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SEPARABILITY PROPERTIES OF CERTAIN
POLYGONAL PRODUCTS OF GROUPS

GoaNsu Kial AND C. Y. TANG

ABSTRACT. Let G = E .4 F. where A is a finitely generated abelian
subgroup. We prove a criterion for G to be {A}-double coset sep-
arable. Applying this result, we show that polygonal products of
central subgroup separable groups, amalgamating trivial intersect-
ing central subgroups, are double coset separable relative to certain
central subgroups of their vertex groups. Finally we show that such
polygonal products are conjugacy separable. It follows that polyg-
onal products of polycyclic-by-finite groups, amalgamating trivial
intersecting central subgroups, are conjugacy separable.

1. Introduction

Let S be a subset of a group G. Then G is said to be S-separable if,
for each g € G\S, there exists a normal subgroup N of finite index in
G such that g ¢ NS. Equivalently, S is a closed subset in the profinite
topology of G. In particular, if S = {1} then G is residually finite. If
G is {z}C-separable for all = ¢ G, where {z}¢ = {g7'zg | g € G},
then G is called conjugacy separable. If G is H-separable for all finitely
generated subgroups H of GG, then G is called subgroup separable. These
kinds of separability properties are directly related to important prob-
lems in group theory. Malcev [14] and Mostowski [16] showed that: (1)
finitely presented residually finite groups have solvable word problem,
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(2) finitely presented conjugacy separable groups have solvable conju-
gacy problem, and (3) finitely presented subgroup separable groups have
solvable generalized word problem.

In general it is difficult to show whether a given subset of a group
is separable. Free groups and surface groups are known to be subgroup
separable and conjugacy separable (Hall [6], Scott [19] and Stebe [20}).
Fine and Rosenberger [3] showed that Fuchsian groups are conjugacy
separable. Niblo [17] showed that these groups are also double coset
separable. It is also known that polycyclic-by-finite groups are subgroup
separable and conjugacy separable (Malcev [15] and Formanek [4]).

In [11], Kim and Tang showed that tree products of polycyclic-by-
finite groups, amalgamating central subgroups, are conjugacy separable.
In the case of polygonal products the problem is much more difficult,
since some polygonal products of finitely generated groups need not have
proper subgroups of finite index (Higman [7]). Allenby and Tang [1] con-
structed an example of polygonal product of finitely generated nilpotent
groups of class 2, with trivial intersecting cyclic amalgamated subgroups,
which is not residually finite. In this paper we study certain separability
properties of polygonal products of central subgroup separable groups,
amalgamating trivial intersecting central subgroups.

In Section 3, we introduce the concept of {4,..., A, }-double coset
separability. We prove that if G = E x4 F, where F and F' satisfy cer-
tain conditions and A is a finitely generated abelian subgroup then G
is {4, A1, Ay }-double coset separable for Ay C E and Az C F (The-
orem 3.6). In Section 4, we prove that polygonal products of central
subgroup separable groups, amalgamating trivial intersecting central
subgroups, Hi, Hy, ..., Hy, are {4;, Aj}-double coset separable where
A; = H;_1 x H; (Theorem 4.17). In Section 5, we prove that polyg-
onal products of central subgroup separable and conjugacy separable
groups, amalgamating trivial intersecting central subgroups, are conju-
gacy separable (Theorem 5.5). From this, it immediately follows that
polygonal products of polycyclic-by-finite groups, amalgamating trivial
intersecting central subgroups, are conjugacy separable.

2. Preliminaries

Throughout this paper we use standard terms and notations.
The letter G always denotes a group.

For z € G, {x}C denotes the set of all conjugates of z in G.
T ~g Yy means x,y are conjugate in G.
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N <y G means N is a normal subgroup of finite index in G.

Z(G) denotes the center of G and Z4(z) = {a € A | [a,z] = 1}.

If x € G = Axy B then ||z|| denotes the free product length of z in
G.

We use RF to denote the class of residually finite groups. By abuse
of notation, we also use RF to mean residually finite.

Let T" be a tree. To each vertex v of I' assign a group G, called a
vertex group. Similarly to each edge e of I assign a group Ge. Let u,v
be vertices at the ends of e. Let a, and . be monomorphisms of G, to
G, and to G, respectively. Then a.(G.) is called an edge group of the
vertex group G, and [.(G.) an edge group of G,. The tree product of T’
is defined to be the group generated by all the generators and relations
of the vertex groups of I' together with the extra relations obtained by
identifying a.(g.) and B¢(ge) for each g. € G, and each e in T'.

Let P be a polygon. Assign a vertex group G, to each vertex v and a
group Ge to each edge e of P. Let a. and (3. be monomorphisms which
embed G, as a subgroup of the two vertex groups at the ends of the edge
e. Then the polygonal product G is defined to be the group presented by
the generators and relations of the vertex groups together with the extra
relations obtained by identifying a.(g.) and Be(ge) for each g, € Ge.
As mentioned in [1], in the study of residual properties of polygonal
products, we usually restrict ourselves to the case where the embedded
subgroups at each vertex group meet trivially and where the polygon
has at least 4 vertices. By abuse of language, we say that G is the
polygonal product of the (vertex) groups Gi, Gs,. .., Gn,, amalgamating
the (edge) subgroups Hi, Ha, ..., H, = Hy, with trivial intersections, if
G;NG;4+1 = H; and H; 1N H; =1, where 1 < i < m and the subscripts
¢ are taken modulo m. We shall only consider the case m > 4.

The following two well-known results will be used extensively in this

paper:

THEOREM 2.1. [13, Theorem 4.6] Let G = A xy B and let z € G be
of minimal length in its conjugacy class. Suppose thaty € G is cyclically
reduced, and that x ~¢ y.

(1) If ||z]] = 0, then ||y|| < 1 and, if y € A, then there is a sequence
hi,ho,..., h, of elements in H such that y ~4 hy ~p hy ~y4
-~ph, =1.
(2) If ||z|] = 1, then |ly|| = 1 and, either z,y € A and T ~4 ¥y, or
z,y € Bandx ~pgy.
(3) If ||z|| > 2, then ||z|| = ||ly|| and y ~z * where z* is a cyclic
permutation of x.
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THEOREM 2.2. [2, Theorem 4] If A and B are conjugacy separable
and H is finite, then A g B is conjugacy separable.

In general, a polygonal product of at least four vertex groups, with
trivial intersections, can be considered as a generalized free product
of two groups, say E and F, amalgamating a subgroup (see [9, 12]).
Then the groups E and F' are tree products of the vertex groups of
the polygonal product. Hence, in the study of polygonal products, we
need some results on tree products of groups. We shall use the following
results.

DEFINITION 2.3. Let G be a group and H be a subgroup of G. We
say H is finitely compatible in G or G is H-finite if, for every D<iyH,
there exists Np<1yG such that Np N H = D.

LEMMA 2.4. [11, Lemma 3.3] Let G = A *¢ B where A, B are C-
finite. Let H be a subgroup of A such that A is H-finite. Then G is
H-finite.

LEMMA 2.5. [9, Theorem 2.3] Let G = A x¢ B, where A, B are C-
finite and C-separable. Let H be a subgroup of A such that A is H-
separable. Then G is H-separable.

The following is an easy application of finiteness and separability:

THEOREM 2.6. Let H < G and H be RF. If G is H-finite and
H-separable, then G is RF.

DEFINITION 2.7. A group G is central subgroup separable if G is H-
separable for any finitely generated subgroup H in the center Z(G) of
G.

In particular, every subgroup separable group is central subgroup
separable. Using Lemma 2.4 and 2.5 repeatedly, we have the following:

COROLLARY 2.8. [11, Corollary 3.10] Let G be a tree product of
central subgroup separable groups amalgamating central edge groups.
Let H be a finitely generated central subgroup of a vertex group. Then
G is H-finite and H-separable. In particular, G is RF.

LeMMA 2.9. [11, Corollary 3.12] Let G be a tree product of cen-
tral subgroup separable groups amalgamating central edge groups. Let
H,K,J be finitely generated central subgroups of some vertex groups.
Then, for each U<fH, there exists N<\tG such that NN H = U,
NHNNK=N(HNK)and NHNNJ =N(HnNJ).
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LEMMA 2.10. [11, Lemma 3.15] Let G be a tree product of any groups
A; (1 €1 < n) amalgamating central edge groups. Let x € Z(A;) and
y € Z(Aj). Ifz ~g y then z = y.

3. Double coset separability

In this section we shall study the double coset separability of general-
ized free products of double coset separable groups amalgamating finitely
generated abelian subgroups. Using this, we derive that tree products
of central subgroup separable groups, amalgamating central subgroups,
are HxzK-separable for central subgroups H, K in some vertex groups
which is a main result in [11].

LEMMA 3.1. Let G = E xy F. Suppose E,F are H-finite and H-
separable. Let U,V < E. If E is Ua:V—sepa.rzitb]e forx € E, then G is
UzV -separable for x € E.

Proof. Let g € G such that ¢ € UzV, where x € E. We shall find
L<yE and M<;F with LN H = M N H such that in G = E*HF
where E = E/L and F = F/M, ||lgl| = |lg|| and g ¢ UzV. Since G is
RF and UZV is finite, there exists N<;G such that g ¢ NUzZV. Let N
be the preimage of N in G. Then N <yG and g ¢ NUzV.

Case 1. g € E. Since E is UzV-separable, there exists Ly FE such
that ¢ ¢ LUzV. Since F is H-finite, there exists M <sF such that
LNH=MnNH. Let G = E x;; F, where E = E/L and F = F/M.
Then g ¢ UZV.

Case 2. g ¢ FE. Let g = fiep--- foeq, where ¢; € F\H and f; €
F\H. Since E,F are H-separable and H-finite, G is H-separable by
Lemma 2.5. Hence there exists N<fG such that e;, fi ¢ NH. Let
L=NNEand M = NN F and let G be as above. Then ||gl| = |g],
hence § ¢ E. Thus g ¢ UZV. )

DEFINITION 3.2. Let A,,..., A, be subgroups of a group G. We say
that G is {A,1,..., Ap}-double coset separable, briefly G is {A41,..., Ay}~
d-separable, if G is UxV -separable for any = € G and for any subgroups
UV of A1, ..., or A,.

In particular, if G is {A1,.... A,}-d-separable, then G is {4;, A;}-
d-separable and {A;}-d-separable for 7,7 = 1,...,n. Clearly if G is
{A;}-d-separable then G is A,z A;-scparable for all z € G.

Comparing with Lemma 2.5, the following criterion for double coset
separability of generalized free products is of interest.
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THEOREM 3.3. Let G = E x4 F, where A is a finitely generated
abelian subgroup. Suppose E and F satisfy the following:

D1. E and F are {A}-d-separable.

D2. For any z,y € A, ifx ~gur y then x = y.

D3. For every U<y A, there exists L<\yE such that LN A =U and, in
E=FE/L, ifT ~g ¥ for any x,y € A then T = 7. Similarly, for
every U<\yA, there exists M<\yF such that M N A = U and, in
F=F/L, if T ~5 7 for any z,y € A thenT = 7.

Then G is { A}-d-separable.

To prove this result we need the following lemma. Since the lemma
is very similar to a general case (Lemma 3.7 below), we omit the proof.

LEMMA 3.4. Let G = E x4 F be as in Theorem 3.3. Let 51,52 < A
and let 1 # z € A, ¢; € E\A and d; € F\A. Then there exists N<;G
such that

(1) ifx = c1dy -+ cudy and cyzdy - - - cpdy & S1252, then cizdy - - - cpdy
¢ NS1x5z;

(2) ifz=cydy---dp—1cn and cy2dy - - dy—1¢q & S12S3, then cyzdy - - -
dn—1¢n & NS1252;

(3) ifx =dycy---cp—1dy and dyzcy - - - cp_1dy & S12Ss, then dyzey - - -
Cn—ldn ¢ N81ISQ; and

(4) ifx =dycy---dney and dyzey - - - dypey, & S12S2, then dyzey - - - dyep
§Z NSlZL'SZ.

Proof of Theorem 8.8: Let 51,5 < A and let g,x € G such that g ¢
S1252. We shall find N<yG such that ¢ & NS12Ss or we shall find
L<sE and M <1y F with LN A = M N A such that, in G=F *ZF where
E=E/Land F=F/M, |z| = |lz|. |9l = lgll and g & 51T55. Since
G is RF and S1ZS3 is finite, we can find N<;G such that g ¢ NSjx55.

Case 1. z € E. By Lemma 3.1, we can find N<;G such that
g ¢ NSleQ.

Case 2. x € F\A.

(a) g € E. Since g € S12853, clearly = ¢ S19S3. By Case 1, we can
find N<iyG such that x ¢ NS;gS2. Hence g ¢ NS51zS,.

(b) g € F\A. Since F'is {A}-d-separable by D1, there exists M <y F
such that g ¢ MS125;. By D3, there exists L<iyF such that LN A =
MNA. Let G = E*3 F where E = E/L and F = F/M. Then
g ¢ S5175,.

(¢) llgll = 2. WLOG, let g = e1f1-- €y fn, where e; € F\A and
fi € F\A. By D1 and D3, G is A-separable (Lemma 2.5). Hence there
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exists N<;G such that e; ¢ NA and fi ¢ NA. Let E = E/(NNE
F=F/(NNF)and G = E *; F. Then ||lg| = |lg|| > 2. Thus g
§1§§2.

Case 3. ||z|| > 2. By induction, we assume G is UyV-separable for
all y € G with |ly|| < ||z]| and for any subgroup U,V < A. WLOG, let
z = c1dy -+ - cpdy, where ¢; € E\A and d; € F\A.

(a) llgll < ||z]|. Clearly = & S1gS2. Since ||g|| < ||z||, by induction,
there exists N<yG such that z ¢ NS19S;. Then g ¢ NS1z55.

(®) llgll = llzll. Suppose g = fie1--- faen, where e; € E\A and
fi € F\A. Since G is A-separable (Lemma 2.5), there exists N<;G
such that ¢;,e;, d;, f; @ NA. Let G be as in (c) above. Then ||g|| = ||g]|
and ||Z|| = ||z||. This implies § ¢ S1ZS5>.

Suppose g = e1f1- - enfn. Let u= f1---epfn. If either e; & Sic1 A
or u & Adicy- - c,dnSy then, by induction, we can find G such that
lgll = lgll, |1Z]| = llz|l and & ¢ S1614 or u & Adicy- -~ cpdpS2. This
implies § € S1ZS>. So let e1 = syc1a1, where 51 € Sy and a1 € A4,
and u = asdicy - dnS2, where ap € A and sy € S3. This implies
ciaiagdicy -« - cpdn € S12S2. Thus, by Lemma 3.4, there exists N<;G
such that crajagdicy -« - cndp € NS 1280 and ¢;,dj, e;, fi @ NA. Let G =
E *ZF be as in (c¢) above. Then we have ciajaadica - - cpdy & S1Z.59,
51 = llg} end /2] = |l Thus g ¢ 5:25;.

(c) ligll > llzll. Let G = E 7 F such that ||g]| = ||g|| and |Z]| = ||
Since the length of each element in S;zS2 is equal to {[Z]| and since
1zl < llgll, g & 51Z52. 0

)7
¢

THEOREM 3.5. Let G = E x4 F, where A is a finitely generated
abelian subgroup. Let Aj, Ay < E. Suppose E and F satisfy D1, D2
and D3 in Theorem 3.3 and satisfy the following:

D4'. For every U<yA and any subgroup S of Ay or A, there exists
L<yE such that LN A=U and LANLS = L(ANS).

If E is {A, Ay, As}-d-separable, then G is {A, Ay, Aa}-d-separable.

To avoid repetition we omit the proof of Theorem 3.5. The proof is
quite long and similar to the proofs of Theorems 3.3 and 3.6. Although
we use Theorem 3.5 to prove Theorem 3.6, the proof of Theorem 3.5 is
independent of Theorem 3.6.

THEOREM 3.6. Let G = E x4 F, where A is a finitely generated
abelian subgroup. Let A; < E and Ay < F. Suppose E and F satisfy
D1, D2 and D3 in Theorem 3.3 and satisfy the following:
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D4. For every U<iyA and any subgroup S; < Ay, there exists L<;E
such that LN A =U and LANLS; = L(AN Sy). Similarly, for
every U<yA and any subgroup Sz < Aj, there exists M <¢F such
that MNA=U and MANMSy = M(ANSs,).

If E is {A, A;}-d-separable and F is {A, As}-d-separable, then G is
{4, A1, A3 }-d-separable.

To prove this result we first show the following:

LEMMA 3.7. Let G = F x4 F beasin Theorem 3.6. Let S;1 < A1 < E
and Sy < Ay < F. Let1# z € A, ¢; € E\A and d; € F\A. Then there
exists N<1yG such that

(1) ifz =cydy - - cpdy and c12dy - - - cpdy, € S12S3, then cizdy - - - cpdy,
¢ NS51z85s;

(2) ifx =cidy-+-dp_1¢n and c12dy -+ - dp_1¢n & S12S0, then cyzdy - - -
dn-16n & NS1253;

(3) ifx =dycy - cp1dy and dyzey - -+ cp_1d, &€ S12S9, then dyze; - -
Cn1dn & NS1259; and

(4) ifx =dyey -+ -dpey and dyzey -+ - dpe, & S12So, then dizeyp - -+ dpey,
Q NSl.TSQ.

Proof. We shall only prove (4), since the others are similar and rel-
atively simple. Let djzci---dyc, & S1282, where z = djcy---dycn.
Clearly z € Zans,(d1)Zans,(c1 - dncy). Let Dy = Zans,(d1), Co =
Zans,(ca) and Dg = Zngs,(dg) where 1l <a <nand 2 < 8 <n. Let
T=CiNnD:NCoN---ND,NCy. We shall show Zyng,(c1--dpcy) =
T. Clearly T C Zans,(c1---dncn). For the converse, suppose s €
Zansy(c1--+duycyn). Then s € AN Sy and ¢1---dpcy, = s7l¢r - - dpens.
Thus there exist uq,vg € A, where 1 < @ < n and 2 < 8 < n, such that

(3.1) c; = 8—16111,1,
(3.2) d2 = ’U,l_ldz’UQ,
(3.3) dn = u;t,dv,, and
(3.4) cp = v;lcns.

From (3.1), we have s ~g u3. This implies from D2 that s = u;. Also,
from (3.2), we have u; = vy. Continuing this process, we have vy = ug,
<+ Up—1 = Up and v, = 5. Hence uy = vg = s for all o, 8. This implies
that s € Cang,(ca) = Co and s € Cyns,(dg) = Dg. Hence s € T,
proving that Zans,(c1 - dnpcn) C T. Therefore T = Zng,(c1 - - - dncn).
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Hence z ¢ D1T. Since A is a finitely generated abelian group, it is not
difficult to find U<iyA such that T C U, 2 ¢ UD; and UC1 NUDy N
--NUD,NUC, =U (Lemma 4.4 in [11]).

Let zg,z1,...,2Zm, be cosct representatives of UD; NSy in AN S
and yo,y1,---,Ym, be coset representatives of U NSy in AN Sy, where
Iy = 1= Yo-

(I) We note that z;diz;' ¢ (UDy N $1)di(UD; N Sy) for all 4,5
except i = j = 0. For, if Iidll'j_l = sdy s’ for 5,8 € UDy N S, then
dl_ls‘lmidl = s’mj. Hence, by D2, s™'z; = s’xj. Since z; and z; are
coset representatives of UD1NS; in ANSy, we have z; = z; and sl=4g.
Thus :vidlxi_l = sdys™1. This implies s™'a; € Zang, (d1) = D1 C UD;.
Since s € UD; N Sy, we have z; € UD; N S;. Hence z; = 1 = a5, that
is, i = j = 0. Therefore z;dyz;" ¢ (UDy N S1)di(UDy N S)) for all i,
except i = j = 0.

(IT) Let j be fixed. For each .3 where 1 < a <nand 2 < <n,
if there exist iy and j,, depending on «, /3, such that yi‘,dgyj_l e (Un
S9)dg(UNSy) and yj,,cr,y;l € (UNSy)ca(UNSy), then y; = 1. To prove
this, suppose yi‘,dgyj“l = sdgs’, where s,8' € UNSy. Then, as in (I), we
can show y;, = y; and s~ ! = §'. Hence s'y; € Zs,na(dg) = Dg C UDj3.
Since s’ € U C UDg, we have y; € UDg. Similarly, since yjncayfl €
(UNS3)ca(UNS2), y; € UC,. Hence y; € NG_,UDgN(NG_1UC,) = U.
Thus y; € UNSs,. Since y; is a cosct representative of U NSy in AN Sy,
Y = 1.

Since E is {A}-d-separable and 2z ¢ UD;, there exists L;<\yF such
that z ¢ L1UD; and yicay; ' & L1(UN S3)ca(UN Sy) for all possible i, j
such that yicayj_1 & (U N Sy)c,(UNSy). Since F is {A}-d-separable,
there exists ]WlﬂfF such that .’L‘,'dllL';l ¢ Ml(UDl N Sl)dl(UDl n Sl)
for all ¢, j except i = j = 0 and yidg'y]f] & M1(U N Sy)dg(UNSy) for all
possible 1, j such that yidgy;1 & (UnNS2)dz(UNSy). By Lemma 2.5,
there exists N;<yG such that ¢;,d; € N1 A for 1 <4 < n. By D3, therc
exists Lop<fE such that Ly N A = Ly N M; N Ny and, for z,y € A, if
Loz ~g/1, Loy then Loz = Loy. Similarly, there exists Mp<ifF such
that My N A = Ly N M; NNy and, for 2.y € A, if Moz ~p/py, Moy
then Myz = Myy. By D4, there exists L3<ifE such that L3N A =
Ly A and L3S N L3A = Lz(51 NA). Similarly, there exists M3<(;F
such that M3 N A = My N A and M3S; N M3sA = M;3(S; N A). Let
L=LiNLsNLsNNyand M =M NAM;NMzNNy. Then LOA =
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LlﬂMlﬂNl = MnNA. Let @ = F *72 F, whereE = E/L andf = F/M
We shall show that S;NA = S; N A. It suffices to show that S;LNAL =
(S; NA)L. Clearly (SN A)L c S1LN AL. To show the converse, let
sl; = aly where s € S1, a € A and [y,l; € L. Since ly,lo € L C Ls,
sl =als € S1L3NAL3 = (Sl N A)L3. Let sLs = aL3 = dL3 where
de S;NA Thendlae LsnNA=LyNA=L NM NN;. Thus
dla € LiNnLyNL3N Ny = L. Hence al = dL for d € S; N A. This
shows that S1LN AL C (S1NA)L. Hence S1LN AL = (S; N A)L. This
proves S1NA =S5 NA4in E/L. Similarly, SoNA=S8,NnA. By the
choice of Ny, ||Z|| = ||z|| and if T ~5 5 F for z,y € A, then T =7. Using
these properties, we shall show that dizc; - - - dnpen € S12.55.

Suppose d1zcy - - dpCn = 81dicy - - - dpcpso for some s; € S;. Then we
have

(3.5) diz = sidiay,
(3.6) ¢ = a'ao,
(3.7) dy = aj'dad,
(3.8) d, = @;!,d,a,, and
(3.9) T = T, CnS2,

for some @;,&; € A. From (3.6), @1 ~5 @. Hence, by the choice
of Ly, a3y = @;. Similarly, from equations (3.7_), ..., (3.9), we have
@ =dpg = - =Qp = S9. Hence 35 € SoNA = SNA. Let s €
Sz N A such that 3 = 3. Suppose s = ki1y; where ky € U N Sy. From
(3.6), EIIE@]@ = Elﬂj. Thus yjayj—l = El‘lElEl. Hence yjclyj_l €
L(U N S2)c1(U N Sy). Similarly, yjcayj‘1 € L(U N S2)ce(U N Sy) and
yjdgyj—l € MUNS)dg(UNSy) forl < a<nand 2 <6 < n
Since L ¢ L, and M C M, yjt:ayj_1 € Li(U N S2)ca(U N Ss) and
yjdgyj_l € M1(UNS2)dg(UNSy). Thus, by the choice of L, and M, we
have yjcay; ' € (U N S3)ca(U N Sy) and yjdgy;* € (U N S2)dg(U N Sp).
It follows from (II) that y; = 1. Hence s = k; € U N S,.

From (3.5), 31—15131 = %1‘1. Hence z«a‘l‘l =5 €SiNA=5nA.
Let 5, = s’ where s’ € S1NA. Let s’ = kox; where ks € UD;NS;1. Since
81_13181 = 31, 31_18_/621 = s'. Hence Eflﬁﬁﬂl = Ez?fi, thus TZE@;I =
E;lﬁl'@. This implies Zidl.’l,';l € M(UDmSl)dl (UDlﬂsl). Since M C
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My, by the choice of M7, we have :cidlmi_l € (UD1NnS)di(UDy1 N Sy).
It follows from (I) that z; = 1. Hence s’ = kg € UD; N S].
Consequently z = 51a1 = §'5 ¢ (UD;NS)(UNS,) ¢ UDU =
UD;, contradicting the choice of L;. This shows that djzc; -- “dncp ¢
S1xS,. Since G is RF, and since S1zS; is finite, there exists N<lfG
such that dyzc1 - - dpc, € NS1zS,. Let N be the preimage of N in G.
Then N<iyG and d1201 o dpcy, € NS1zS5 as required. O

Proof of Theorem 3.6: Since E is {A, A, }-d-separable, by Theorem 3.5,
G is {A, A1 }-d-separable. Similarly G is { A, As}-d-separable. Hence we
need to show that G is {A;, Aa}-d-separable. Let g,z € G such that
g & 51283 where 51 < Ay < E and Sy < Ay < F. We shall find L<;F
and M<¢F with LN A = M N A such that, in G=E o F where
E=E/Land F = F/M, |Z|| = |lz||. |g]l = llg]| and § ¢ SleQ Since
G is RF and S;zS, is finite. we can find N<fG such that g € NS12.5;.

Case 1. z € F (similarly z € F).

(a) g € E. Clearly g & S12(S2 N A). Since FE is {4, A }-d-separable,
there exists L<yE such that g ¢ LS1z(S2 N A). By D4, there exists
M <« F such that MNA = LNA such that MANMSy = M(ANSs). Let
G be as above. Then by the choice of L, § & S12(S2 N A). If g = 51785 €
851285, then (51%) '§=35, c ENF =A4. Hence o € ANSy =S, NA.
Thus g € S12(S2 N A), a contradiction. Hence g ¢ S;%S5.

(b) g € F\A. Suppose g € ASy, say g = au for a € A and u € S.
Then g € 5125, implies a ¢ S1253. Since a € A C E, by (a) above, we
can find G such that @ ¢ S1TS9. Hence § € S1%S55.

Suppose g € AS3. Since F is { A, Ay}-d-separable, there exists M < ¢ F
such that g ¢ MAS;. Let L<sE such that LN A= M N A. Let G be
as above. If § = 57255 € S1x5,, then ﬁ;l =57z € ENF = A. Hence
g € AS,, a contradiction. Thus § & $1Z55.

(c) g = ef, where e € E\A and f € F\A. Suppose e & SizA
(or similarly f ¢ AS3). Since E is {A, A;}-d-separable, there exists
L1<fE such that e ¢ L1S1zA. By D3, there exists M, <;F' such that
MiNA=L;NA. Since G is A-separable by Lemma 2.5, there exists
N<yGsuchthate, f ¢ NA Let L =L NN, M = M;NN and G be as
above. Then ||g|| =2 and € ¢ S1zA. If g =ef € S|E5,, then € € §,FA
and f € ASy, contradicting the choice of Li. Hence g ¢ 517855,

Suppose e = sjza; and f = agsy where a1,a2 € A, s1 € 51 and
89 € S5. Then sflgs;1 = zayug ¢ S1z52. Since zajay € E, by (a)
above there exists G such that ZTajagz ¢ S1255. Then gé S1%S5.
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(d) g = fe where e € E\A and f € F\A or ||g|| > 3. Since G is A-
separable by Lemma 2.5, we can find G = E 7 F such that ||g|| = ||g]|.
Then g ¢ 517S,.

Case 2. ||z|| > 2. By induction, we assume G is UyV-separable for
all y € G with ||y|| < ||z|| and for any subgroups U < A; and V < A,. If
llgll < |||| then, by induction, we can find N<1G such that x ¢ NS;9Ss.
Hence g ¢ NS12S>. Thus we need only consider the cases |lg|| > ||z||.
Subcase 1. Suppose z = c1d; - - - cpd,, where ¢; € F\A and d; € F\A.

(a) llgll = ll=||.

(i) Suppose g = fie1--- fnen, where e; € F\A and f; € F\A. If
c1 € S1A then there exists L<iyE such that ¢; ¢ LS;A. Moreover, L
can be chosen such that ¢;,e; ¢ LA. Let M<fF such that d;, fi ¢ MA
and LN A =MNA. Thus, in G = E/L »; T/M, we have ||g|| = ||gl|,
(Z]| = ||z|| and &, & S1A. This implies § ¢ S1Z52. So let ¢; = sa where
s € 51 and a € A. This implies g € Siad; - - - c,d,S2. Since ad; € F,
we have |lad; -+ - cpdy|| < ||z]|. By induction, there exists G such that
g ¢ S1ady - - cndnS2, ||gll = llgll and |[Z]| = ||z||, whence § & 51Z55.

(ii) Suppose g = ey f1---€nfn. where e; € F\A and f; € F\A. Let
u=fi---epfn Ife; & S1c14 or u € Adycy-- - c,d,S2 then, by Theo-
rem 3.5, we can find G such that ||g| = ||g||, ||Z|| = ||z]| and &, & S1¢,4
or T ¢ Adica---cpd,Sa. This implies § & S1ZS5. So let e; = siciaq,
where s; € 51 and a1 € A, and u = aodicy -+ - cpdyS2, Where ay € A
and sy € S2. This implies cijajasdica---cpdn € S12S2. Thus, by
Lemma 3.7, there exists quG such that clalazdlcz ccpdn € NS12S2
and ¢;,d;, e, f; ¢ NA. Let E = E/(NNE), F = F/(NNF) and
G = E 7 F. Then we have ciajaadicy - cndy, € S1ZS2, |7l = llg|l
and ||Z]| = ||z||. Thus g € 5,%55.

() gl > ll2]. Let G = E v F such that 7] = g and |7 = [
Since the length of each element in S;zS; is equal to ||Z|| and since
Izl < lIgll, § & 51755
Subcase 2. Suppose x = djc; - - - dpc, where ¢; € E\A and d; € F\A.

(a) llgll = llzll. Suppose g = eif1---enfn, where ¢; € E\A and
fi € F\A. We can find G such that ||§|| = |lg|| and ||Z]| = ||z||. Since
Si<Eand Sy < F,g=e1f1 - enfn & S1T50.

Suppose g = fie1 - fnen, where e; € E\A and f; € F\A.

(i) Suppose f1 & S1di1A, equivalently, fi & (S; N A)d; A. Since F is
{A}-d-separable, there exists M; <¢F such that f1 & M7(SiNA)d1 A. Let
L1<¢E such that L1NA = M;NA. By Lemma 2.5, there exists N1<iyG
such that e;, fi,c;,d; ¢ N1A. By D4, we can find Ly<ifE such that
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LyNA=LiNNiNAand LyANLyS; = L2(Am51). Let L = LiNLyNNy
and M = M; N N;. Then, in G = E/L 3 F/M, we have |[g|| = |gl|,
Iz]l = |lz]l and f; & (S1NA)d1A. If G = fiey -+ fnen € S1Z59, then
f1 = 8dia for some s € S; and a € A. Since S C F, we have 3 €
S1NA = 8§ NA This implies f; € (S; N A)diA, contradicting the
choice of M;. Hence g ¢ S1ZS5.

(ii) Suppose €1 - fnen ¢ Acy---duc,S2. By Theorem 3.5, there
exists N1<yG such that e;--- fre, & NiAcy---dpcpnSa2. Let No<isG
such that ¢;,d;,e;, fi € NoA. Let L= N NNoNE, M =N NN,NF
and G = E/L x4 F/M. Then we have |[gl| = |g||, ||Z] = |z and
€1+ fnen € Acy - dpcnySo. This implies § & S1%S5.

(iii) Suppose fi = sidia; and e -+ fre, = ase; - - - dpcp Sy for some
ai,az € A,s; € S;and sy € Sy, Then dyajage; -« - dyep € Sidicy - -+ dpey
S2. By Lemma 3.7, there exists N1<yG such that diajagc; -+ dnc, &
N1S51dicy -+ - dpepSo and ¢, d; e;, f; g N1A. Let L = N\NE, M = N|\NF
and G = E/L 4 F/M. Then we have [[g| = |g|, ||Z] = |z]| and
diajagey - - dpc, & ?1(1101 - dpep,Se. This implies g & ?15?2.

(b) llgll = ||z[| + 1. Suppose g = e1f1 - enfreni1, where e; € E\A
and f; € F\A. If e; ¢ $14, then we can find G such that e; ¢ S1 A4,
19l = llgll and |Z|| = || z||. Then g = e1f1- - enfrens1 & 51252 If 1 =
sa for some s € 5] and a € A, then s 'g = af) - - e, faens1 & S125s.
By (a) above, we can find G such that s—1g ¢ S1xS5. Hence g ¢ S1ZS5.

The case g = fie1 -+ fuenfn+1 can be similarly treated according to
either fn+1 € AS; or fn+1 g AS,.

(C) ”g” > ”33” + 2. Suppose g = €11 enfneni1fns1. If g € S1252
then we have e; ¢ S14 and f,,41 € ASy. Hence, as in (b) above, we can
find G such that g¢ S1Z55.

Suppose g = fie1--- fnenfut1€nyy OF Hg” > H.’L’H + 2. We can find
G = E x5 F such that ||g| = ||g|l and ||z|| = | z|. Then g & 51ZS5,.
Subcase 3. Suppose z = dic; -+ d,, where ¢; € E\A and d; € F\A.
Subcase 4. Suppose x = ¢; - - dpc, where ¢; € E\A and d; € F\A.

The above two cases can be proved by a similar method. a

LEMMA 3.8. Let G be a tree product of m central subgroup separable
groups amalgamating central edge groups. Let H be a finitely generated
central subgroup of a vertex group. For every U<y H, there exists N<;G
such that NNH = U and, in G = G/N, ifT ~g U for any x,y € H then

r=1.
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Proof. We shall prove this by induction on m. Clearly the lemma is
true for m = 1. Let G = A ¢ T where A is the vertex group of an
extremal vertex of the tree and T is the tree product on the remaining
m — 1 vertices and C' is the central edge subgroup of A joining to its
adjacent vertex group of T. By induction, we can assume 7" has the
property stated in the lemma.

Case 1. H C T. By induction, there exists M < fT such that M N
H=U and h; P heinT = T/M for all Ay # he in H. Let L<yA such
that LNC=MNC. Let G=A 5 T, where A = A/L. We first show
that h *a k for all h #kin H. Suppose h ~é k.

(1) If A ~¢g € for some ¢ € C then, by Theorem 2.1, there exist
é1,...,6 € C such that h ~g € ~j4 Cp ~p cr- ~z & = & Since
C C Z(A), & ~; &n 1mphes ¢ = Ciy1- Hence h ~g & Similarly,

k ~ €. Thus h ~ k, implying h = k by induction.

(2) If h %@ € for any ¢ € C, then h has the minimal length 1 in its
conjugacy class in G. Thus, by Theorem 2.1, h ~ -k, implying h = k
by induction.

This proves that h *é k for all b # k in H. Since H is finite and G
is conjugacy separable (Theorem 2. 2) there exists N< fé such that, in
G/N NNH =1 and Nh 7LG/N Nk for all b # k in H. Let N be the

preimage of N in G. Then N< G and NNH = U. Moreover, if h ~a k
for h,k € H, where G = G/N, then Nh ~g N Nk. Hence h = k by the
choice of N. This implies hk™! € MNH =U C N. hence h = k, as
required.

Case 2. H C A. There exists L<iyA such that LN H = U. By
induction, there exists M < fT such that MNC = LNC and & 76T Co in
T = T/M for all & # & in C. Consider G = A * T, where A = A/L.
As in Case 1, we can show that h e k for all i 7é k in H. Now, choose
N<fG as in Case 1. Then NNH =U and, in G = G/N, h g k for all
h#kin H. |

The following is one of the main results of [11]

THEOREM 3.9. Let G be a tree product of m central subgroup sepa-
rable groups amalgamating central edge groups. Let H and K be finitely
generated central subgroups of some vertex groups. Then G is HzK -
separable for x € (.
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Proof. We prove this by induction on m. Clearly the theorem is true
for m =1. Let G = A*¢c T as in the proof of Lemma 3.8. Then A and
T satisfy D2, D3 and D4 by Lemma 2.10, Lemma 3.8 and Lemma 2.9.
By induction, we assume that any tree product 77 of at most m — 1
central subgroup separable groups, amalgamating central edge groups,
is UtV-separable for any t € 77 and for any central subgroups U,V in
the vertex groups of 7.

Case 1. H,K C T (similarly H,K C A). By induction, T is {C, H,
K }-d-separable. Hence, by Theorem 3.5, G is {C, H, K }-d-separable.

Case 2. H C T and K C A. By induction, T is {C, H }-d-separable
and A is {C, K }-d-separable. Hence, by Theorem 3.6, G is {C, H, K }-
d-separable.

In particular, G is Hx K-separable for x € G. O

4. Double coset separability of polygonal products

Let P be a polygonal product of groups Gi,..., G, (m > 4), amal-
gamating finitely generated central subgroups Hi,..., H,,, with trivial
intersections, where H;_1,H; C G; and H,, = Hgy. Then the reduced
polygonal product Py is the subgroup generated by Hy, ..., H,,, which is
the polygonal product of finitely generated abelian groups Ay, ..., An;,
amalgamating Ha,..., H,,, wherc A; = H; 1 x H; and the subscripts i
are taken modulo m. In this case, the polygonal product P is obtained
by

P=(-((Poxa Gl)*Az G2) ) *4, Gm,

where A; = H; _1x H; and the subscripts i are taken modulo m. Through-
out this section, we assume that each G; is central subgroup separable
and A; C Z(G;), where A; = H;_; x H; is finitely generated abelian and
Hy=H,,.

In this section we show that P is A;zAj-separable for z € P. We
first show that the reduced polygonal product P is A;xA;-separable for
z € Py. For this purpose, we put Py = Exy F, where H = Hy* Hs and

(4.1) EF = A1 *H, AQZ (Ho*HQ) XH1
(4.2) F = Am *H., 1°'"" *H; A3.
LEMMA 4.1. Let F,H be as above. Let U < A;. For each S<yH,

there exists L<yE such that LN H = S, LU N LHy = L(U N Hyp) and
LATNLH = L(A1 ﬂH) = LHj.
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Proof. Let E = E/S. Then E = H x Hy, where H = H/S. Since H;
is finitely generated abelian, H; is subgroup separable [15]. Hence the
finite extension, E~ H x H 1, of Hj is subgroup separable. This implies
that E is U- separable and A;- separable Thus, there exists L< fE such
that » ¢ LU for all h € Ho\U and k ¢ LA, for all k € H\A;. Let L
be the preimage of L in E. Then L<¢E and LNH = S, LU N LH; =
L(UNHp) and LA; N LH = L(A; N H). O

LEMMA 4.2. Let Py, E, F be as above. Then Py, E, F are H-finite.

Proof. There is a natural homomorphism 7 : Py — H = Hg % Hy by
mapping m(h) = h for h € HyU Hy and 7(k) = 1 for k € H; where
j # 0,2. For a given U<sH, let N = 7~ Y(U). Then N<sFy and
NN H =U. Hence Fy is H-finite. Similarly, F and F are H-finite. O

LLEMMA 4.3. Let Py, E, F beas above. Then Py, E, F are H-separable.

Proof. Since each A; is finitely generated abelian, A; is polycyclic.
Then, as in the proof of Theorem 2.11 in [9], we can prove that E and
I are H-separable. By Lemma 4.2, £ and F are H-finite. This implies
from Lemma 2.5 that Py = F xy F is H-separable. O

For the following three results, the cases when the H; are cyclic were
considered in Lemma 3.1, 3.3 and 3.4 in [10], respectively. Since their
proofs in [10] can be easily applied to our cases, we omit the proofs of
the next three lemmas.

LEMMA 44. Let F = Gy *g, G *#m, - *H,, , G (m > 2), where
H;, ,H; C Z(Gz) and H,_1NH;=1. Let H=Hy* Hy,. If x ~p y for
z,y € H, thenx ~g y.

LEMMA 4.5. Let F = Gy *m, Ga *p, -+ *H,, ; G (m > 2), where
H;, 1,H; C Z(Gl) and H,_{NH; =1, Let H= Hyx Hy,. If [h,f] =1
for1#he€ Hyand f € F, then f € Gy and [c, f] =1 for all c € Hy.

LEMMA 4.6. Let P be a polygonal product of central subgroup sepa-
rable groups G1,Gay, ..., Gy (m > 4), amalgamating central subgroups
Hy,H,,...,H, = Hy, with trivial intersections. Let 1 # hg € Hy,
17éh1€H1 and p € P.

(1) If [ho,p) = 1 then [h,p] = 1 for all h € Hy; hence Zg, (p) N Hy = H.
(2) If hohy € Zg,(p) then p € Gi; hence Zg, (p) N (Hy x H1) = Hp x Hy.

LEMMA 4.7. Let P be a polygonal product of central subgroup sepa-
rable groups G1,Ga, ..., Gy (m > 4), amalgamating central subgroups
H,,Hs,...,H, = Hy, with trivial intersections. For any x,y in central
subgroups of some vertex groups, if z ~p y then © = y.
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Proof. WLOG, let x € Z(G;). Let E = Gy *py, Ga, F' = Gy *p1,
ok, Ggand H = Hyx Hy. Then P = E xy F.

(1) Suppose z ~p h for some h € H. We may assume that h is
cyclically reduced in H = Hy = Hy. By Theorem 2.1 (1), there exist
cyclically reduced elements h; € H such that x ~g hy ~p ho ~p -++ ~F
h, ~p h. Since the h; are cyclically reduced in H = Hp * Ha, |[h;i]] = 1
or ||h;|| = 2n. Consider  ~g h;. Since z € G; and E = G *g, G,
by Theorem 2.1, we must have ||h;|| = 1. Hence hy € Hg or hy € Ha.
Thus, by Lemma 2.10, we have 2 = h;. Hence x = hy € G1 N H = Hy.
Now, consider x = hy ~p hy. Then, as before, we have ||ha]| = 1 and
x = ho € Hy. Inductively, we have = = h.

Since z ~p y, y ~p h. Then, as in above, y ~g(r) h1 for some cycli-
cally reduced hy € H. Since y € Z(G;), as before, ||h1|| = 1, that is
hy € Hg or hy € Hy. Thus, by Lemma 2.10, we have y = hy. Then, as
above, y ~p h implies y = h, proving that z = h = .

(2) Suppose x #p h for any h € H. Then z has the minimal length 1
in its conjugacy class in P = E #;; F. By Theorem 2.1, z ~p y implies
that z,y € E and z ~gy. f z € H; C Z(F), thenz = y. lf z € Hjy,
then z has the minimal length 1 in its conjugacy class in E = Gy *x, Go.
Thus, by Theorem 2.1, z,y € G and = ~g, y. Hence = = y. ]

THEOREM 4.8. Let Py be as above. Then Fy is conjugacy separable.

Proof. We note that the reduced polygonal product Py, which is a
polygonal product of finitely generated abelian groups A;, As,..., Ay,
where A; = H;_1 x H;, amalgamating subgroups Hy, Ho, ..., H,, = Hy,
with trivial intersections, is a graph product (see [8]) of the finitely gen-
erated abelian groups Hi, Ha, ..., H,,. Hence Py is c.s. by [5, Theorem
5.17]. O

THEOREM 4.9. Let Py be as above. Then Py is { A;}-d-separable.

Proof. Tt suffices to show that Py is {A4;}-d-separable. Let U,V < 4,
and g ¢ UzV, where g,z € Py. Let E,F,H be as in (4.1) and (4.2)
above. Then Py = E xg F. We shall find L<yE and M<yF with
LN H = MnN H such that, in Py = E*ﬁf where E = E/L and
F=F/M, ||zl = |lzl, |7l = llgll and g ¢ UzV. Since Py is RF and
UzV is finite, we can find N<;G such that g ¢ NUzV.

Case 1. z € E. By Lemma 4.2 and 4.3, F and F are H-finite and
H-separable. Since E is UxV-separable by Theorem 3.9, by Lemma 3.1,
Py is UzV-separable.

Case 2. x € F\H.
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(a) g € E. Since g ¢ UzV, clearly = ¢ UgV. By Case 1, we can find
N<y¢Py such that + ¢ NUgV. Hence g ¢ NUzV.

(b) g€ F\H.

(1) Suppose g ¢ HypzHy. By Lemma 4.3 and Theorem 3.9, there
exists M <sF such that g, ¢ MH and g ¢ MHoxHp. By Lemma 4.1,
there exists L<1¢F such that LNH = MNH and LA;NLH = L(A;NH).
Let Py = E/L sz F/M. We shall show that g ¢ UzV. If g = uzv for
ueUandveV,thente HNA =HNA =HpandT € HNA; =
Hy. Hence § = uzv € HyZH, contradicting the choice of M. Hence
geUzV.

(2) Suppose g = hjzhs for some hi, hg € Hy. Then g = hyzhy ¢ (UN
Hp)x(VNHp) in F. By Lemma 4.3 and Theorem 3.9, there exists M <1sF'
such that g,o ¢ MH and g ¢ M(UNHp)x(VNHp). By Lemma 4.1, there
exists LlﬂfE such that L1 NH=MnN H, LlU N L1H0 = Ll(U N Ho),
and InA) N LiH = LiHp. Similarly, there exists Lo<ifE such that
LoNH = MNH, L,V N LyHy = Lay(V N H()), and LoA1 N LyH =
LyHy. Let L = Ly N Ly. Then L<yE and LN H = M N H. Moreover,
LUNLHy = L(UNHy), LVNLHy = L(VNH), and LAyNLH = LHy.
Let Py = E/L »g F/M. Then, as in (1) above, g ¢ UzV.

(©) llgll = 2. Since E = H x Hj, every element in E can be written
eh where e € H; and h € H. Thus every element in Py = FE xg F can
be written as an alternating product of e; and f;, where 1 # e¢; € H;
and f; € F\H.

(1) g = e1f1, g = fre1, or g = e1 fiez, where 1 # ¢; € Hy and f1 €
F\H. We here consider g = e; f1e, since the others are similar. If e; ¢
UH (or e ¢ HV), then e; ¢ UHy (or ea € HyV'). By Lemma 4.3, there
exists N1 <1y Py such that eq, f1,e2 ¢ N1H. By Theorem 3.9, there exists
Ly1<fE such that e; ¢ LU Hy. By Lemma 4.1, there exists Lo<{yE such
that LoNH = LiNN1NH and Ly AiNLeH = LoHy. Let L = LiNLyNNy.
By Lemma 4.2, there exists M;<iyF such that My N H = LN H. Let
M=MNN;. Then MNH=LNH. In Py =E/Lx*zF/M, ||g|| =
gl = 3 and & ¢ UHy. If g € UzV, then & = wh for some u € U and
he H. Thusuw Ye; = h € A;NH = Hy. Hence &, € UHy, contradicting
the choice of L;. Therefore § ¢ UzV.

Suppose e; = uh, and ey = hgv whereu € U, v € V and hy,hs € H.
Since g = ey fies € UzV, hifihe € UzV. By (b) above, there exists
N<fPy such that hy fihy € NUzV. This implies that g ¢ NUzV.

(2) |lgll = 4 or g = fie1fo where ey € H; and f; € F\H. Since Py is
H-separable by Lemma 4.3, we can find L<yE and M <;F such that,
in Po = E/L sz F/M, ||g|| = ||gl|- Theng ¢ UzV.
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Case 3. ||z|| > 2. By induction, we assume Fp is U yVi-separable
for all y € Py with |ly]| < ||z|| and for any subgroup Ui, Vi < Aj.
Let Iy = (H3,H4,...,Hm_1)F. Then F = Fy - H is a split extension
of Fy by a retract H. Hence every element in Fy can be written as
(by)ajbs -+ an—1(bp)h, where h € H, 1+ a; € Hy and 1 # b; € Fp. Since
the other cases are similar, we consider the case x = bjay ---an—1bph
where h€ H,1# q, € Hy and 1 # b; € Fy.

(a) |lg]l < |lz||. Clearly =z ¢ UgV. Since |g|| < ||z||, by induction,
there exists N<;G such that x ¢ NUgV. Then g ¢ NUzV.

(b) llgll = ll].

Suppose g = e1f1 -+ ek, where k € H, 1 # ¢, € Hy and 1 # f; € Fy.
By Lemma 4.3, there exists N1 <y P such that e;, fi,a;,b; € N1H. Let
Py = E/(NiNE) »z F/(NtNF). Then [g]| = {g[| and [[Z] = liz].
Henceg ¢ UzV.

Suppose g = fie1 -+ fok, where k € H, 1 #¢; € Hy and 1 +# f; € Fy.

(1) Suppose f1 ¢ UbiHp. Since Py is H-separable (Lemma 4.3),
there exists N1<yPp such that a;,b;,e;, fi  N1H. By induction, there
exists Na<1fFy such that f; € NoUbiHp. By Lemma 4.1, there exists
L1<]fE such that L1 " H = NyN NN H, LiAi N I11H = L1Hy and
LiUNLiHy = Li(U N Hyp). Let M;<1¢F such that Ly " H = M1 N H.
Let L =L NN NNy and M = M; NNy NNy Let Py be as above.
Then {gll = |lgll and ||T]] = |lz||. f § = uzv for v € U and v € V,
then 71 = ﬂglﬁl for hy € H. Since U C Ay, U € Zl NH = Fo.
Since flabl € Fy, El =alc Ho. Thus ?1 = Eglﬁl € UbyHy, which
contradicts the choice of Ny. Hence g ¢ UzV.

(2) Suppose €1 fa---en_1fuk & Hoarba---an_1bphV. By induction,
we can find No<1yPysuch that ey fo---e,_1 fok & NoHpa1bg -+ an_1b,AV
Let Ny and Py be as in (1) above. If § = @Zv for u € U and v € V, then
71 = ﬂglﬁl for h1 € H and e1fo---ep_1frnk = Hl_lalbg -« Qp_1bphT for
some hy € H,ueUand v e V. As (1) above, hy = u~} € Hy. Hence
e1fo- en_1fnk € Hoaiby - - ay_10,AV, contradicting the choice of Ny.
Hence g & UxV.

(3) Suppose fi = ubjh; and e; f2:-eq_1fnk = hoarbz - an_1bhv
for some hi,he € Hy, u € U and v € V. Then we have bihihoaiby - --
an_lbnh ¢ Ub1a1 o an_lbnhV. Hence hlhg ¢ ZUﬂHo (bl)ZVﬂHo (a1 e
an_1bph). Let Up = UNHp and Vy = VNHy. By Lemma 4.6, Zy,,(b1) = 1
or Zy,(b1) = Uy and Zy, (a1 - ap-1bph) = 1 or Zy,(a1---ap—1bph) =
V.
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(i) Zy,(1) =1 and Zy, (a1 - - an—1bph) = 1. By Lemma 4.7, Zy, (a1
s Ap_1bph) = Zyy(a1) N Zy,y (b2) N -+ - N Zyy (b k). Hence, by Lemma 4.6,
either Zy,(a;) =1 or Zy,(b;) =1 or Zy,(bph) =1 for some 1 <i < nor
some 2 < j < n—1. This implies from Lemma 4.6 that there exists vy €
Vo such that [vg, a;] # 1 or [vg,b;] # 1 or [vg, bph] # 1. Similarly, since
Zy,(b1) = 1, there exists ug € Up such that [ug, b;] # 1. Since Py is RF
by Theorem 2.6, there exists Ny <1y Py such that hihy & Ny, [ug, b1] € Ny
and [vg,a;] € Ny or [vg, b;] & Ny or [vg, byh] & Ni. Let Na<iyPy be such
that a;,b; ¢ NoH. Let NyN NN H = S. Since S<¢H, by Lemma 4.1,
there exists L <1¢E such that LiNH = S, LiUNL1Hy = L1(UNHp) and
L1ANL1H = L; Hy. Similarly, there exists Ly<yF such that LyNH = S,
LV NLyHy = L2(V N Hg) and LoAN LoH = LyHy. Let K1 = N1 N
Ny N Ly N LyN Ay, Then K3<i;4; and ((K; N Hp) x (K3 N Hp))YP ¢
Ny O Ny. Let Py = Py/{(K1nN Hp) x (KN H)). Then Py is the
polygonal product of A;, Ao, ..., A, amalgamating central subgroups
H1,Hs,...,Hy, = Hy, with trivial intersections, where A; = A;/(K; N
Ho) X (Kl ﬂHl) is finite and Zg = Az/(Kl ﬂHl), 23 = Ag,... ,Zm_l =
Am_1and Ay, = A /(K1NHyp). By the choice of N1, we have [@g, b1] # 1
and [V, @;] # 1 or [Up,b;] # 1 or [Ug,byh] # 1. Hence, by Lemma 4.6,
ZUO(El) = 1 and ZVO(al---an_lbnh) = 1. By the choice of L; and
Ly, we have Uﬂﬁo = U N Hy, Vn_ﬁo = V N Hy, and Zl NH =
Ho. ‘We shall show that b1h1h2a1b2 v an_lbnh ¢ Ub1a1 v an_lbnhV.
Suppose bih1h2a1bs - - Gp_1bph = T1b1a1 - - @p—10,AT; for some uy € U
and 71 € V. Since @; € H; C Z(E), there exists Z1,%2,...,Zn—1 € H
such that bihihy = WbiZ1, @1 = Z]'@1%1, by = Z] b2Z2,..., byh =
E;ilbn_hﬁl. Also, since b; € Fy, we have hihy = UiZ1, Z1 = Z2, - ..,

Zn_9 = Zp—1 and Z,_1 = Eﬁlﬁ_l. Since hi,ho € Hy and u € Aj,
7 € AyNH = Hy. Hence z; = Z,1 ~% V1. Thus, by Lemma 4.7,
Z1 = U1. Now, since UNHy = UNHy and VN Hy = VN Hy, we
have @; € Uy and 77 € V. Consequently, @ € Zg, (1) = 1 and
U1 € Zy,(a1---an_1byh) = 1. Hence hihy = W7 = 1, contradicting
the choice of N;. Thus bihihsaiby---an_1bph & Ubray - - apn_1b,hV.
Hence g &€ UzV in Py. Since Py is RF by Theorem 2.6 and U,V C 4;
are finite, there exists N« fﬁo such that g € NUzV. Let N be the
preimage of N in Py. Then N<¢P and g ¢ NUzV.

(ii) ZUO (bl) = U() and Zvo(a1 . "an—lbnh) = 1. Then h1h2 ¢ Uo. As
in (i) above, either Zy;(a;) =1 or Zy,(b;) = 1 or Zy,(byh) = 1 for some
1<i<norsome2<j<n-—1 Asin (i) above, there exists N1 <P
such that either {vg,a;] € Ny or [vg, b;] € Ny or [vg, byh] € Ny for some




Separability properties of polygonal products 481

vg € Vy. By Lemma 4.3, we can No<iyf% be such that a;,b; ¢ NoH.
Moreover, by Case 1 above, we can assume that hihy & NoUy. Let
Ki=NnNNNLiNLyNA; and FQ—P()/((KlﬂHo) (KlﬂHl»PO
as in above. Then Py is the polygonal product of A Ay, ..., A, amal-
gamating central subgroups H 1,4 H,...,H,, = Hy, with trivial inter-
sections, where A; is finite and A; Ag, ey A1 =2 Ay, Asin (i),
we have Zﬁo(bl) Up and Z U( -+ ap_1bph) = 1. We shall show that
b1h1h2a1b2 e an_lbnh Q Ub1a1 s an~1b7lhv. If blhlhgalbg v an_lbnh
= Uibia;i - - - ap_1b,h0; for some U; € U and 77 € V then, as in above,
u € Zﬁo(l—)l) = UO and 7; € Zvo(al . "an_lbnh) = 1. Hence h—lhg =
0, € Up, contradicting the choice of Ny. Therefore byhihaaiby - - -
an-1bnh € Ubjay -+ - an_1b,hV. Then as in (i) above, we can find N<y Py
such that g &€ NUzV.

(iii) ZU()(bl) =1 and Zvo (a1 ce an_lbnh) = V[).

(iv) Zy,(b1) = Uy and Zy, (a1 - - an—1bah) = Vp.

The above two cases can be considered similarly.

(c) llgll = li=| +1.

(1) Suppose g = ey fy---enfuk, where k € H, 1 # ¢; € H; and
1 75 fl S FQ.

(i) Suppose e; € UH. Then e; ¢ UHp. By Case 1 above, N1<7Py
such that e; ¢ NyUHp. Since Fy is H-separable (Lemma 4.3), there
exists No<1yFy such that a;, b;,e;, fi € NoH. By Lemma 4.1, there exists
L]QfE such that LyNH = N1 NNoNH and L1A;NL1H = L1Hy. Let
Mi<sF such that Ly " H = MiNH. Let L = L N Ny N N2 and
M = M; NNy NNy Let Py = E/L %7 F/M be as above. Then
gl = llgll, |zl = [|z| and & & UHy. Ifg=uzvforuec U andv €V,
then & = why for h; € H. Since U C Ay, ©'e; = hy € A3 N H = H,.
Hence &, € UHj, contradicting the choice of N;. Hence § & UzV.

(i) Suppose e; € UH. Let e; = uhy for some v € U and hy € H.
Then hyfiep--- fuk ¢ UzV. Hence fleh--- fihak € UzV, where f] =
hlfihl_l € Fp and €] = hleihfl = e; € Hy. Thus, by (b} above, we can
find Py such that fleh--- flhik ¢ UzV. Hence g ¢ UzV.

(2) Suppose g = fie;--- fnenk, where k € H, 1 # ¢; € H; and
1# fi € Fy.

(i) Suppose e,k ¢ HV. Sincc e, € Hy C Z(E), e, ¢ HV. Hence
en & HoV. As in (i) of (1) above, N, <sP such that e, ¢ N1 HpV.
Let Py be as in (i) of (1) above such that ||g|| = |lgl, IZ|| = ||]z|| and
€, & HoV. If g = uzw for u € U and v € V, then e,k = hihv for
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hy € H. Since V C Aj, Enﬂ~1 = E_lil—li’; € Zl NH = ﬁo. Hence
&, € HoV, contradicting the choice of N;. Hence g & UzV.

(ii) Suppose e,k € HV. Let epk = hjv for some v € V and h; € H.
Then fies--- fuhy & UzV. By (b) above, we can find Py such that
fies - foh1 €UzV. Hence g & UzV.

(d) llgll > ] + 2.

(1) Suppose g = freg -« foenfni1k or |lg|| > n + 2, where k € H,
1#e; € Hyand 1 # f; € Fy. Let Pgy be as above such that ||g|| = ||g|l,
IZ|l = |lz]|. Theng¢ UzV.

(2) Suppose g = e1f1---enfnent1k, where k € H, 1 # e; € Hy and
1# fi € Fo. Ifei ¢ UH or enq1k = kepyy ¢ HV then, as in (c)
above, we can find Pg such that ||g|| = llgll, I|Z|| = ||z|| and & & UH,
or ni1k & HoV. Then g ¢ UzV as before. So we suppose e; = uhy
and e,y 1k = hovy, where uy € U, v1 € V and hj,hs € H. Then
we have hifies--- fuha & UzV. Hence fleh--- frhihy & UzV, where
fl=hifik7! € Fy and €} = hye;h;! = e; € Hy. Thus by (b) above, we
can find Py such that fleh--- fihihy ¢ UzV. Hence g & UzV. O

LEMMA 4.10. Let F = Ay, *p,, , -+~ *H, As and H = Hy * Hy be as
n (4.2).
(1) Let V C A3. For each S<yH, there exists M <y F such that MNH C
S, MVNMHy; =M(VNH) and MAsNnMH = M(AsNH) = MH,.
(2) Let V C A; where i # 3,m. For each S<isH, there exists M<sF
such that MNH =S, MVNMH; = M = M(VNH,) and MA,NMH =
M = M(A;N H).

Proof. (1) Let F = A,, g kg, Az, where A, = A, /(HoN S),
Ay = A3/(H;NS) and A; = A, for 3 < j < m. Let m:F—F
be a natural homomorphism. Then 71(S) = S <; H. Since V is a
central subgroup of As, by Theorem 3.9, there exists M;< fF such that
h & MV for all A € Ho\V. Let My = =7 (M;). Then M;<;F.
Let w: FF — H = Hy x Hy be a natural homomorphism by mapping
mw(h) = h for h € HyU Hy and n(k) = 1 for kK € H; where j # 0,2.
Let My = ’/T_l(SﬂMl). Then M2<]fF and Mo N H = SN M. Let
M = MyNM; Then M<fF and MNH C MpNH C S. Since
M C My, we have h @ MV for all h € Ho\V.

We shall show MV N MHy; = M(V N Hy). Let myv = mgh where
my,mg € M, v € V and h € Hz. Then myv = msh, hence heMV.
ThlS implies h € V by the choice of M. Let h = %, where v; € V. Then
hvy Le KermnAs = (HOHSHQOS) NAz = HyNS. Since h € Hy,




Separability properties of polygonal products 483

v1 € HyN'V. Also, since hvl_l € Ker m C M, hvl_l € MinsS C
Ms. Hence hvl_l = mg € M and v; € V N Hy. Therefore mgh =
mamagv] € M(V M Hg). This shows that MV N MHy C M(V N HQ).
Thus MV N MHy = M(V N Hy).

Clearly M (AsNH) = M Hs. We shall show M A3NMH = M(AsNH).
Let mh = maoa where my,my € M, a € Az and h € H. Since H3 C
ker m C M2 and A3 = Hg X Hg, A[QA'; ﬂ]\/.[QH = A[2H2 n ]\/IQH =
MsHs. Then mih = moa = msh; where mg € My and h; € Hs. Thus
mglml =hh ' e MynH = M;NS. Hence mg € M and mh = maa =
msh1 € MHy = M(AgﬂH). This shows that M AsNMH C ]\/[(AgﬂH)
Hence MAsNMH = M(A3 N H).

(2) Let 7 be as above. Let M = w!(S). Then M N H = S. Since
VcA, C keran C Mfori+#3,m, MV =M and MA; = M. Hence
MV NONMHy, =M = MV NH,;) and MA,NMH = M = M(A;NH)
for i # 3, m. 0

THEOREM 4.11. Let Py be as above. Then Pq is { A;, A;}-d-separable.

Proof. It suffices to show that Py is {A1, A;}-d-separable. Let U <
A,V C A; and g € UzV where g,z € Fy. By Theorem 4.9, we may
assume ¢ # 1. We have to consider the following cases, (1) V C Ay or
V CAm, (2)V C Az, and (3) V C A, for i # 1,2,3,m. The case (1)
is similar to Theorem 4.9 and the case (3) is easier than the case (2).
Hence we shall consider the casc (2).

Sowelet U < A1,V C Azand g &€ UzV where g,z € Py. Let E, F, H
be as in (4.1) and (4.2) above. Then Py = E xy F. We shall find L F
and M<yF with LN H = M N H such that, in Py =E * F where
E = E/L and F = F/M, |z|| = ||z||, lg| = |lg|| and g ¢ UzV. Since
Py is RF and UzV is finite, we can find N<sG such that g ¢ NUzV.

Case 1. z € E.

(a) g€ E. Sinceg g UzV and V C F, g ¢ Ux(VNH) = Uz(VNHy).
By Theorem 3.9, there exists L;<fE such that g ¢ L1Uz(V N Hp). By
Lemma 4.10, there exists M <yF such that M NH C L1 N H, MV N
MHy; = M(V N Hy) and MA3 " MH = MH,. By Lemma 4.2, there
exists Lo<iyE such that Ly " H = M N H. Let L = L1 N Ly. Then
LNH=MnNH. Let Py :E*Hfbe as above. If ¢ = wzv € UzZV,
then e HNV € HN A3 = Hy. Hence v € HyNV =V N Hy. Thus
g =uzv € UZ(V N Hy), contradicting the choice of L;. Thus g ¢ UzV.

(b) g€ F\H.

(i) z € H. Then g ¢ (UN Hy)zV in F. By Theorem 3.9, there
exists M<¢F such that g ¢ M (U N Hy)zV in F. By Lemma 4.1, there
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exists Ly FE such that LN H = M NH, LUN LHy = L(U N Hy) and
LA1NLH = LHy. Let Py = E 5 F be as above. If § = wav € UzV,
thenw € HNU C HNA; = Hy. Hencew € HyNU = U N Hy. Thus
g =uzv € (U N Hp)zV, contradicting the choice of M. Thus § ¢ UZV.

(ii) x € F\H. Since E = H; x H, we can put x = ajh, where
l#£a1€ HHandhe H. Ifx € UH, thena; € UH. Let a; = ujh; where
ui € Uand hy € H. Then g ¢ UzV = Uh1hV. By above (i), we can find
Py such that g &€ Uh AV = UzV. Suppose z ¢ UH. Then a; ¢ UH,.
By Theorem 3.9, there exists L1 <1y £ such that a; € LU Hp. Since Py is
H-separable by Lemma 4.3, there exists N1 <y Py such that z,g € N1 H.
By Lemma 4.1, there exists Lo<iyE such that Ly,N H = LN N; N H,
LoUNLoHy = Lz(UﬂHo) and Lo A1 N LyH = LyHy. Let M, <]fF such
thatMlﬂH—LzﬂH LethLlﬂLgﬂNlandM MlﬂNl
InPO—E* Fa1¢UH0,UﬂHQ—UﬂH0aHdAlﬂH HO If
g = uxv € UzV, then uZ € H. Hence ua; € H N A; = Hy. Hence
@, € UHy, contradicting the choice of Li. Thus gaUzV.

(c) llgll = 2. If|lgll > 3orif g = fie; where fi € F\H and e; € E\H,
then we can find Py = E *3 F such that |[gf| = |lg|l. Then g ¢ UzV.
Thus, we suppose g = e1 fi1 where 1 # e; € Hy and f; € F\H.

(i) z € H. If ey ¢ UHy, as before, we can find L<sE such that
e1. ¢ LUHy, LUNLHy = L(U N Hy) and LA; N LH = LHy. Let
M<1fF such that MNH =LNH and fi ¢ MH. In Py = E*HF if
g =ef1 = uxv € UzV, then €, = uzh and f, = A for some h € H.
Hence T~ 'e; = Th € HNA; = Hy. Hence &, € UHj, contradicting the
choice of L. Thus g ¢ UzZV. If e; = uhg € UH,, then hof1 ¢ UzV.
Since hofi € F, by (b) above, we can find Py = E * 5 F such that
hofi €UzV. Hence g ¢ UV .

(ii) z € F\H. Asin (ii) of (b) above, let £ = a1h, where 1 # a; € H;
and h € H. If fi € HohV, there exists M <y F such that f; € M HyhV
and f; ¢ MH. Let L<yE such that LN H = M NH, LUN LH, =
L(UNHy) and LAyNLH = LHy. In Py = E+z F, if g € UzV
then e1f1 = uzv for some u € U and v € V. Hence €; = ua1z and
f1 =z 1A% for some z € H. Thus a; % 'e; =z HN A; = Hy. This
implies f; € HohV, contradicting the choice of M. Thus g & UzV. If
f1 = hohv € HohV, then e1hoh & UxV. Since e1hgh € E, by (a) above,
we can find Py = E *z F such that e;hoh € UzV. Thus § ¢ UzV.

Case 2. z € F\H.

(a) g € E. Since g € UzV, clearly z ¢ UgV. By Case 1, we can find
N <17 Py such that x ¢ NUgV. Hence g ¢ NUzV.
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(b) g€ F\H.

(1) Suppose g ¢ HozV. By Lemma 4.3 and Theorem 3.9, there
exists M < F' such that g,x ¢ MH and g ¢ M HozV. By Lemma 4.1,
there exists L<iyE such that LN H = M NH and LA; N LH = LH,.
Let Py = E/L = F/M as above. Then g ¢ HozV, g, € F\H, and
HNA =Hy fg=uzvforucUandveV,thenuec HNA; = Hy.
Hence § = uav € HoZV, contradicting the choice of M. Henceg & UzV.

(2) Suppose g = hjzv for some hy € Hyp and v € V. Then g =
hizv & (U N Hp)zV in F. By Lemma 4.3 and Theorem 3.9, there exists
M<¢F such that g,z ¢ MH and g ¢ M(U N Hp)zV. By Lemma 4.1,
there exists L<i¢F such that LNH = M NH, LUNLHy= L(U N Hp),
and LA, NLH = LHy. Let Py = E/L #57 F//M. Then, as in (1) above,
g UzV.

(c) |lg|l = 2. This case is similar to (c) of Case 2 in the proof of
Theorem 4.9.

Case 3. ||z|| > 2. By induction, we assume Py is U;yVi-separable
for all y € Py with ||y|| < ||z|| and for any subgroup U; < A; and any
Vi < As. Let Fy = (H3, Hy,...,Hyp 1), Then F = Fy - H is a split
extension of Fy by a retract A. Hence every element in P, can be written
as (br)aiby---an—_1(bn)h, where h € H, 1 # a; € Hy and 1 # b; € Fp.
Since the other cases are similar, we here consider a relatively complicate
case, T = a1by -+ apb,h where h € H, 1 # q;, € Hy and 1 # b; € Fp.

(a) llgll < llz||. Clearly = ¢ UgV. Since |ig|| < |iz||, by induction,
there exists N<fG such that z ¢ NUgV. Then g ¢ NUzV.

(b) ligll = |-

Suppose g = fiey -+ faenk, where k€ H, 1 #e; € Hy and 1 # f; €
Fy. By Lemma 4.3, there exists N1<yPy such that e;, fi,a;,0; € N1H.
Let Po = E/(Ny 1 E) =7 F/(Ny 0 F). Then gl = llgll and 17| = [lz].
Hence g ¢ UzV.

Suppose g = e1f1 - enfuk, where k € H, 1 #e; € Hy and 1 # f; €
Fp.

(1) Suppose e1 € UayHy. Since Py is H-separable (Lemma 4.3),
there exists N1<fFy such that a;,b;, ¢, fi € N1H. By Theorem 3.9,
there exists L1<\yF such that ¢; ¢ LiUa1Hp. By Lemma 4.1, there
exists La<tgE such that Lo N H = NyNLyNH, LyA; N LyH = LaHy
and LoU N LaHg = Lo(U N Hy). Let Mi<yF such that M; N H =
LiNLsNNiNH. Let L = N;NI;NLy and M = N;NM;. Let Py be as
above. Then ||g|| = ||g]| and ||Z|| = ||z||. Hg=uZvforu € U andv € V,
then &, = wa,h; for hy € H. Since u,e1,a; € A1, by € A; N H = Hy.
Thus 2, € Ua1 Hy, which contradicts the choice of L;. Hence g & UzV.
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(2) Suppose fiea---enfuk & Hobias - - - apby, AV . By induction, there
exists No<1yFp such that fies---enfnk & NoHgbrag - - - anbyhV. Let Ny
and Py be as in (1) above. If g = uzv for u € U and v € V, then &, =
warhy for by € H and fieg - enfnk = El—lblaz - apbphT for some h; €
HucUandveV. As (1) above, hy € Hy. Hence fieg---enfok €
Hobyay - - - anby,hV, contradicting the choice of Ny. Hence g & UzV.

(3) Suppose e; = uajh; and fies---e,fuk = hobjaz - - a,byhv for
some hy,hy € Hyp, w € U and v € V. Then we have ajhihabias - - - anbrh
g Uaiby - - - anbyhV. Hence hihy & Zynn,(a1)Zvam,(by - - - anbnh). Since
U C Ay and V C As, ZUnHO(al) =UNHyand VN Hy = 1. Let
Uy = UN Hy. Hence hihy € U. As in Case 3 of Theorem 4.9, we can
find N<y Py such that hihy ¢ NU and a;,b; ¢ NH. By Lemma 4.1,
there exists L<iyFE such that LN H = S, LU N LHy = L(U N Hy), and
LAy N LH = LHp. Similarly, by Lemma 4.10, there exists M <1¢F such
that MNH =5, MVNMHy; = M(VNHs),and MAsNMH = MH,.
Let

S={(NNLNHy) x(NNLNH),(NNMnHy) x (NnMn H;))?.

Then S C N and Py = Py/S is the polygonal product of Ay, Ay, ..., A,
amalgamating central subgroups Hy, Ho, ..., H,, = Hy with trivial in-
tersections, where A,, A3 are finite and A; & A; for j # 1,2,3,m. Now,
by the choice of L, we have U N Hy = U N Hy. Clearly, since V C As,
Vﬂﬁo =1.Ifge —(TLI?V, then ajhihobiras - - - apbyh = Wia1by - - - anb hv1
for some u; € U and 7; € V. Thus, as in (i) of Case 3 in the proof of
Theorem 4.9, we have hihy = W;7;, where W € Zﬁo(al) = Uy and
T € ZVnFo(bl -+~ apbyh) = 1. Thus h1hy € U, contradicting the choice
of N. Hence g ¢ UzV in Py. Since Py is RF and U,V are finite, there
exists N<1yPg such that § ¢ NUzV. Let N be the preimage of N in
Py. Then N<yPy and g ¢ NUzV.

() ligll = llz|l + 1.

Let Py be as above such that [[g|| = |ig|| and ||Z]] = ||z||. Then
G&UzV. 0

LEMMA 4.12. Let P be a polygonal product of central subgroup sep-
arable groups G1, Gy, ..., G, (m > 4), amalgamating central subgroups
Hy,Hs,...,H, = Hy, with trivial intersections. Let A; = H;,_; x H;.
Then P is A;-finite for all i and Hy * Hy-finite.

Proof. Let Py be the reduced polygonal product of abelian groups
A1, As, ..., Ap, where A; = H,_; x H;, amalgamating subgroups H,, H»,
.oy Hyy = Ho. Let H = Hyp + Hy. Then Py = E xy F as in (4.1) and
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(4.2). Since E and F are tree products of central subgroup separable
groups A;, E and F' are A;-finite by Corollary 2.8. By Lemma 4.2, F and
F are H-finite. Thus, by Lemma 2.4, Py = E g F is A;-finite for all 4.
Let P, =(--- ((Po*a, G1) %4, G2) -+ ) %4, G;. Then P = P,y %4, G-
By induction, we assume that P,,_; is A;-finite for all i. Thus P,,,_1 and
G, are Ap,-finite. Hence, by Lemma 2.4, P = P,_1 %4, Gy, is A;-finite
for all 4.

Now we shall show that P is H-finite. F, is A;-finite by above and
G, is A;-finite by Corollary 2.8. Since Py is H-finite by Lemma 4.2,
P = Py %4, G; is H-finite by Lemma 2.4. Inductively, suppose Pp,_1
is H-finite. Then P = P, _1 %4, G is H-finite by Lemma 2.4 again,

since P,,_1 and G,, are A,,-finite. O

LEMMA 4.13. Let P be a polygonal product of central subgroup sep-
arable groups G1,Ga, ..., G, (m > 4), amalgamating central subgroups
H{,Hs,...,H,, = Hy, with trivial intersections. Let A; = H;_1 x H,.
Then P is A;-separable for all i and Hg *x Ho-separable.

Proof. Let P; be as in above. Since FE and F are tree products of
central subgroup separable groups A;, £ and F are A;-separable by
Corollary 2.8. Also E and F are H-finite (Lemma 4.2) and H-separable
(Lemma 4.3). Then, by Lemma 2.5, Py = E g F is A;-separable for
all i. Inductively, suppose P,,_; is A;-separable for all i. Now FPp,_1
are A,-finite by Lemma 4.12 and A,,-separable by assumption. Also
G, is Ap-finite and A,,-separable by Corollary 2.8. This follows from
Lemma 2.5 that P = P,,,_1 *4,, GG, 18 A;-separable for all 1.

Now Fp and G; are Aj-finitc and A;-separable. Since Py is H-
separable (Lemma 4.3), by Lemma 2.5, P, = Py x4, G1 is H-separable.
As before, inductively, we can see that P = Py, _1%4,, Gy, is H-separable.

O

LEMMA 4.14. Let G be a central subgroup separable group and Hj,
Hy < Z(G) such that Hi N Hy = 1. For each U<yH; x Hj, there exists
N<«yG such that NN H; =UNH; and NN Hy = Ho.

Proof. Since U N Hy<1yHy, let hg = 1,hy,..., hs be coset represen-
tatives of U N Hy in Hy. Then h; ¢ (UN Hy)Hy; C Z(G) for i # 0.
Since G is central subgroup separable, there exists M <yG such that
hi @ M(U N Hy)Hj for all ¢ # 0. Let N = M(U N Hy)Hy. Then N<;G,
NNHy=Hyand UNH; ¢ NN H;. Toshow NNH, c UnN Hy, let
z € NN Hy. Then z = h;u for some 7 and some u € U N H;. Since
z,u € N, h; € N = MU N Hy)H;. By the choice of M, this implies
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h; = 1. Hence x = u € U N H;. This shows that NN H; ¢ U N H;.
Hence NN Hy =UNH,;. [

LeEMMA 4.15. Let P be a polygonal product of central subgroup sep-
arable groups A, G, ..., G, (m > 4), amalgamating central subgroups
Hy,H,,...,H,, = Hgy, with trivial intersections, where A = Hy x Hj.
For every U<iyA, there exists N<\yP such that NN A = U and if
Nz ~p/y Ny for any z,y € A then Nx = Ny.

Proof. Let U<y A be given. Consider V = (U N Hy) x Hp—1 <5 Hy x
Hy,—1. By Lemma 4.14, there exists M <1yGy, such that M N Hy =
VNHy =UNHyand MN Hy,_1 = Hp—;. Similarly, by considering
(UNHy) x Hy <5 Hy x Hy in Gy, there exists L<yGy such that LNHy =
UNH; and L N Hy = Hy. Let @m = Gm/M, A= A/U, 52 = Gz/L
and P = G, T, A 7, Gy. Then P = P/{U,Gs,... ,Gm_l)P. Hence
there exists a natural homomorphism 7 : P — P by mapping n(y) = 1
fory € UUG; (i # 2,m). Since Gy, A, Gy are finite, P is trivially a
tree product of central subgroup separable groups amalgamating central
subgroups. Hence P is conjugacy separable by Theorem 2.2 and, by
Lemma 2.10, T #5 ¥ for all T # § € A. Thus, there exists N< f_f_’ such
that NNA=1and NZ *B/N Ny for allT #7 € A. Let N = n~}(N).
Then NgP, NN A = U and if Nz ~p/y Ny for any z,y € A then

Nz = Ny. O
LEMMA 4.16. Let P be a polygonal product of central subgroup sep-
arable groups A, Ga, ..., Gm (m > 4), amalgamating central subgroups

Hi,H,, ..., H,, = Hgy, with trivial intersections, where A = Hy x Hj.
Let A; = H;—y x H; and S < A;. For every U<y A, there exists N<yP
such that NNA=U and NANNS =N(ANS).

Proof. If S C A then the lemma holds trivially by Lemma 4.12. Hence
we consider the following cases:

Case 1. S C Gy (or S C Gry).

Llet E=A *H, GQ, F = Gm *H, 1 Gm—l *H,,_o """ *Hj G3 and H =
Ho * Hy. Then P = E +g F. By Lemma 2.9, there exists L<sFE such
that such that LN A = U and LANLS = L(ANS). Since P is
H-finite (Lemma 4.12), F is H-finite. There exists M <¢F such that
MNH =LNH. Let G = E 5 F where E = E/L and F = F/M. Since
A, S are finite and P is RF, there exists N<1;P such that NNA =1
and @ € NS for all @ € A\S. Let N be the preimage of N in P. Then
clearly N<sP and NN A = U. To show NANNS C N(ANS), let
nia = nos, where a € A, s € S and ny,ng € N. Then ma@ = 7s5.
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Hence @ € NS. By the choice of N, @ € S. Thus, for some [ € L,
a=1Ise LANLS = L(AN S). This implies a = l;d for some I; € L
and d € ANS. Hence ad ! =14 € ANL =U c L ¢ N. Thus
Na = Nd € N(ANn S). This shows NANNS C N(ANS). Therefore
NANNS=N(ANS).

Case 2. S C G, for i # 2,m.

As in the proof of Lemma 4.15, let P = G,, *H, A *H, G, where
A= AJU, Gy = G/M and Gy = Gy/L are finite. Then § = 1.
Since P is RF and A is finite, there exists Ndfﬁ such that NN A = 1.
Let N be the preimage of N in P. Then N<fP, NN A = U and

NANNS=NANN=N=N(ANS). a
THEOREM 4.17. Let P be a polygonal product of central subgroup
separable groups G1,Gs,..., G,, (m > 4), amalgamating central sub-

groups Hi,Hs,...,H,, = Hy, with trivial intersections. Let A; =
H;_1 x H;. Then P is {A;, A;}-d-separable for all 1, j.

Proof. The reduced polygonal product Py, which is a polygonal prod-
uct of abelian groups A1, As,....A,,, where A; = H;_; x H;, amalga-
mating subgroups Hy, Ho,...,H,, = Hy, with trivial intersections, is
{Ai, A;j}-d-separable by Theorem 4.11. Let P; = (--- ((Py x4, G1) *a,
Ga) -+ )*4,Gi. Then P = P, = Pp,_1%4, Gn. By induction, we assume
that Pp,_1 is {A;, A;}-d-separablc for all 7, j. To prove the theorem, we
apply Theorem 3.5 to P = P *4,, Gy

D1. By induction, Pp_1 is {An, A, }-d-separable, hence {Ap,}-d-
separable and G,, is { A, }-d-separable by Theorem 3.9.

D2 and D3. By Lemma 4.7 and Lemma 4.15, P,,_; has the property
D2 and D3, respectively. Since A,, C Z(G,,), G, has the property D2.
To see that G,, has the property D3, let U<15A,,. Since Gy, is A,,-finite,
there exists M <G, such that AfNA,, = U. In Gm=G/M,ifz ~a. Y
for z,y € A, then T =7, since =,y € A,, C Z(Gy). Thus Gy, has the
property D3.

D4'. P,,_1 has the property D4’ by Lemma 4.16.

By induction, Pp_; is {4, Ai. Aj}-d-separable. Hence, by Theo-
rem 3.5, P = Pp_1 x4, Gm is {Anp, Ai, Aj}-d-separable. Thus P is

{Ai, Aj}-d-separable. O

COROLLARY 4.18. Let P be a polygonal product of central sub-
group separable groups G1,Ga, ..., G,, (m > 4), amalgamating cen-
tral subgroups Hi, Hs,...,H,, = Hy, with trivial intersections. Let

A, = H;_1 x H;. Then, for each i and j, P is Aia:Aj—separab]e for
T € P.
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5. Conjugacy separability

In this section we use the criterion in [11] to show that polygonal prod-
ucts of polycyclic-by-finite groups amalgamating central edge groups
with trivial intersections are conjugacy separable.

DEFINITION 5.1. Let G be a group and let H be a subgroup of G. We
say G is H -conjugacy separable if, for each x € G such that {m}GﬂH ={,

there exists N<;G such that, in G = G/N, {Z¥NnH=9.

We note that if H C Z(G) then G is H-conjugacy separable if and
only if G is H-separable. Thus, if G is central subgroup separable and if
H C Z(G) is finitely generated, then G is H-conjugacy separable. More
generally, we have:

THEOREM 5.2. [11, Thoerem 3.14] Let G be a tree product of n
central subgroup separable groups amalgamating central edge groups.
Let H be a finitely generated central subgroup of a vertex group of G.
Then GG is H-conjugacy separable.

LEMMA 5.3. Let P be the polygonal product of central subgroup sep-
arable groups A, G, ..., Gy, (m > 4), amalgamating central subgroups
Hy,Hy,...,H,, = Hy, with trivial intersections, where A = Hy x Hj.
Then P is A-conjugacy separable.

Proof. Let z € P and {2}’ NA = (. Let E = Axg, Ga, F =
Gm *H,,_, - *Hs G3, and H = Hy x Hy. Then P = E xy F. Clearly
z ¢ A. We may assume that z has minimal length in its conjugacy class
in P=FExg F.

Case 1. Suppose z € E. Thus {z}¥ N A = (. Moreover, we can as-
sume that = has minimal length in its conjugacy class in £ = A xg, Gs.

(@) ||z|| = 2 in E. Since z has minimal length in its conjugacy
class in E, z is cyclically reduced in E, say, £ = aib; - - - a,b,, where
a; € A\H; and b; € Go\H;. Now A = Hy x Hy. Thus, we can assume
1 # a; € Hp. Since G is central subgroup separable, there exists
Lo<15Go such that b; ¢ LoH; for all 4. Similarly, since a; € Gp\Hm-1,
there exists Ly, <¢Gy, such that a; ¢ Ly Hpm—1 for all i. Now (Lo Hy N
Hj) x H3 <y Hy x H3. By Lemma 4.14, there exists L3<1yG3 such that
L3N Hy = LoHy N Hy and L3 N Hy = Hs. Let Em = Gm/LmHm—b
Z = A/(LmHm_l N Ho)Hl, 62 = Gz/Lng, and 63 = G3/L3. Let

-P = @m *-1_70 Z *ﬁl ég *ﬁ2 63.



Separability properties of polygonal products 491

Since H; = 1, A = Hy C G,,. Hence P = G, *+ Gs *7, G3. Then
there exists a natural homomorphism 7 : P — P by mapping 7(y) = 1
for y € G; (i # 2,3,m). Note that 1 #a, € Hy C Gy, and 1 # b; € Gs.
Thus, in P = G, x B, where B = Gy 57, G, we have ||z]| = |z]| = 2n.
Since A = Hy C G,,, by Theorem 2.1, T 76[, aforalla € A. Now P is
conjugacy separable by Theorem 2.2, since G, Ga, G5 are finite. Hence,
there exists N<i; P such that N %P/N Na for all (finitely many) @ € A.
Let N = 7m7!(N). Then N<¢P and Nz #p/n Na for all a € A. Hence
{Nz}P/NNNA/N = 0.

(b) r =b € GQ\Hl. Let L2<fG2 such that b; ¢ LoHq. Let
Go = Ga/LoH; and G = G3/L3 be as above. Consider the natural
homomorphism 71 : P — G *5 G3 by mapping 7(y) = 1 for y € G;
(i #2,3). ThenZ # 1 and @ = 1 for all @ € A. Since P is RF, there
exists N<ifP such that T ¢ N. Let N = 7] ~“I(N). Then N<yP and
Nz # N and Na = N for all a € A. Thus {Nz}/N " NA/N = 0.

Case 2. Suppose z € F\H. Since {z}" N Hy = 0, {z}' N Hy = 0.
Let Gy = G3/Hy and G; = G fori # 2. Let P = GQ*H G3* SERELS -
Gm. Then there exists a natural homomorphism 7 : P — P by mappmg
m(y ) =1for y € H;. Clearly A = Hy C G,,. Consider P = G5 x5, F,
where F = G3 XFy T *H. G,n. Clearly {’L}F NHy =0, since F = F.
We shall show that {z}¥ N Hy = 0. Suppose T ~ k for It € Hy.

(1) If T has the minimal length 1 in its conjugacy class in P = Gy *g, F
then, by Theorem 2.1, Z,h € F and Z ~% = h, contradicting the fact that
{l‘}F n HO = 0.
(2) If  has the minimal length 0 in its conjugacy class in P, say T ~5 Z
for Z € Hj, then there exists z; € Hy such that 7 ~% 73 ~G, %2 ~F
-+ ~g, Zr =2 by Theorem 2.1. Since Hp C Z(Gq), Z Zi ~g, Zi+1 implies
Z; = Zj+1. Thus we have T ~ z. Also, since T ~5 h, h ~5 7 2. Then,
as above, h ~xZ. Hence T ~4 h which contradlcts {Z} N Hy = 0.

Consequently, {E}Tjﬂffo = (). Now clearly P is a tree product of central
subgroup separable groups amalgamating central subgroups. Hence, by
Theorem 5.2, there exists N<i; P such that {Nz}*/N " NHy/N = 0.
Since A4 = Hg, we have {Nz}!/YNNNA/N = . Let N = 71 1(N). Then
N<sP and {Nz}’/"N N NA/N = 0.

Case 3. Suppose z ¢ F U F. Since x has minimal length in its
conjugacy class in P = FE %y F', z is cyclically reduced. Let z =
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erfi---enfn, say, where ¢; € E\H and f; € F\H. Since P are H-
separable (Lemma 4.13), there exists M<isP such that e; ¢ MH and
fi @ MH. Let P = E/(M NE) x5 E/(M N F). Then |Z) = ||z| = 2n.
Thus {Z}¥ N4 = @ by Theorem 2.1. Since 4 is finite and P is conjugacy
separable (Theorem 2.2), as in (a) of Case 1, we can find N<¢P such
that {Nz}’/NNNA/N = 0. O

Using the following criterion, we shall show the conjugacy separability
of our polygonal products of central subgroup separable groups, with
trivial intersections (Theorem 5.5).

THEOREM 5.4. [11] Let G = A xy B and H C Z(A). Suppose A and
B satisfy the following:

C1. Both A and B are conjugacy separable.

C2. A, B are H-finite.

C3. B is H-conjugacy separable.

C4. G is HxH-separable for x € G.

C5. For every M1<1;B, there exists M <y B such that M C M, and, in
B =B/M, we haveﬁf/JEE forall h # k in H.

Then G is conjugacy separable.

THEOREM 5.5. Let P be a polygonal product of central subgroup
separable and conjugacy separable groups G1,Ga,..., Gy (m > 4),
amalgamating central subgroups Hi, Hs, ..., H,, = Hg, with trivial in-
tersections. Then P is conjugacy separable.

Proof. By Theorem 4.8, the reduced polygonal product Py is conju-
gacy separable. Let P, = (--- ((Py #4, G1) *4, G2)---) #4, G;. Then
P =P, = Py,_1 *4,, G. By induction on m, we can assume Pp,_; to
be conjugacy separable. To prove the theorem, we apply Theorem 5.4
to P = Pp—1 *4,, Gm-

Cl. By assumption, Pp,—1,Gm are conjugacy separable.

C2. Pp—1 is Ap,-finite by Lemma 4.12 and G,,, is A;,-finite by Corol-
lary 2.8.

C3. Since A,, C Z(Gy,) and Gy, is A,-separable, Gy, is A,,-conjugacy
separable. By Lemma 5.3, P,,_; is Ap,-conjugacy separable.

C4. By Corollary 4.18, P is A,z A,-separable for z € P.

C5. Let M1<¢P,_, be given. Then U = Mj N Ap, <f Am. By
Lemma 4.15, there exists My<1yP,_1 such that M N A,, = U and,
in Py = Ppn1/My, if ~p  § for 2,y € Ap then & = §. Let
M = M;N M;. Then M<fP,_1. Let Ppo1 = Ppn_1/M. Suppose
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T~p  Ylorz,ye Ay Then i ~p 3. Hence Z = § by the choice
of My. Thus y~ 'z € MyN A, = U = M; N A,,. Hence y 'z € M, that

sz =1.
Consequently, by Theorem 5.4, P = P,_1 *4,, G, is conjugacy sep-

arable. n

Since polycyclic-by-finite groups are conjugacy separable [4] and sub-
group separable ([15] or [18, p.148]), we have the following:

THEOREM 5.6. Let P be a polygonal product of polycyclic-by-finite
groups G1,Go, ..., Gy, (m > 4), amalgamating central subgroups Hj,
Hy, ..., H, = Hy, with trivial intersections. Then P is conjugacy
separable.
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