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ANALYTIC SOLUTIONS OF A
FUNCTIONAL DIFFERENTIAL EQUATION
WITH PROPORTIONAL DELAYS

JIAN-GUO SI AND Sul SUN CHENG

ABSTRACT. By means of the method of majorant series, sufficient
conditions are obtained for the existence of analytic solutions of a
functional differential equation with proportional delays.

1. Introduction

Functional differential equations with proportional delays have been
studied to some extent by many authors. In particular, in [3, 6], asymp-
totic behaviors of solutions of the equation

Y (@) = ay(Az) + by(z),
are discussed. In [4], the exponential order of the solutions of the equa-
tion
y'(2) = Ay(2) + By(Az) + Cy'(n2)

is discussed. In [5], the well-posededness of the equation
Y (1) =ay(t) + > biy(ait) + D ciy/ (pit)
i=1 i=1

is discussed. In [1], Ifantis discusses the existence of analytic solutions
of linear homogeneous functional differential equation

K o0
FE )+ i@ fE(2) + ) an(2)f(g"2) = 0.
i=1 n=1
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In this note, we will obtain sufficient conditions for the existence of
analytic solutions of the following equation

K
(1) 5+ dil2)fE +22wn (2)f 5 (pag2) = 9(2),

i=1 n=1 j=0
under the initial conditions
(2) fO0) =&, t=012,...,K-1

More specifically, we will show that analytic solutions of (1)—(2) exist
when ¢;, ¥n;, g are analytic in a neighborhood of the origin, or, when
g = 0 and 2'¢;, 2%y, are analytic in a neighborhood of the origin.

2. Main results
For the sake of convenience, the generalized factorial function hlrl(z)
will be employed: hl%(z) =1 and
W(2) = h(2)h(z =1)---h(z—n+1), n=12,....
Note that when k, n are nonnegative integers such that k > n,
k!
(k —n)!

K =k(k—1)--(k—n+1) =

THEOREM 1. Suppose |pp;| < p < 1forj=0,..., K andn =1,

2, ..., T and suppose ¢1, ..., dr, Y10, Y11, --., Y7K as well as g are
analytic functions of the form

o0
¢i(z) = Z¢imzm, 1=1,2,..., K,
Pnj(2) = Zd’n]mz ji=0,....,K; n=12,...,T,

= Z gmzm
m=0

for |z| < 7, and

T
1+ Yno(O)py #0, m=0,1,2,....

n=1
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Then the initial value problem (1)—(2) has a unique analytic solution in
the region defined by |z| < 7.

Proof. We will seek an analytic solution of (1) in the form

(3) f(z) = E fm2™,
m=0

which satisfies the initial conditions (2), that is, fm = &n/m! for m =
0,1,...,K—1. Substituting (3) into (1), we see that {f}3°_, is formally
determined by the difference equation

. T
gm = (K+m)[K]{1+Z¢noop%}fK+m

n=1

(K —t+m— s)[Kvﬂd’z'st—i—f—m—s

N

+

(K =5+ m)E N iop™ ficjm

+
Mo B
M= il

3
i
—
L)
il
—

m
(K —j+m— ) B p™° fre_jym—s

s=1

+

E
] =

n

I
i
[
i
o]

for m > 0. In order to show that f(z) is an analytic solution, we pick
an arbitrary number 7 in (0,7). By Cauchy’s inequality, there exists a
positive number M such that

M M M

b )
m Tm

for 1 <i< K,0<j< K and n > 1. Note that since |pp;| < p <1
for j =0,...,K and n = 1,2,...,T, we may pick a positive integer
N > K — 1 such that

T
T'm=1- [¥noollpro|™ >0, m>N.

n=1

Define a majorant sequence {S,,}>°_, of the sequence {f,}5_, as fol-
lows: for 0 <t < N, let By,..., By be arbitrary positive numbers which



228 Jian-Guo Si and Sui Sun Cheng

satisfy

= 9] < .
§K-1 ‘
S
| fr-1l i(K—l)! < Bg-1,

and we let S; = B, for 0 <t < N; and for t > N, we define S; recursively
by

ek, — t—i—s)! M
(t — K)!St - Z 2 (t— K — s)!FSt‘H

It is not difficult to see that the sequence {Sy,} defined above is positive
and majorizes the sequence {f.,}, that is, |fm| < Sy, for m > 0. We
assert further that

1
limsup SX/™ < .
mM—00 T
To this end, note that for m > N,
(m+ D)!mi1-k o
(m+1-K) ~m™
_ m!M 1K ml M _
(m_+_1_ (1+Z|pn| ) _K!Tlenﬂl
(m+1-—1) (m+1-—1)
+MZ m_|_1 m+1 1+MZZ m+1-K Sm+1]
n=2 j= 2
K m+1-K

m+1—z——s)' M
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1 (m— ] K
+TZZ Mlpw|m Sm—j
n=1 j= 1
o K m+l-K
(m+1—j7—-s)! M 1 M
+ - ZZ Z m+1_ _3)! s—lSm+1_j_5+;7-m—K'
n 1j=0 s=2
Then by straightforward calculations, we obtain

T
Sm+1 1 [M ( +1_K) Im+1-K
= 1 m — T
Sm I'mti—xg lm+1 +g;1ipn1| +7' m+1 m-K
T K

(m+1-K)M K (m+1—-)!Spy1—i
4 m= M
) e ;'p""l M ; m+ 1)l Sn

T K .
(m+1-—j)! 1-K Om+1-j
ME E A NG A TS L mreTa
+ oy (m+1)! [Prs| Sm ]

It follows that
Sm+1 S 1 lm+1-K
Smn T Tmyi-xk™ m+1

1
Fm—K2”>O
T

for all large m, and that

imsup 2 = oy (7220) (52222 - ()

1
= <oo, t>2.
Bmint(Sma22/Smr1t) - B/ Sme1) = °

m—0o0

By taking superior limits on both sides of (4), we see that

1
lim su < limsup ————
m—»oop Sm m—*OOp Fm+1—K
T
x | limsu 1+ o |HIE
i 2 (143
1 1-K
+ lim sup —LFm_K

m—oo T m+1

. (m+1—-K)M K
+ limsu nol™
e (m+1)r Z [Prol

. (m +1- Z)' Sm+1_1'
+ M lims ———————-—-———1
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+M22hmsup mj—I)])

n=1j=2 "X

m+1-K 1: Sm+1‘j
X |Pnj lim sup —g
m—o0 m

[0+ +O+MZO+MZZ ]

n=1j=2
as required.
Since the radius of convergence of the power series So+S; 2+ Se22+. . .
is 7 and since 7 is an arbitrary number in (0,+), hence f(z) is analytic
for |z] < 7. The proof is complete. O

We have found analytic solutions for equation (1) when ¢1, ..., ¢, 10,
Y11, -, Y7r as well as g are analytic functions near the point 0. Next
we consider the case when ¢, ..., ¢, %¥10, %11, ..., and Prg have weak
singularities at 0. More specifically, let us assume that

(5) Zi(z Z Gimz™, i =1,2,..., K,
and
(6) Z":bnj Z "/)ngmz

fori=1,2..,K;j=0, 1,...,Kandn=l, 2,..,T.

THEOREM 2. Assume that g(z) = 0 in (1). Suppose |pnj| < p <1 for
j=0,...,K andn=1,2,...,T. Suppose further that (5) and (6) hold
and each power series in the right hand sides of (5) and (6) converges
for |z| < ~y. If d is a root of the “indicial equation”

I(2) = 2K ¢ Z S0 K= 4 Z Z%Joz“‘ =K =

n=1 j=0

which satisfies I(m + d) # O for all m > 1, then equation (1) has a
solution of the form

(7) f(z)zzdz.fmzm) fO;éOa

m=0

which is analytic for |z| < .
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Proof. By substituting (5), (6) and (7) into equation (1), we see that
I(d)fo = 0, and

d"s(m —s+ d)[K_i]fm—s

M=
Ms

s
il
-
®
Il
—_

Im+d)fm = -

m
Z "pnjs — s+ d)[K_i]p?j-s+d_K+me—s

s=1

M'ﬂ
M=

3
1l
—_
.
It
=

for m > 1. Pick any number 7 € (0,7). By Cauchy’s inequality, there
exists a positive number M such that

M
|¢zm| m7 anjml ST_m, m:0’1’27"'7

for 1 <i< K,0<j< K, and n > 1. Define a majorant sequence
{Sm}3_g of the sequence { fm }5°_, as follows: Sy = |fol, and for m > 1,

1
= Hm + )
K m M
X {Zzﬁ(m—s-l-d)[K_’]Sm s
z=1;":1K m M
+ZZZ§(m“S+d)[K_]]pWZ std-K+j g _s}
n=1 j=0 s=1

By induction, it is easy to see that {S,,} is a positive sequence and
| Fm| < Sp for m > 0. Moreover,

[I(m + 14 d){Spm+1

= Z ;(m—l—l — s+ d)EIG,,

T K m+1 M ) )
D3 S m 41— s+ FE T pymtiestd-Krig
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K
= Z‘Jg(erd -ilg +ZZ (m + d)E- J];p |mtd-K+ig

i=1 n=1 j=0
K m+1
1 M .
- — [K —1]
+T§§T.§—l(m+l S+d) 1Sm+1—s
1 T K m+l M . A
+ P Z Z T5-1 (m+1—s+ d)[K_J]|pnj|m+1_s+d_K+]5m+1—s
n=1j=0 s=2
M K
— d Z]S o d [K=7] m+d— K+JS
T ; m+ + ;g m + [P

1
+ ;|I(m + d)|Sm.-
As in the proof of Theorem 1, it is then easy to show that
1
lim S+l = —.

m—00 m T

Since the radius of convergence of the power series So+ S12z + S222 +. ..
is 7 and since 7 is an arbitrary number in (0,~), hence f(z) is analytic
for |z| < 7. Hence f(z) is analytic for |z| < 7. The proof is complete. [

3. Examples

We first consider the initial value problem
®)  F5) = af TV ) + b E () + of ) (B2) + 9(2),
(9) F™0) = &m, m=0,1,.., K — 1,

where || <1, [\ <land 1—¢fm™ #0form >0. Whenc=0, K =1
and g(z) = 0, equation (8) reduces to

f'(2) = af(Az) + bf(2),

which has been considered in [2] and [3]. Here we will assume that

oo
=2 "
m=0

is analytic for |z| < . By Theorem 1, our problem has a unique solution

of the form -
f(z) = Z fmz™
m=0
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which is analytic for |z| < 7. To find this solution, we substitute f(z)
into (8) and find the difference equation

(”nT—i—!l)! (1 - cﬁm)fm-i-K

m-l—K—l)

_ (@™ + ) frtko1+gmy M2 0.

Since this equation is of the form
hm+1 = pmhm +Xm, M2 0’
we easily see that

f _ H;r;O(a‘)‘i + b) EK—I
T i+ K)(1—cf (K —1)!

m

n! i K n+1(a)\ +b)
Z (m—i—K)' H;”K(l-—c,@l)

for m > 0.
Next, we consider the equation

(10) FBe) = an )(pn) + 9()

(11) fr0) = &m, m=0,1,...,K -1
Under the conditions that |p,| < u <1 for n > 1, that

L+ vaply 0, m=0,12,...,

n=1

and that
oC
=D gma™
m=0

converges in the real interval (—v,~), and g, > 0 for all large m, as well
as

lim g(z) = +o0,

Ty

we will show that (10)-(11) has a unique solution of the form

K-1 € oo m'g
m._.m ‘Jm m+K
= — T+ x )
2 D G R - S )

which is analytic for |z| < v and fE)(z) ~ g(z) as z — v~
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Indeed, Theorem 1 asserts that (10)—(11) has a unique solution of the
form

fl@) =3 fmz™
m=0

which is analytic for |z| < 7. Substituting f(z) into (10), we obtain

mlgm

fm+K - , M Z 07
(m+ KL = S0 $npip)
as required. Note that
= g
f(K)(z) = L z™.
=0 (1= Y
Since |p,| < u < 1 for n > 1, if we let
b = L
m ]
(1 - Z::l 1%1%’?)
then
9m ~g
my
(1 - Z;{:l ¢np;zn)
9m
— gm = 0(gm)

(1- ZZ:l Ynpi)
as m — oo. Thus for every ¢ > 0, there exists a positive integer N such
that

bm — gm| < €lgm| = €gm, m > N,
and

oo N (o)
‘Z(bm_gm)xm‘ S zzlbm_gmh/m_i'6 Z gmxm, O§I<7-
m=0 m=0 m=N+1

Since lim,_,,- g(z) = 400, we can also find a positive number § such

that
N

D lbm— g™ <eglz), y-d<z<7.

m=0
Therefore,

oo
# D (bm - gm)fr’"’ <2g(z), v-d<z <,
m=0

which shows that f&)(z) ~ g(z) as ¢ — 7.
As our final example, consider the generalized Bessel equation

(12)  22[f"(2) + af"(B2)] + 2f'(Bz) + (2* — 1/B) f(Bz) = 0,
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where 0 < g <1,
wp o tmtl
gm=t(m+1)’
Note that d = 1 is a solution of the indicial equation
2z — 1)1 +af?) +267 -7 =0

In view of Theorem 2, equation (12) has an analytic solution of the form

m>1

f2) =2 fm2™, fo#0.
m=0

By substituting f(z) into (12), we obtain the difference equation
_ﬁm—l
I = G Dym(1 + @B D) + mp™

A solution of this difference equation is given by fom—1 = 0 for m =
1,2,..., and

fm_g, m = 2,3, cee e

for = (=1)™8™ fo
T (20 + 1)2i(1 + of%L) + 2i6%]
Hence
= (—1)mg™’ 2m+1
P& = 1o ) i [ v Do 4 o) = 202
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