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Abstract

We study some properties of smooth uniform spaces. We investigate the relationship between smooth topological spaces and smooth
uniform spaces. In particular, we define a subspace of a smooth uniform space and a product of smooth uniform spaces.
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[ . Introduction

Sostak [15] introduced the fuzzy topology as an extension
of Chang's fuzzy topology [3]. Ramadan and his colleagues
[2,4,13,14] called it smooth topology. Ramadan et al.[14]
introduced the notion of smooth uniform spaces in slightly
different ways from [2] and [10].

In this paper, we introduce some properties of smooth
uniform spaces. We investigate the relationship between
smooth topological spaces and smooth uniform spaces.

We define a subspace of a smooth uniform space and a
product of smooth uniform spaces. In particular, the smooth
topology induced by the product of smooth uniform spaces
coincides with the product smooth topology of smooth
topologies induced by them.

Throughout this paper, let X be a non-empty set, I=[0,1]
and 7,=[0,1). The family I* denotes the set of all fuzzy

subsets of a given set X. For each gel, let _g denote the
constant fuzzy subset of X with value . All the other
notations and the other definitions are standard in fuzzy set
theory.

I1. Preliminaries

Definition 2.1 [13,15] A mapping zI*—I is called a smooth
topology on X if it satisfies the following conditions:

©O) «0=(D=1,
(02) A A D=HADALA,), for Ay, A,elX,
(03) ’(,-\E//‘ D= /Ey(,i ;) for each {1, iencrI”.

i

The pair (X, r) is called a smooth topological space.
Let r; and 7, be smooth topologies on X. We say r,
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is finer than ry(or ryis coarser than r,) if ro(A)<r(A)
for all AeI*. Let (X, r;) and (Y, r,) be smooth topological
spaces. A map f(X,r)—(Y,r,) is called smooth contiruous
iff for every pel’, o,(f ' () =14(p).

Definition 2.2 [9] Let (¢ & be a subset of X . A map

B 6—1 is called a base on X if it satisfies the following
conditions:

B1) D=1,
(B2) B(A1NAD=BADNB(AL), for each A, A,=0,

Theorem 2.3 [9] Let B be a base on X. For each eI,
we define the function rg47 X] as follows:

sup{]/c\ﬁ(/ij)}, if A= F\/Aai,/l,e@
=11, ifA=1,
0, otherwise.

Then (X, rp is a smooth topological space.

Theorem 2.4 [9] Let {(X;,r,) | i€l'tbe a family of smooth
topological spaces, X a set and for each j=I’, f:X—X, a
function. Let

0= (0+a= AS2 (A1) | 74(32)20,k,2K)

< ko }CI.
on X by

for every finite index set K={k,,.
Define the function & @&—I

BQ) = sup{ /j\:rk,(ﬂ p) 1A= J/:\f;,.l(/i )

for every finite index set K={k,,...,k,}CI. Then:

(1)B is a base on  X.
(2) The smooth topology r, generated by p is the coarsest

smooth topology on X which for each j=rI, f;is smooth
continuous.
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(3) A map £(Y,r)—(X, T is smooth continuous

iff for each iel, f,;- £(V,r )>(X ;. r;) is smooth con-
tinuous.

Definition 2.5 [10,14] (1) For each p=/X** and for each
Aerl”, the image g[A] with respect to x is defined by

2[A1(x) = sup e x(A(W A, x)).

(2) For each v, ucsI***, the composition v+ u is defined by

ve p(x, y) =sup .ex(u(x, 2) AUz, ).

(3) The symmetric p° of usI®*%X is defined by

p(x, ) =y, x).

(4) We denote 1 ,=1%*¥ by

1, ifx=y,
1a(x, =
0, if;x¥y.

illi. Smooth uniform spaces'

Definition 3.1 [10] A function U7X *>J is called a
smooth uniformity (s-uniformity, for short) on X if it satisfies
the following conditions; for ,v, wel**%,

(SUD) if p#1 ., then (u)=0,
(SU2) U(uNAv)= U(AIY),
(SU3) =1,

(SU4) (< Up®),

(SU5) U(p)<sup{U(w) | w° o<y},

The pair (X, U) is said to be a smooth uniform space
(s-uniform space, for short).

Let U, and U, be s-uniformities on X. We say U, is
finer than Uj{or U, is coarser than U,)
iff Upy()<U(p) for all pe X%,

Lemma 3.2 [10] Let (X, U) be a s-uniform space.
For each p,p,, p,cI*** and 2,1,,A,=I%, we have

(1) a<p[2], for each U(x)>0,

(2) p<p-p, for each U(p)>0,

3) (v- wlAl=1u2]],

@) (i AuA VA< [ IVE[4,],

(5) if £X—Y is a function, then for each ye1¥*7,

FTHAARDD = xH ' WILAL

Theorem 3.3 Let (X, ) be a s-uniform space.
Define a map C ;7*xI—I* by

C (A, 9 =/\{ulA] | Uu)>r}.

For each A,A;,A,=I%and » 7, rp,el,, we have the

following properties:

() C0,n=20,

@2y A<C /LA, 9,

(3) if A,<A,, then C (A, N<C (g, 7).

@) CA AN NVALD=Cy(A,, MV CLA,,7),

(5) if »1<#y, then C (A, 7)<C LA, 7y),

6) CACy(A,n,nN=CA,n.

Proof. (1) Since [ 0]=0, C(0,”N=10.

(2) For U()> 0, by Lemma 3.2(1), A<p[2] implies A<C (4, 7).

(3) and (5) are easily proved.
(4) From (3), we have

CAA VAL N=ZC A1, NV C LAy, 7).
Conversely, suppose there exist A,,A,=I* and »=7 such that
CANVAL, NEC LA, NVC LA, 7).

There exist x=X and ¢eIsuch that
C A1 VA2, N2> C LA 1, NV C (A4, N(x).
Since C {4, N(2)<t, for each i={1,2},there exist p,c1**
with Uy ;)># such that
CAA;, D) <p A (x)<L

On the other hand, since U(u Agj)>r and from Lemma

3-2(4), (/1 1/\# 2)[/1 1\//1 2]3# 1[/1 1]\//1 2[/1 2],
we have

C A VA, ()< (1AL VAN (%)
S [ 1OVl A,)(x)< 8

It is a contradiction.
(6) Suppose there exist A=J* and »=[, such that

CACy(A, 1, NLC LA, 7).
There exist x=X and te1I such that
CAC (A4, 1, (0> C LA N(x).

Since C {4, N(x)<¢, there exists pe]X*X
with U g)> » such that
C (A, N()< [ AAx)< e,
On the other hand, since [(y)> r, by (SUS), there exists
€% such that
ayop<p, Weddr
Since C A4, »<p,[’], by Lemma 3.2(3), we have
CAC (A, 1N, N=C{p1[A], 7
palp (A =C(py o p)Al=plA].

It is a contradiction.

Theorem 3.4 Let (X, U) be a s-uniform space.



Define a map 7z ,I%—I by

D) =sup{rel, | CA1—A,Nn=_1—-A}.
Then r, is a smooth topology induced by U.

Proof. (O1) Since C(0,n) =20 and C1,9=_1
for all rel,, ry{D)=r1)=1.
(02) Suppose there exist A;,A,=I* and te] such that
Tu(ﬂl/\/lz)<t<fy(/1 1)/\2‘[}(/{2).

Since 7, {A;)>¢ for each i={1,2}, there exist»>¢
such that 1-A=C{(1—A,7).Put »r=#» Ar,y. By
(4-5) of Theorem 3.3, we have

C A= (A 1A, N =1—(A1\4y).
Thus, 7,{A;AA)=»>¢ It is a contradiction. Hence
T A A2t LADAT LA,).

(O3) Suppose there exists a family {1;=1 X} jer} and
t=(0,1) such that

T A >E/I"Aj)<t< QrU(Aj).

Since /Xr LA, for each jeT, there exists 7;>¢
je

such that 1—2A,=C 14 7).
Put »= ‘/Xr,-. By (4-5) of Theorem 3.3, we have
je

C1- >E/I,/1j. nN=1-— ;'\e/r/l jo
Thus, 7, '\/r/] J=7»>¢t It is a contradiction. Hence
je
rl VA= NTAA).

Definition 3.5 Let (X, U) and (Y, V) be s-uniform spaces.
A function £(X,U)—(Y, V) is said to be smooth uniform

continuous if for each peg¥?,

V)< U= ) ~HW).

Theorem 3.6 Let (X, 1), (Y,V) and (Z, W) be s-uniform
spaces. If £(X, O)—(Y, V), g(Y, V)—~(Z, W) are smooth uni-
form continuous, then g- £ (XU)—(Z, W) is smooth uniform
continuous.

Proof. For each w=I?*?, we have

U(g-Hx(g-H) o))
=U((~H ((gxg) o))
=W(gxg) w)

>Ww).

Theorem 3.7 Let (X, U) and (Y, V) be s-smooth uniform
spaces. Let £(X,U)—(Y, V) be smooth uniform continuous.
Then:

(1) AC LA M= C AAA, ), for each AeTX,

‘Smooth uniform spaces

2) CAF N, N=FIC v (u, M).for each pel”,
B) f(X,rp—(Y,ry) is smooth continuous.

Proof. (1) Suppose there exist Ael* and re],

such that R C LA, N)£C WA, 7).
There exist ye Y and teI, such that

AC LA D D CARD, N(3).

If £ Y({y}))=0, it provides a contradiction that AC

(A, M)(») =0. Hence £ '({y})# @. Then there exists x=f !
({y}) such that

RC LA, NN3) 2 C 2, N(x)> > C UKD, N(AR).

C AN, HAx))<t there exists vel¥*Y with

V(v)» » such that
C ARA, N(R))SUADIAx)L< L

On the other hand, since f is smooth uniform continuous,

Since

U D 'z Vs r.,
It implies, by Lemma 3.2(5) and Theorem 3.3,

AADIAx) = (FxH T (WA=
>C {4, D).

Thus C LA, »N(x)<¢t. It is a contradiction.
(2) For puel¥ and »<I,, put A=s"'(4). From (1),
RCAF W, MK C AR (), NS C fp, 7).
It implies

Colf MW, N<F UAC(F (), M)
<f U C vl ).

(3) From (2), C(u,»)=pu implies
CAlf M (w, N=F"w.

It is easily proved.

V. Product smooth uniform spaces

Theorem 4.1 Let
s-uniform spaces,

{(X,, V| keIt be a family of
X a set and for each ksl, fpyX—X, a

function. We define, for each pe=IX*X,

Uy =supl A Vilue)| NG ex7e) ) <p)

where the supremum is taken over every finite index
K={k,, ..., k,YCI. Then:

(1) The structure [/ is the coarsest s-uniformity on X for
which each £, is smooth uniform continuous.

(2) A map £(Z W—(X,U) is smooth uniform continuous
iff for each keI, f,- f is smooth uniform continuous.
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G ClA,n

= ANAG ) @V v ke )
where the infimum is taken over every finite index
K={k,,....k,}CI,
(4) The smooth topology r ;; induced by U coincides with the
coarsest smooth topology r, on X for which each £;
(X, r)—(X;,ty,) is smooth continuous.

Proof. (1) First, we will show that [ is a s-uniformity on X.
(SUD) If u)>0, there exist finite indices K={k,,..., &k,}
CTI such that

U= A Vilu)30, AGexr) Hui)<e

Since V,(u,)>0 for each kK, by (SU1), there exists

XpxXy

1.1 with 1 ,<yu,. Hence

1.s A xf) 7100
< AU xfe) Nun)=m.

(SU2) Since U(pAv)<U(y) and U(pAv)<U(v),
U\ < UGN U).
For any u,yel**X, we will show that
UuA\v) = U A U(Y).

If Up)=0 or U(v)=0 , it is trivial.
If U()>0 and U(1)>0, for &>0 such that U(AU
(v)>e>0, there exist finite indices K={k,,...,%k,} and

L={l,,...,1,} of I such that

AVile)zUw—e AGuxfi) w=n,

Aviwzver—e A, ) "=,
Since i/:\l(fk, Xfr) Nu PZAN j/=\ml(f1, xfi) _I(VI,))
<uAv , we have

UuADZ (A Vi DACA V1)
ZU(NU(Y) —e.

Since & is arbitrary, this gives the desired result.
(SU3) From the definition of U, it is easy.
(SU4) Suppose that there exist g=I**¥ and »=(0,1) such

that Oz )< #<U(y). Since U(u)> 7, by the definition
of U, there exists a finite index K={k,,...,k,}CT

such that

Uz t/:\l Viler ), i/:\l(f;z, Xfr) Mp L7

For each kK, since (X,, V,) is a s-uniform space

86

and V,(p,)>r by (SU4),

Vk,(ll i)é V/e,(/l k,)> 7.
It follows that

AU xfe) Hui)
= A xf0) ) <t

Hence
Uz [\ Vilui)dr.

It is a contradiction.
(SU5) For each peJ**X, we will show that

sup{U 1) | 1y o e i<p}2 Up).
Suppose there exist p=I*** and »=(0,1) such that
sup{U(p ) lpy = 1< p}<r<Up).

Since U(w)> 7, by the definition of [, there exists a finite
index K={ky,...,k,}CI such that

w= AV AUuxfo) e,

For each kK, since (X,,V,) is a s-uniform space, by
(SU3),

éup{Vk,(w) lwe 0y, }2V,(ve).

Since V,(v,)> 7 for each k=K, there exists wkielxkxxﬂ.
and 7,=(0,1] such that

Wp, " a)k,»SVk,. V,,,(a)k‘)Zr,)r.
Put w= [:\l(fk,xfk,) ~1(a)k,). We have

- oS ANFexf2) Mwr) - Fe,xf2) @)
< RUaxfe) Mon 04) (0504 04)
< AU xf) Hvi)<n.

S0, - wsu and Uw)= AVilo)z Aror

Thus sup{U(g ) | ¢y p#1=<p}> 7.1t is a contradiction.
Second, by the definition of U, for all kel

U £ " wd) 2 Vivy), for all veeI™ 1™,
Hence each £, is smooth uniform continuous.
Finally, if fz(X,U )X, V) is smooth uniform conti-

nuous ,that is, U ((f,xf2) ~{(1))= V(1) for all k=T, then
it is proved from the following:

U =supl A Vi)l A xf1) i)



<sup{ AU (G xf) "))

= sup(U (A% 70) "))}

(where ,_/:\l(fk,ka,)“(vk,)Sﬂ)
<U (y), for all pel*X,

(2) Let f be smooth uniform continuous. From Theorem 3.6
and (1), the composition of smooth uniform continuous
maps is a smooth uniform continuous map.

Conversely, suppose that £ (Z, W—(X, U) is not smooth
uniform continuous. There exists pel*"* such that

WA TN U(w).

By the definition of U, there exists a finite index K={k,,..
k,} CIsuch that

.y

WD A Vv )= U,
A7) wesn

On the other hand, since f, - f is smooth uniform con-

tinuous, we have
V() SW((Fe, > DX (oo ) 7w ))
=W(fxp L e XSk _I(Vk,))-

It follows that
AVii
< AWCGa o DX 1) 1)
< ACD T Faxfe) )

= W) AT xS0 7))
<W (XN ).

It is a contradiction.
(3) From Theorem 3.3, we only show that

NeA] | U(w)> 7}
= NCAG 70 T WIA Vilva)> 7, k=),

where the infimum is taken over every finite index
K={k1, ...,k,,}CF.

Since  U((f4,xf1) " (v4))2 Vi (vi)> 7, we have
AN | UCu)> 7}
<ACAGL* £ WAL Vilva)> 7, kieK).

Conversely, suppose there exists xeX such that
ANl 1UC)> r}(x)
AU x5 WA Viva)> 7, kiKY,

There exists p=l*"* with () » such that

Smooth uniform spaces

#[Al(x)
AN i/:\(flz,xfk,) _I(Vk,)[/l]l Vk,(Vk,)> 7, kiéK}(x).

Since U(y)) 7, there exists a finite indexnm K={%,,...,
k ,}CI such that

)= l/_1\1 Velvp )7, i/_ﬂ_\l(fk, Xfe) _I(Vk,)S#-
It implies
ACAG X 2) WLV ava)> Bl AL,

It is a contradiction.

(4) Suppose there exists A=l* such that ()< z 4 ().
By the definition of r, from Theorem 3.4, there exists
roel, such that C{1~4,7))=1—4 and

T LA <7<t {A).
Since C {_1—A,7y)=1—4, by (3), we have

1-A
=Cy(l—4,7y)
= /Nl 1—-211 U()> 7o)

= AN xF2) 1= AU v4)> 70}
where the infimum is taken over every finite index

K={k,,....k,}CI.
From Lemma 3.2(5), since

P xFe) A== v L4, (1= DD,
for each k£, =K, we have
ANF e xFe) I Us(vi)> 7o)
=AF e e (A=DD 1 Urlve)> 7o}
=Fi AV [ F, (A=D1 U v )> 7o}
=& (Cy, (Fo, (A=A, 7).

It follows that
A= 1= ANCASNCu, e (D=2, 7))
= VAV £ = Co, (Fa (L=, 7o),

where the first
K:{kl,...

\/ is taken over every finite index
,k,}CI. Since, by Theorem 3.3 (6),

CUk (fk,(_l'_/l)- 7o) =Cy, (C Uk_(fk,(.l_A)y 70), 7o),
by Theorem 3.4,
ty, (U —Cy, ([, (A=A, red)=7,.

Put ;= ¢} (1— Cy, (f£,(1—A), 7). From  Theorem

24, Hpdzry (A—Cy, (fe, (L=, rd)=7r,.

n
It implies 7 4 \/l#i)ZTO-
4
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By the definition of 7, from Theorem 2.4, we have
r5(A) = /\zr \Zﬂ D=r,. It is a contradiction, Therefore

r )21 (A) for all Aer”.

We will show that r4(A)<z(A) for every AeI*, equi-
valently, the identity function

1d x (X, 7t p)—(X, rp) is smooth continuous.

We only show that f,- id v (X, r()—(X;,ry)is smooth
continuous from Theorem 2.4(3). It is obvious from Theorem 4.1.

From Theorem 4.1, we can define subspaces and products
in the obvious way.

Definition 4.2 Let (X, V) be a s-uniform space and A a subset
of X. The pair (A, V,) is said to be a

subspace of (X, V) if it is endowed with the coarsest
s-uniformity structure induced by the inclusion map.

Definition 4.3 Let {(X,, U, |iel} be a family of s-uniform

spaces. The coarsest s-uniformity structure U=@U; on

X= I_LX ; induced by the collection
{r:X—>X ;i) of projections is called the product

smooth uniformity structure of {U,| iel'} and (X,QU)) is
called the product smooth uniform space.

Corollary 4.4 Let (X ,, U},) sy be s-uniform spaces.
Let X= LIFX . be a set andfor each kel 7:.X—X, a

projection. The structure U=Q®U, is defined by, for each

ﬂEIXxX,
U =supd A Ulvi)l A xz) (va)=m),

where the supremum is taken over every finite index
K={k,, ..., k,}CI. Then:
(13 U is the coarsest s-uniformity on X for which =z, is
smooth uniform continuous.
(2) A map f£(Z, W—(X,U) is smooth uniform cortinuous
iff 7z, f is smooth uniform continuous.
(3) The smooth topology r induced by U coincides with
X for which each

i (X, tp—(X;,ry) is smooth continuous.

the product smooth topology 7, on

Corollary 4.5 Let (X, U,) ;or be s-uniform spaces.

We define, for pel**X,

U =sup{ A\ Ur(vi)l \veseh,
where the supremum is taken over every finite index
K={k,,..., b }CI. Then:

(1) The structure U is the coarsest s-uniformity on X finer
than U,

(2) The smooth topology r, induced by U coincides with
the product smooth topology r, on X of a family

(X, TU,)} il
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