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REMARKS ON +FOLD
INTEGER-VALUED POLYNOMIALS

VICHIAN LAOHAKOSOL AND ANGKANA SRIPAYAP

ABSTRACT. A polynomial is k-fold integer-valued if itself and its
derivatives up to order & are integer-valued. Necessary and suffi-
cient conditions are established for

(i) polynomials with rational coefficients to be k-fold integer-valued,
and for

(ii) a quotient of two k-fold integer-valued polynomials to be k-fold
integer-valued.

1. Introduction

By an integer-valued polynomial we mean a polynomial with ratio-
nal coefficients which takes integral values at the integers. Denote by
lut(Z) the set of integer-valued polynomials, and by Int*)(2Z) the set
of polynomials which together with their derivatives up to order k are
integer-valued, called k-fold integer-valued polynomials. It is well-known,
see e.g. Pélya and Szegd [7] or Cahen and Chabert [3] or Narkiewicz [6],

that the set {( i );n > 0} forms a basis over Z for Int(Z). Let us call

such basis a binomial basis for short. Similar precise results for higher
Int(®) (2Z) are known only for Int™") (Z), see Brizolis and Straus [2]. How-
ever certain related results are known, e.g. Carlitz [4] in 1959 derived
a necessary and sufficient condition for polynomials to be in Int™")(Z)
based upon the shape of their coefficients written with respect to the bi-
nomial basis. Our first aim is to extend this result to general Int®) ().
As these conditions are rather complicated, simpler (yet only) sufficient
conditions for Int{®) (Z) are derived. As another consequence we deduce
a necessary and sufficient condition for polynomials with shifted bino-
mial basis to be in Int™®)(Z) given that the former ones are. In another
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direction, Lind [5] in 1971, also using the binomial basis, proved that for
two polynomials in Int(Z) the values at the integers of one divide that
of the other if and only if one polynomial divides the other in Int(Z).
Brizolis [1], using different approach, viz. asymptotic consideration, fur-
thered this result to algebraic number fields. Our second objective is to
extend Lind’s result to general Int*)(Z). Since Z is a subring of the
ring of algebraic integers, our result carries over to any algebraic number
field.

2. Coefficients

Using the binomial basis for Int(Z), Carlitz [4] in 1959 derived a
necessary and sufficient condition for polynomials to be in Int®(Z).
His result reads:

i

CARLITZ’S THEOREM. Let f(z) = Zas( i : ), a; € Z. Then

7
5=0
f(z) € IntN(Z) if and only if the numbers
t—1
by = Z(—l)t—s"lt—?—g— (t=1,...,n) are all integral.
5=0

Our first result is a generalization of this theorem to Int(*)(Z).

T
THEOREM 1. Let f(z) = Z as( ni . ), and k a nonnegative inte-

s=0

ger. Then f(z) € Int®)(Z) if and only if all the numbers
(0) as 5=0,1,...,n)

14

I
—

1 —ei @
(1) b =3 (-1yts = (t=12...,n)
s=0
=2 20, H,
@) P =Y (DTS (1=23,0m)
s=0
t~3 t—1

Hi .,
3) b = (-1i2a, Y L (=34, ,0)

2 26 9
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it~k

(k) b =3 (~1)t7sFaq,

Jhe2—1

> %

5=0 Jr—g=8+k—1J;_z=s+k—2
Jo—1
o5 U= dk-2)(fk—2 = Jr—s) - (J1 = 8)

(t=kk+1,...,n)

are all integral, where H, =1 + % SRS

™

Proof. The case k = 0 is trivial and Carlitz’s theorem above gives
the result for the case k = 1. Consider the case k = 2. Writing

fP@) = b ( o ) (G=1,2),
t=j

then, using the identity in Carlitz’s Theorem, for ¢t = 2,3,...,n, we have
t—1 ——
@ 5 DT o
t = : '
=
S i o G s
= = — Qs
j=1 t=J =0 J7°%
t—2 —_e—7 t—1
—1)ie 1 1
:Z( Zf)— s Z (t_‘+'_5)
s=0 s J=s+1 J J
-2
— (_1)'[:—5—22(2'5}-{#—5——1
= t—s '

which yields the result for this case. Assume that the result holds for
0,1,...,k— 1 and writing

FD(z) zz_;bgj) ( n:’it ) G=12...

then, using Carlitz’s Theorem we have

7k)7

t—1 (_l)t—r—l

LS

r=k—1

e (t =k k+1,....n).
t“—'f’ ™ ( 7 + H 1n)
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We only need to determine bgk). Fort =k, k+1,...,n by the induction
hypothesis, we have

i—1 t—r—1
k —1
B = 3 (=1)

r=k—1 t—r
r=k+1 Jr—3—1

@ ( Z (—1)’"_S_k+12a5 Z Z
s=0 Jr—z=5+k—2 jp_g4=5+k—3
y J°Z:1 Hj o4 . )

iS5 (1= 0k=3) k=3 = Je-a) -~ (1 — 5)
t—k
= Z(—l)ths_kQaS
a=0

T':S-‘rk—ljk_:gﬂ&"f'k—Q
Ja—1

x> 5

j1= s+2
and the result follows. O

Hjl—S"l )
(r — ju—=3)(Jk—3 — Jh—a) -+~ (J1 — 8)/°

A simpler, yet only sufficient, condition for Int(*)Z can easily be de-
duced. This can be regarded as a partial analogue to the result in the
discrete setting due to Carlitz [4], the lemma on p. 298, which says briefly
as follows: Let M. (z) (r > 1) be the set of all integer-valued polynomials
f(z) such that their differences AF f(z) are integer-valued for 1 < k < .
Put L,(f) = lem(s185. .. s,), where the least common multiple is taken
over all products of integers s; subject to sy + ...+ 5, < mn, s; > 1.

Carlitz’s result states that for a € Z, we have a ( ;TZ ) € M,(z) if and

only if L |a.

THEOREM 2. Let f(z) = as( » :_[i s ), k a nonnegative integer,

ORI (N
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where
t—1 Jh—2—1

b(k) Z( 1t 5= L2CL3 Z Z

Fu—o=a+k—1jr_3=s+k-2

j2—1
1o = dk2) (k-2 — Ji- 3) (1~ 5)

and L, = lem(L,2,...,t). If

(0) ag € Z,
t|ao (t=1,2,...,n),
tLi 1 | 2ag (t=2,3,...,n),

(t —2)2Lq, (t — 3)3La, ..., 1t~ 1)L | 2a0 (t=3,4,... ),

(t—p—2)(Gr—2—7dr—3) . .- (J2—71)51 L5 -1 | 2a0 (t =k, k+1,....,n),
(h—1<joog <t-1,E~2<jis <jro—1,...,2 <5 <ja—1).

(1) meZ,
t—1]a; (t=2,3,...,n),
(t—1DLig | 2a1 (t=3,4,...,n),
(t —3)2L1,(t —4)3Ly,...,1(t —2)Li—3 | 2a1 (t=4,5,...,n),

(t — Jr—2) (-2 — Jr=3) - (Ja = 71) (1 — D Lj—2 | 204
t=k+1,k+2,...,n),
(k<jrra2<t—1k—-1<jr3<ipo—1,...,3< 71 <jo—1).

(n) a, € Z, then f(z) € Int"®)(Z).

Proof. The result is trivial for k = 0. By Carlitz’s Theorem, it is true
for k = 1. Assume that the result holds for 0,1,..., %k — 1. Since

o =3 1(,2, )
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where
B t—k Jk—2—1
= St S
5=0 Jr—g=s+k~1jp_s=s+k=2

Jo—1
% Z Hjl s

25 (6= de2)Uk-2 = k—3) -+ (1 = 5)

and the denominator of Hj; is L;, then bgk) € Z if the following divisi-
bility conditions are satisfied
o (t~ jr—2)(Jo—2 — Jr-3) - (G2 — f1)j1Lj—1 | 2a0
(B-1<jpo<t—1k-2<jr3<fr—2—1,..2<j1 <j2—1),
o (t = jk—2) (k-2 = Jr—3) .- (J2 = 1) (J1 — D) Lj —2 | 2a1
(k<jr2<t-1k=-1<jr3<fk2—1,...,3 <51 <ja—1),

o (t = jr—2) (k-2 — Jr—3) - - (2 — 1) (1 — £+ k) Ljy—t1h—1 | 20—
(t—-1<jp2<t—1,1-2<jk 3 < Jp—2—1,
,t=k+2<j <j2—1).
This set of conditions is equivalent to (0), (1), ..., (n), and the proof is
complete. O

The following example, for the case k = 1, confirms that the conditions
of Theorem 2 are merely sufficient. Let

ser=s0(5 ) +o( ) +3(5 )+ (5)

rey B T A _p L Oya Oy

fla)=b (4)+b2 (3)* b (2)+b4 (1)”’5 (0)’
where, by Carlitz’s theorem, bgl) = 30, bgl) = -9, bgl) = 10, bfll) =
—6,bg1) = 5, and so f(z) € It (Z). Yet ag = 30 is not divisible

by all ¢ in {1,2,3,4,5} implying that f(x) does not satisfy the condi-
tion(1) of Theorem 2.

As another application of Theorem 1, we deduce a necessary and suffi-
cient condition for polynomials with shifted binomials to be in Int™*)(Z),
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given that the former ones are. Results of this kind were used repeatedly
in the work of Brizolis and Straus [2] in their construction of an explicit
binomial basis for IntM) (Z).

Vs
COROLLARY Let f(z Zab( ) e Int®)(Z), k a nonnega-
oy

tive integer, and let g(x) = Z

T
Oas( n+1——s) Then g(z) € Int®) (Z)

if and only if all the numbe;s

(e}
) JO)=> (-)° ——
W J0) =20
-1
2a.H,,_
" _ _1yn—sa—1 stin—s
(2) 9(0)—2( L
n—2
(3) g/II(O)ZZ( n g— 22(1.5 L 7 s—1 7
s=0 j= s+2(n+1_‘7 )
n4+l—k Je—2—1
CITCIOTS SRS SES s
s5=0 Jhe=stk—14p_s=s+k—2
gz—1
Hjl—s—l
X . - A N
Jl,,zsiz n+ 1= ji—2) (k-2 — Jr-3) -~ (71 — 8)

are integral, where H. = 1+ + ...+ %.

Proof. The case k = 0 is trivial. Consider the case £ = 1. Writing

! x :

f(x)=b1<nwl)+b2(nfz>+...+bn_1(:f>+bn,
T

g/(m):Bl(n>+B2(nil>++B"<T>+Bn+1’
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by the identities found in Theorem 1, we get, fort =1, 2,..., nand T
=1,2, ...,n+1 that
t—1

b=y (~1) e

prd t—s
and
T-1 a
B — -1 T—S—l__s_.
T g( ) T—5s
Note that by = B, for t =1,2,...,n, i.e. the coeflicients of f'(z) are the
same as those of ¢/(x) except Bpy1 = ¢'(0). If g(z) € Int™)(Z), then
g'(0) € Z. Conversely, assume that ¢'(0) = B,11 € Z. Since f'(z) €
Int(Z), then By = by, ..., B, = b, are all integral. Observe that ¢/(z) is

a sum of terms of the form Bi( n _:i _ ), with B; € Z, then ¢'(x) €
Int(Z). Hence g(z) € Int()(Z), proving the result for k = 1. The proof
of the general case follows readily by induction. O

Let us mention in passing that all results in this section are still valid if
the ring of rational integers Z is replaced by the ring of p-adic integers.

3. Quotients

In 1971, Lind [4], see also Brizolis [1], proved the following interesting
result to the effect that for two polynomials in Int(Z) the values at the
integers of one divide that of the other if and only if one polynomial
divides the other in Int(Z).

LIND’s THEOREM. Suppose that f(z), g(z) € Int(Z). Then f(n) |

9(z) € Int (Z).

n) for all n € N if and only if
g(n) i

We now generalize this result.

THEOREM 3. Suppose that f(z),g(z) € Int*)(Z), k a nonnegative
integer. Then 9(z) € Int™)(Z) if and only if for all n € N, we have

f(z)
(0) f(n) [ 9(n),

n ’n—m’n
(l)f()l(g() f(n)f()),
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k-1

(k) () | (g““) ORI ) (£)" st (n))

s=0

Proof. Let H(z) = % We proceed by induction on k. By Lind’s

theorem, the result is true for & = 0. Suppose the result holds for 0, 1,
., k—1. Assume that H(z) € Int'¥)(Z). By induction hypothesis, we
have H®)(z) and f*~%)(z) both belong to Int(Z) for 0 < s < k — 1.

Thus
k-1

( ) H®) () f*=%)(2) € Int(Z).
= k-1 k
Wiy -3 (5) 200140
Since H®) (n) = =0 and f(n) are

f(n)
both integral, then

k-1
k 5 —8
HOIFRIOESY ( 5 ) HEO (n) fE=) ()],
5=0

Conversely, let the conditions (0) — (k) be fulfilled and assume the result
holds for 0, 1, ...,k — 1. Thus H(z) € Int®~1(2Z), and so H*V(z) €
Int(Z), yielding

k=1
H®) (2)f(2) = ¢®(z) = ) ( ) ) H® () f**)(z) € Int(Z).

s=0 '
By (k) and Lind’s Theorem, we deduce that H®)(z) €Int(Z), as to be
proved. L]

The following example, for the case k£ = 1, shows that the converse of
Theorem 3 is not generally true if one of the conditions, the condition

(1) in this case, does not hold. Take g(z) = 60 ( "g ) Jflz) =2 ( ; )
Then

9@) _ (@-2)(@ =34 -5

7(2) 13 ’

g(n) e , 9(2) . .
) € Z for all n € N. But at z = 2,¢'(2) — f(2)f (2) =1

which is not divisible by f(2) = 2. Next, we show that 7 Flaz % ¢ It (7).

and so




174 Vichian Lachakosol and Angkana Sripayap

g(z)

Suppose otherwise, then m is polynomial of degree 4 in Int(l)(Z).
Using the binomial basis of Int*)(Z) in Brizolis and Straus[2], we can
write

%%=A6<Z)+(§) +Bﬁ(§>+0(§)+Dmﬁﬂ

where A, B, C, D and E are integral. Comparing the leading coefficients,
we get A = % which is a contradiction.
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