)) e M N M xG=C-1

which implies )\(g):_\( fo)* € L and we conclude that for any g € G\ H,
A9 LA(g)™ = Ag)A(fo)* LA(fo)A(g)" = L. Hence we have A(g)A(R)A(g)"
€ L for any h € H which implies that H is normal. O

We are now in a position to state and prove the main theorem.

THEOREM 2.4. There is a one-to-one correspondence with the map
H — M x H between the set of all normal subgroups H of G and that
of all intermediate subfactors L of M C M X G with M X G = L xg ) F
for an outer cocycle crossed action (f3,u) of some discrete group F on
L.

Proor. Thanks to Lemma 2.2, for a normal subgroup H of G, there
exists an outer cocycle action (3, u) of a discrete group G/H on a factor
M x H with M x G = (M X H) A(B,u) G/H

Conversely, let L be an intermediate factor of M C M x G with
M x G = L x4 F for an outer cocycle crossed action (3,u) of some
discrete group F on L. By Theorem 2.1, there exists a subgroup H of G
with L = M x H and we get two isomorphic inclusions M x H C M x G
and M x H C (M x H) g ) F. Now, let A be a von Neumann algebra

B(1?(G)) and M a properly infinite factor M ® A. By tensoring A on
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MxHCMxG, we get MxsH C M X s G, where & is an outer action
a®ids of Gon M.

On the other hand, if we define 8 and 4 by 8 =p8®ids and u(g,h) =
u(g,h) ® 1 (g,h € F), then we get a cocycle crossed action (B,4) of
F on M. By tensoring A on M x H C (M x H) X5,y F'y we get an
inclusion M x5 H C (M x4 H) x (3.5) ¥ of properly infinite factors and
we note that the regular extension (M x5 H) X (3,5 £ 1s an ordinary
crossed product algebra (M x4 H) x; F, where § is an outer action
given by a perturbation of (B, @) (see [8]). Thus we get two isomorphic
inclusions M x5 H C M x4 G and M Xqg H C (M xa H) xg F'. Hence,
it follows from Lemma 2.3 that H is a normal subgroup of G. |

As an application of our result, we obtain the following.

COROLLARY 2.5. Let 8 be an outer action of a discrete group F on a
factor N with a crossed product inclusion N C N x3 F. For a subgroup
Hof G, if M x H C M x G is isomorphic to N C N x3 F, then H is
normal.

PROOF. Let H be a subgroup of G such that M x H C M x G is
isomorphic to N C N xg F', where 3 is an outer action of a discrete
group F on a factor N. If we let 8 : M x H — N be the restriction of a
s-isomorphism from M x G to N x4 F, then § =60 308 is an outer
action of F on M x H with the crossed product algebra (M x H) x5 F
which is isomorphic to N xg F'. Thus we have M x G = (M x H) x4 F
and H is normal by Lemma 2.3. il

3. Intermediate subfactors of a fixed point inclusion

In this section, we deal with intermediate subfactors of a fixed point
inclusion. We first study an outer action « of a discrete group G on a
factor M with a faithful normal conditional expectation of (M)’ onto
M'. To investigate the relation between the crossed product algebra and
the fixed point algebra, recall that M x G is the basic construction of
M€ C M when G is a finite group (see [6]). The following gives a simple
proof of the generalization of this to an infinite group action.

PROPOSITION 3.1. Let a be an outer action of a discrete group G on
a factor M. If there exists a faithful normal conditional expectation of
(M€)" onto M’, then M x G is the basic construction of M¢ C M.
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ProOOF. For an outer action « of a discrete group G on a factor
M with a faithful normal conditional expectation of (M%) onto M’,
note that an inclusion M’ C (M©)' is isomorphic to a crossed product
inclusion M’ C M’ x4 G, where o' is the induced outer action of G on
M’ (see [1]). Thus we get J(MC)'J = J(M' xo G)J, where J (resp. J)
is the canonical involution of B(L?(M)) (resp. B(I%(G))) and J = J®J.
It follows from J(M' X G)J = M x4 G that J(M)'J = M x G which
implies that M x G is the basic construction of M¢ C M. a

In the following, we establish a Galois correspondence for a fixed point
inclusion of an outer action of a discrete group.

THEOREM 3.2. Let o be an outer action of a discrete group G on a
factor M with a faithful normal conditional expectation of (M) onto
M'. The map H — M?* gives a one-to-one correspondence between
the set of all subgroups of G and that of all intermediate subfactors of
MC® c M.

PRrROOF. Let a be an outer action of a discrete group G on a factor M
with a faithful normal conditional expectation of (M%) onto M’. For
any subgroup H of G, M¥ is an intermediate subfactor of M¢ C M.

Let 6 be an isomorphism from M’ C (M%) to M’ C M’ x4 G, where
M x4 G = (ny (M')U{X(g)|lg € G})". For any intermediate subfactor
K of M® c M, §(K') is an intermediate subfactor of M’ C M’ x4 G
and there exists a subgroup H of G with 6(K') = M’ x4 H by Theorem
2.1. Since the correspondence in Theorem 2.1 is complete, we have
H={g€G|\g) € M'xo H} and so (071 (M’ x4 H)) = MH which
is equal to K = M*¥. Therefore, the map H — M?* gives a one-to-
one correspondence between all subgroups of G and all intermediate
subfactors of ME C M. O

Now, we consider a fixed point inclusion of a minimal action of a
compact group and investigate intermediate subfactors related to closed
normal subgroups. The following theorem illustrates that the fixed point
algebra M© can be described by an intermediate subfactor of M& ¢ M
related to a closed normal subgroup and a minimal action of a compact

group.
THEOREM 3.3. Let o be a minimal action of a compact group G on

a factor M. If H is a closed normal subgroup of G, then there exists

a minimal action 3 of a compact group G/H on a factor M with
MG — (MH)ﬂ(G’/H)
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PROOF. We know that for a closed normal subgroup H of G, the
quotient group G/H is a compact group and M* is an intermediate
subfactor of M¢ C M.

For any g € G/H, if we define o) by aff (x) = ay(z) for all z € M,

then o} is an automorphism of M*. For g7,9, € G/H with 37 = 7,
it is easily verified that ol = o/l and offall = ol . Thus o' is an

action of G/H on MY,
On the other hand, for any x € M® and g € G/H, we have a’;(:c)

= a,(z) = z and so z € (MH)" (/") Conversely, for any €
(MH)>"(G/H) and g € G, a,(z) = afl(z) = z and so z € M. Hence
MS = (MH)>"(G/H) poids,

To complete the proof, we show that of is a minimal action. For
any g € G/H satisfying agi (z) =z for all z € M¥ | we have a,(z) =z
for all z € M*. Since the map H — M* gives a complete Galois
correspondence in Theorem 3.15 of [4], we have g € H which implies that
o' is faithful. Since (MH7)>"(G/H)YpMTH is contained in (MEYNM =
C -1, o is minimal. O

Let me point out the converse of Theorem 3.3 which is still open. It
will be interesting to consider the assertion similar to Theorem 2.4 in the
case of a fixed point inclusion of a minimal action of a compact group
on a factor.
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