International Journal of Fuzzy Logic and Intelligent Systems, vol. 2, no. 1, March. 2002 pp. 38-42

Fast Iterative Solving Method of Fuzzy Relational Equation and its
Application to Image Compression/Reconstruction

Hajime NOBUHARA, Yasufumi TAKAMA, and Kaoru HIROTA

Department of Computational Intelligence and Systems Science,
Interdisciplinary Graduate School of Science and Engineering,
Tokyo Institute of Technology,

4259 Nagatsuta, Mirodi-ku, Yokohama 226-8502, Japan

Abstract

A fast iterative solving method of fuzzy relational equation is proposed. It is derived by eliminating a redundant comparison
process in the conventional iterative solving method (Pedrycz, 1983). The proposed method is applied to image reconstruction, and
confirmed that the computation time is decreased to 1 / 40 with the compression rate of 0.0625. Furthermore, in order to make
any initial solution converge on a reconstructed image with a good quality, a new cost function is proposed. Under the condition
that the compression rate is 0.0625, it is confirmed that the root mean square error of the proposed method decreases to 27.34%
and 86.27% compared with those of the conventional iterative method and a non iterative image reconstruction method,

respectively.
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| . Introduction

An iterative solving method of fuzzy relational equation has been
proposed in [5], followed by its generalized methods [4][6]{7].
Approximate solutions obtained by these conventional methods
[4][6][7] have been evaluated in some small numerical experiments,
but they have not been done in specific application fields. In this
paper, an iterative solving method of fuzzy relational equation is
formalized in the framework of image compression/reconstruction
{11[2][3]. Moreover, a fast iterative solving method of fizzy relational
equation is proposed. In the image compression/ reconstruction
experiments, it is pointed out that not every initial solution is
converged on a reconstructed image with a good image quality by
minimizing the conventional cost function. In order to make any
initial solution converge on a reconstruction image with a good
image quality, a new cost function is also proposed and its
effectiveness is shown through experiments. Furthermore, it is
confirmed that the image quality of the proposed iterative method is
better than those of the conventional iterative method [5)-[7] and a
non iterative reconstructed method [3], respectively.

1. Fast iterative solving method of fuzzy
relational equation
In Image Compression and reconstruction method based on

Fuzzy relational equation (ICF) [1][2], a image of the
sizepixels is expressed as fuzzy relation
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R € FIXXY), X={Xi, X2, oy XM}, Y = {Y1, Y2, 0y YN}

by normalizing the intensity range of each pixel into [0,1].
The fuzzy relation is compressed into G € F(I X J) by the
max- continuous t-norm composition of R,

A={AEeF(X)liel=(12,....1}}
B={B;eF(Y)lieJ={L2,....]}}

that is,
GG, ) =max {{ma;x (R(x.y)eA, ()} B, (y )}

(e [0.1]). 1)

Where, t denotes a continuous t-norm, and the families of
fuzzy sets A and B are called coder. In this paper, we take
algebraic product, that is,

atb=a-b 3]

as the continuous t-norm, and the coder A and B are defined as

A={AL A, ... A} 3)
AdXn} = exp — (—Sh(—il\T/I——m)z), @
(m=1,2,..,M).

B = {B{,B,,...,B}} )

Bi(yy) = exp(-—Sh(%\I——n)z), )
n=12,.,N)

where, denotes the sharpness of the fuzzy sets of the
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coder, and is appropriately adjusted by the compression rate.
Image reconstruction problem deals with a problem of finding

a fuzzy relation ReF(XXxY) leading to the minimum
value of the cost function

PG, B = 3 (GG -TGDY, )

G(i,}) = max {{max (R(x, Y tA; G }IB;(»)}.  ®

An iterative solving method of the above problem is

R (iter+1) _ ﬁ (iter) __ a (iter)f(R (iter)), (9)
30,(G, &)
oR(L,D o GGED =BG NP EY
=y | 901(G.G) | _ -‘~:__*~- (k, 1
R =| ZRacn | =2 s, (06D = GG DIPEY | (10)
90:(G, G) wa (6D~ GG, DPELY
dR(M,N) '
wn_ ORG, DEAGB () .. e .
Piy= aR(k,l) ! if @3y is true, an
0 otherwise,
oED: Rk, DtA; (K)tB; (1)
(12)

> max { R(x, y)tA;()tBi(y)},
(xy)eXxY
which is shown in [5]. Where, denotes the number of
iterations, and @ (j,y denotes the learning rate, which is

defined by

—3) (iter)

13

In this paper, a fast iterative method of fuzzy relational
equation is proposed. First, Eq. (12) is transformed into

@ (iten = @ (1 — 10

o) R(k, DtA,(KtB; (1)
_ (14
> ﬂa\x{ max { R(x, )tA(x)}tB;(y)}

Then, a redundant computation of the conventional method
is eliminated, that is,

%{R(X' y)tAi(x)} (15)

Fig. 1. Calculation Process (Conventional Method)

which is obtained during the calculation of P ), (i, j) &
Ix J, can be reused to the calculation of P (&%), G, N&e

IxJ {(i,i")}. The calculation process of the conventional
method and proposed method are shown in Fig. 1 and Fig. 2,
respectively.

The computational times of the conventional method and
the proposed one are

Conventional Method = IIMN(T+C), (16)

Proposed Method = IN(M+J}(T+C),

an

Fig. 2. Calculation Process (Proposed Method)

where, MXN and IXJ denote the size of the original
image and the compressed image, respectively. T and C
denote the computation time of t-norm and max operations,
respectively. This iterative solving method elimination of fuzzy
relational equations can be applied to other types of fuzzy
relational equation, e.g., adjoint max t-norm composition type,
min s-norm composition type, and adjoint s-norm composition
type of fuzzy relational equations [4]. The original image of
the size M XN =256 X256 pixels(Fig. 3) is compressed into the
size of IXJ=64X%64(Compression rate=0.0625), where is
0.05. The computation time of the image reconstruction with
the proposed iterative solving method and that with the
conventional method are measured on the workstation Sun
Ultra 10 (440MHz). These results are shown in Table 1.

Table 1. Computation Time Comparison of the Proposed and
Conventional Methods (per iteration)

Computation Time Ratio
Proposed 6.42(s) 1.0
Conventional 248.03(s) 38.67

Under the condition that Sh=0.05 and @ ,=1.0, the results
of image reconstruction are shown in figures 4, where, initial
fuzzy relation R ‘¥ is defined as

V(x,y)eXxY, R “x,y) = random value of [0,11(18)
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Fig. 6. Reconstructed Images (Condition 2-(a))(upper left : iter

=0, upper right : iter=102, lower left : iter=103, lower
right : iter=10%

Fig. 7. Reconstructed Images (Condition 2-(b)) (upper left :
iter = 0, upper right : iter = 107, lower left : iter = 10°,

Solution Space of Equation (1) lower right : iter=10")

Fig. 4. Reconstructed Images (upper left : iter =0, upper right : E
iter = 10°, lower left : iter = 10°, lower right : iter = 10%

Proposed
Cost Function

Prototype

e
o0,
vi... PO

Conventional
Cost Function

Minimal Solutions

Fig. 5. Convergence of the Prototype Fuzzy Relation

4 i

Fig. 8. Reconstructed Images (Condition 2-(c)) (upper left :
iter =0, upper right : iter=10%, lower left : iter=10’,
lower right : iter= 10%

The root mean square errors of the reconstructed image are
shown in table 2. The initial fuzzy relation does not converge
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on the reconstructed image with a good image quality. This is
because the cost function p;does not reflect the smoothness

of the reconstructed image. From the point of view of fuzzy
relational equation theory, minimizing the conventional cost

Fig. 9. Reconstructed Images Comparison (left : Condition
2-(c)(iter = 10*,RMSE = 18.35), right non-iterative
reconstruction method [3] (RMSE =21.27))

function leads to the convergence of the prototype fuzzy
relation on meaningless solutions (minimal solutions) as
reconstructed image (See Figure 5). In this paper, in order to
make any initial fuzzy relation converge on a reconstruction
image with a good quality, a new cost function is proposed.
Table 2. RMSE Comparison

Iteration ] 3 4
Number 0 10 10 10
RMSE 86.57 71.21 66.25 66.10

lll. Improvement on Cost Function

As stated in section 2, the conventional cost function has
several weaknesses. Here the new cost function is proposed :

G 8= 3 (G(.D) — TGN

+8 Rk, D) — Rk, 1)}2 (19)

1
(k,)E YY{ | W‘zvkvl) | (kll'gw‘f'k,n

Where W7, denotes the local window with size and is

defined as,
(k”,1")eXxY | k—wsk'' <k +w,
W‘Yk,n={
1-w<1"<l+w

The cost function p, is composed of p, and a local

variance term reflecting the smoothness of the reconstructed
image R. If the cost function p, is influenced considerably by
the local variance term, the reconstructed image will be a flat
image, leading to a poor quality. Therefore, the weight 8 of
the local variance term must be properly adjusted.

Under the conditions given in table 3, the results of image
reconstruction are shown in figures 6 to 8, and the root mean
square errors of the reconstructed images are shown in table 4.

Table 3. Image Reconstruction Conditions,
(F. R. = Fuzzy Relation, L. R. = Learning Rate)

Initial F. R. | Initial L. R. Sh w

Condition agy=1.0
2-(a) Random é& 0.01 0.15 3

Condition ag=2.0
9-(b) Random /9(0)= 0.03 0.15 3

Condition @ = 3.0
2-(c) Random /30= 0.03 0.25 3

Table 4. RMSE Comparison

Iteration Num. 0 10° 10° 10°
Condition 2-(a) 86.36 4549 29.31 25.03
Condition 2-(b) 86.17 3041 19.09 19.09
Condition 2-(c) 86.42 30.00 1842 1835

By applying the proposed cost function, any initial fuzzy
relation converge on the reconstructed image with a good
quality. In the case of condition 2-(a), a low quality image is
reconstructed due to the small value of parameter . In the case
where the initial learning rate and are high, the quality of the
reconstructed image tend to be good. As shown in Table 4, the
root mean square of the proposed method (condition 2-(c))
decreases to 27.34% compared with that of the conventional one.

A comparison of the proposed method (condition 2-(c))
with the non iterative image reconstruction method [3] from a
viewpoint of image quality (RMSE) is shown in Figure 9. The
root mean square error of the proposed method decreases to
86.27% compared with that of the non iterative method. In
particular, a white slit noise that is observed on the
reconstructed image of the non iterative method, can be
eliminated successfully from that of the proposed one.

IV. Conclusion

A fast iterative solving method of fuzzy relational equation
is proposed. It is applied to image reconstruction, and confirmed
that the computation time is decreased to 1 / 40 with the
compression rate of 0.0625. It is pointed out that not every
initial solution is converged on a reconstructed image with a
good quality by minimizing the conventional cost function. A
new cost function is proposed in order to obtain the
reconstruction image with a good quality, and experimental
results show that any initial solution converge on a
reconstructed image with a good quality. In the image
reconstruction experiments with the compression rate being
0.0625, the root mean square error of the proposed method
decreases to 27.34% and 86.27% compared with those of the
conventional iterative method and a non iterative image
reconstruction method [3], respectively.
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