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STABILITY OF ISOMETRIES ON HILBERT SPACES

Kio-WounG JUN AND DAL-WON PARK

ABSTRACT. Let X and Y be real Banach spaces and ¢,p > 0. A
mapping T between X and Y is called an (&, p)-isometry if ||| T(x) —
T — llz — yll| £ ellz — y||P for z,y € X. Let H be a real
Hilbert space and T : H — H an (e, p)-isometry with T(0) = 0. If
p # 1is a nonnegative number, then there exists a unique isometry
I: H — H such that || T(z) — I(z)]| < C(e)(||2||(1TP)/2 4 ||z||P) for
all # € H, where C(¢) — 0 as ¢ — 0.

1. Introduction

Throughout this paper, X and Y denote real Banach spaces and H
denote real Hilbert space and ¢,p > 0. It is a well-known classical result
of Mazur and Ulam [7] that an isometry 7' from X onto Y for which
T(0) = 0 is automatically linear. A mapping T : X — Y is called an
(¢, p)-isometry if

1T (@) = Tl = llz = yll| < ellz —yl?

for z,y € X.
In 1983, J. Gevirtz [2] showed that if T : X — Y is a surjective
(€, 0)-isometry, then there exists a unique isometry I : X — Y such that

IT(z) — I(z)]| < 20(v2 ~1)"*((ellz])'/? + 40¢)

for all z € X and, by using a result of P. M. Gruber [3], there exists a
unique surjective isometry I : X — Y for which ||T'(z) — I(z)|| < 5e for
al z ¢ X.
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In 1995, M. Omladi¢ and P. Sermrl [8] showed that for any an (e, 0)-
isometry T : X — Y there exists a unique surjective linear isometry
I:X — Y such that |T(z) — I(z)|| < 2¢e for all z € X.

In 2000, G. Dolinar [1] showed that if T : X — Y is a surjective (¢, p)-
isometry with T(0) = 0 and 0 < p < 1 then there exists a constant N(p)
and a surjective isometry I : X — Y such that

|T(z) — I(z)|| < eN(p)|z||P for all z € X.

Also he showed that every for (¢, p)-isometry T : X — H with T'(0) =
0, and 0 < p < 1, there exists a linear isometry I : X — H such that

IT(z) = I(2)]| < Cle,p) max{]|z|?, ||| +7)/2}

for all z € X, where C(e,p) — 0 as € — 0.
The authors [4] showed that if T : X — Y is an (e, 1)-isometry with
T(0) = 0, then

1T(z +y) — T(z) - Tl < Cle)(llxfl + llyll)

for all z,y € X, where C'(e) — 0 as € — 0.

In this paper, let p be a nonnegative number with p £ 1. f T : H —
H is an (¢, p)-isometry with T'(0) = 0, then we show that there exists a
mapping @ p) (z,y) : H x H — [0,00) such that

1T(z + ) = T(z) = T < de.p)(zy)

for all z,y € H, where 3 77, a *¢(. ) (a*z,a*y) < oo for some positive
rational number a and ¢ ) (z,y) — 0 as ¢ — 0. Hence we obtain a
unique isometry I : H — H such that

IT () = I(z)|] < Cle)(||=) *772 + Jlz)?)

for all z € H, where C(e) — 0 as € — 0.

In case p = 1, from the result of J. Lindenstrauss and A. Szankowski
[6] we obtain an (e, 1)-isometry T from #; onto itself which satisfies for
every linear operator L on €3 there is an x € £5 so that |[T(z) — L(z)| >
||z|]. Thus we cannot obtain an isometry I : /5 — f5 such that

1T (z) — I(z)]| < C(e)||

for all z € 3 where () —» 0 as e — 0.
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2. Results

We denote by G a vector space. Let a be a fixed positive rational
number and let ¢,r be natural numbers with @ = r/¢. Assume ¢ :
G x G — [0,00) is a mapping such that

) (z,y) :Za d(a*z,a®y) < oo
k=0

for all z,y € G. We also assume that 3.7 () =0 if n = 1.
The following theorem is a generahzamon of some results of Y.-H. Lee
and K.-W. Jun [5].

THEOREM 1. Let T : G — X be a mapping such that
U T +y) - T(@) - TG < é(.y) for all a,y € C.
Then there exists a unique additive mapping I : G — X such that
|T(z |<Z<b(“ ( ~, 9:>—I—Za_1<I>(“( x, Z:):)
7=0 q q
for all z € G.
Proof. From (1), we easily get the following formula by induction

k—1

(2) |T (kz) — kT ()| < Y d(=,iz)

i=0

forallz € G and k € N.
Replacing by 2z and k by g, we have

- ax(}2)] < ol ).

o re-r(e))sErte(e )
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for all z € G. Replacing x by %:c and &k by r in (2), it follows that

() —rr(33)] < Lol 1),

and so we have

1_/r 1 — /1 i
4 H;T(ai’”)‘T(Q‘”)Hﬁ;T 8,7 2)

for all z € G. (3) and (4) imply that
370~ 17(2)] < Zq ol 50)
—l—ZT*qu( :c,—:c)

1=

This implies that

(5) |laT(z) — T(az)| < Zaqb( z, CE) —i—Zqﬁ(—x —:c)

i=0

k—1

for all z € G. Replacing z by a* "z in (5) we have

g—1

|aT (a*1z) — T(a*z)|| < Za@(lak_lx, éak—lm)

i=0
+Z¢( ¢ af~ 1;7:).

Thus we obtain

“a—k—i—lT(ak—lm) a= a 2)| < Za—k+1¢(1 k=1,

=0

3ak"lrﬂ>
q

= /1, n
(6) +ak Z d)(—al"_laz, Ea’l”_]“a:)
=0 9 q
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for all z € G. For n > m (6) implies that

la~"T(a"z) — a~™T(a™z)|| < Z [Za—k+l¢(1 k=1, ’Lak 1$)

“—’)’T'L—-*

+a_kz¢(lak‘“‘lx,zak_lm)}
(7) = z 3 gk ( 1""&‘”)

i=0 k=rn+1
- Lopor % k1
+Z Z a ’“qﬁ(-—a' T, —a a:)
i=0 k=m-+1 q q

for all z € G. Thus {a~*T(a"z)} is a Cauchy sequence and converges
forall z € G. So we define [ : G — X by

I(z) = lim a7 "T(a"z)

re—+ D

for all z € G. From (1) I is an additive mapping. From (7) we have

Ll iy =S 1
[re - 1] < o (ga o) + Zam e (o)
for all x € (. Tt remains to show that I is uniquely defined. Let
I’ : G — X be another additive mapping satisfying (8). Then
11(z) = I'(z)|| = [la™"I(a"z) — a™ "I (a"z)||
< Jle ™ I(a"x) — a T (a"z)||

(9) + |la™"T(a"z) — o "I'(a"z)|
& 1 i
<2 I:Z Z a—n—k¢(_an,+l‘:x7 _an-i-kx)
=0 k=0 q q
r—1 oo 1
+ a‘”“k"lqﬁ( n4-k (ZTH—}CLE)]
=0 k=0 q q
g—1 oo
< 2[ Z a_k'qb( akx, aka:)
=0 k:')"[.
7r—1 oo
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for all z € G. Taking the limit of (9) as n — oo we have
I{z) = I'(z)
for all z € . This completes the proof of the theorem. O

The following corollary is due to Th. M. Rassias [8].

COROLLARY 2. Given € > 0 and nonnegative number p # 1, let
T : X — Y be a mapping such that

IT(z +y) — T(z) =TI < e(llzll” + [y]*)

for all z,y € X. Then there exists a unique additive mapping [ : X — Y

such that
2¢

22|

IT(z) — I{z)] = l]?

forallz € X.
Proof. Apply Theorem 1. O

Let H be a real Hilbert space with inner product (,) and we define
Ge.p)(2,y) : H x H— [0,00) by

Bepy (@) = Re(lz + gl + 20|z + 2[lylP + o —y 1)
+26%(la + yl** + 2llzl|* + 2]y [1*F + e — y]*P)*

for all z,y € H. Let 3 (g, y) = Y heo a"“gb(e,p)(aka:,aky). Ifp>1

(e:p)
then @E:)p) (z,y) <oofor0<a<1andif0<p<1then (I)E(:,)p) (z,y) <

oo for a > 1.

THEOREM 3. Let H be a real Hilbert space and let T : H — H be
an (e, p)-isometry with T'(0) = 0. Then

IT(z +y) — T(x) =T £ ¢ep) (2,9)

for all z,y € H.
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Proof. Since T is an (e, p)-isometry, we have
IT(2) =TI < lz — yl? + 2ellz — ylI"? + €|z — [,
and so
=2(T(@),T(y) < = IT@IP = ITWI + |z — yl?
+2eflz — [P + €*la — yl|*?
for all z,y € H. This implies
IT(2 +y) — T(z) - T(y)|
< =T +yI? + ) + [lyl?
(10) + 2€([lelFP + Iyl TP + e (21 + [y )1?)
+2(T(2),T(y))

for all z,y € H. Assume z,y € H. Then we divide the proof into four
cages: g

Case 1. ||z =yl > ellz —y||” and [z +y|| > €||lz + y]|*.
It follows from ||z — y|| > €|z — y||P that
(1) 2AT(2),T(y)) < IT@)I* + 1T — = —ylI?
+2ellw — yl"*P ~ €|z — y||*P
< el +llyl? = llz = ylI?
+2e(fl2] "7 + 1yl + |z = yl|*F7)
+ e (ll® + lyl*P = llz ~ y]|*P).

Since ||z + y|| > €|z + y||P, we obtain
(12)  |T@+ )l 2 llz +yl? - 2ellz + y|I'7? + €|z +y[|*.
From (10), (11), (12) and the parallelogram identity we get
IT(z +y) ~ T(z) - T(y)I
< 2e(|lz +ylI"P + 20|27 + 20y P + |l — g1

+ 26 (=l + gl + 2/|z[1*" +2]ly||* — [l — y[I*?)
S (b%e,p) (a::y) O



148 Kil-Woung Jun and Dal-Won Park

Case 2. |z — yll > €|z — y||? and ||z + y|| < ellz +y|P.
(10), (11) and the parallelogram identity imply
IT(z +y) — T(z) - T(y)|?
< ||z +y|?
+ 22l TP+ 201yl + flz — g )
+ 2622z )|* + 2llyI*F — ||z - ylI”).

Since ||z + y|| < €l|lz + y||?, we have

|1T(z +y) —T(z) - T(y)|?
< 2¢(2)|z]|"TP + 2[ly) TP + ||z — y[)*TP)
+262(2)|z)|* + 2[lyl* + [z + yl* — |z — ylI*)
< By (2,)- U

Case 3. |lz — yll < €|z —y||” and |lz + y[| > ellz +y|/P-
We obtain easily

(13) 2(T(2), T(y)) < IT@)? + I T
From (10), (12), (13) and the parallelogram identity we have
IT(2 +y) = T(2) ~ T)I* < 2e2]l2] P + 2]yl + ||z + y]**7)
+ €2 (2l|z[1* + 2lly %) + [|lz — yI|*.
Since ||z - y|| £ €]z — y||P, we obtain
IT(z +y) = T(e) = TW)? < 2e(2lla]*7? +2]|y| P + ||z + y[+P)
+ e (2]l2l* + 2)ylI** + llz - ylI™)
< ¢%e,p) (m,y) O

Case 4. ||z =yl < elz —y[” and ||z + y|| < €]z +y]|.
(10), (13) and the parallelogram identity imply
IT(2 +y) ~ T(z) = T < llz+ylI* +llz — yl?
+ 22|z + 2[ly[I*P)
+ €2 (2l|z]|* + 2[lylI*P).
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Thus we have

IT (@ +y) = T(z) = T()|?
< 2e(2)|z]|**P 4 2|yt P)

+ 2l + 2/|y|* + |l — y|* + |z + y[|*)
< By (@ 0)-

Hence we arrive at

IT(z +y) = T(z) = Tl < ¢(e.p) (z,9)

for all z,y € H. This completes the proof of the theorem. |

THEOREM 4. Let H be a real Hilbert space and let T : H — H be
an (¢, p)-isometry with T(0) = 0. If p # 1 is a nonnegative number then
there exists a unique isometry I : H — H such that

q—1 .
1 4
IT(@) ~ @) < 320, (2= o)
=0
iy (@ (1 1
+Y oo (Zz, -z
; (EsP)(q q )

foralz €« Hyand fora>1if0<p<lor0<a<1ifp>1, where
=2 (g,r : positive integers).

Proof. Tt is sufficient to prove the theorem for @ > 1, 0 < p < 1,
a = g (g,r: positive integers). By Theorem 1 and Theorem 3, there
exists a unique additive mapping [ : H — H such that

g—1

o /1 i
I1T(x) ~ 1)) < 380, (o ?c)

i=0
* Z S ( 25’3)

for all z € H. Since I(z) = lim,—oo ¢~ T (a"™z) in the proof of Theorem
1, I is an isometry. This completes the proof of the theorem. (Ml
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REMARKS. In Theorem 4, if 0 < p < 1, then we put a = 2 and so
g=1,7r= 2. Thus we get

X0
2
‘Dfe?p)(m,m)=k22 ‘Pe.p) (22, 2 x)

(2 4 27)1/2 (1+p)/2
<9z 2(73_1)/22\“[53“

2% 4 4)1/2 |
+ (L“T\/éE”LEHP

By Theorem 4, there exists a unique isometry I : H - H such that

I7e) — 1)) < LEDD el 002
2p 1/2
+ E D e

forallz € H. If p> 1 and a = 1/2, we put ¢ = 2,7 = 1. So we have

o0
2l 1.N_ N o k1 o ke
o) (5o 53) = 22 Bep (2751, 27F 1)

2+22 P
e
249 2p+231/2
Tt o Rl

for all z € H. Thus there exists a unique isometry I : H — H such that

IT(z) = I(z)] < %\f”xnmpw
s
forall z ¢ H.
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