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TRACE-CLASS INTERPOLATION FOR
VECTORS IN TRIDIAGONAL ALGEBRAS

Young So0 Jo AND Joo Ho Kaneg

ABSTRACT. Given vectors z and y in a Hilbert space, an inter-
polating operator is a bounded operator T such that Tz = 3. An
interpolating operator for n vectors satisfies the equation Tz, = y;,

fori=1,2,--- ,n. In this article, we obtained the following : Let
z = (z,) and y = (y,) be two vectors in H such that z; £ 0 for all
1 =1,2,---. Then the following statements are equivalent.

(1) There exists an operator A in Algl such that Az =y, A is
a trace-class operator and every E in £ reduces A.
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1. Introduction

Let C be a collection of operators acting on a Hilbert space ‘H and
let = and y be vectors on H. An interpolation question for C asks for
which z and y is there a bounded operator T € C such that Tz = y.
A variation, the ‘n-vector interpolation problem’, asks for an operator
T such that Txz; = y; for fixed finite collections {z1,zs, -+ ,z,} and
{y1,¥2," " ,yn}. The n-vector interpolation problem was considered for
a C*-algebra U by Kadison [9]. In case U is a nest algebra, the {one-
vector) interpolation problem was solved by Lance [10]: his result was
extended by Hopenwasser [4] to the case that I/ is a CSL-algebra.

In this article, we investigate Trace-class interpolation problems for
vectors in tridiagonal algebra : Given vectors z and y in a Hilbert space,
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when does there exist a Trace-class operator A in a tridiagonal algebra
such that Az = y?

We establish some notations and conventions. A commutative sub-
space lattice £, or CSL £ is a strongly closed lattice of pairwise-com-
muting projections acting on a Hilbert space ‘H. We assume that the
projections 0 and I lie in £. We usually identify projections and their
ranges, so that it makes sense to speak of an operator as leaving a pro-
jection invariant. If £ is CSL, AlgL is called a CSL-algebra. The symbol
Algl is the algebra of all bounded linear operators on H that leave in-
variant all the projections in £. Let z and y be two vectors in some
Hilbert space. Then (x,y) means the inner product of the vectors z and
y. Let N be the set of all natural numbers and let C be the set of all
complex numbers.

2. Trace-class interpolation for vectors in tridiagonal algebra

Let H be a separable complex Hilbert space with a fixed orthonormal
basis {e1,ezs,---}. Let zy, za, -+, #, be vectors in H. Then [x,, xa,
+++, z,] means the closed subspace generated by the vectors z;, zg, -+,
Z,. Let M be a subset of a Hilbert space H. Then M means the closure

of M and M means the orthogonal complement of M. Let £ be the
subspace lattice of orthogonal projections generated by the subspaces
leak_1], [e2r—1, eon, €ak+1] ( = 1,2,---). Then the algebra Algl is
called a tridiagonal algebra which was introduced by F. Gilfeather and D.
Larson [3]. These algebras have been found to be useful counterexample
to a number of plausible conjectures. Recently, such algebras have been
found to be use in physics, in electrical engineering and in general system
theory.

Let A be the algebra consisting of all bounded operators acting on H
of the form

E N
*
* ok ok
*
*

with respect to the orthonormal basis {ej, es, - - - }, where all non-starred
entries are zero. It is eagy to see that AlgL=A. Let

D={A: Ais a diagonal operator in B(H)}.
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Then D is a masa (maximal abelian subalgebra) of Agll and D=(Algl)N
(Algl)*, where (Algl)* = {A*: A €Algl}.
In this paper, we use the convention % = 0, when necessary.

DEFINITION. Let H be a Hilbert space and let A be an operator
acting on H. A is called positive if (Az,z) > 0 for all z in H.

DEFINITION. Let H be a Hilbert space, {e,}52; an orthonormal
basis. Then for any positive operator A acting on H, we define trd =
3> {en, Aey). The number trA is called the trace of A.

DEFINITION. Let H be a Hilbert space and let A be an operator
acting on H. A is called a Hilbert-Schmidt operator if trA*A < oc.

DEFINITION. Let H be a Hilbert space and let B(7) be the set of
all bounded operators acting on H. Let B2(H) be the set of all Hilbert-
Schmidt operators acting on H. Let B, (H) = {AB|A,B € Bz(H)}.
Operators belonging to By(H) are called trace-class operators.

The following theorem is well-known.

THEOREM 1. Let H be a Hilbert space and let A be an operator in
B(H). Then the following are equivalent.
(2) |A] = (A*A)2 € Bi(H).
(3) |A]2 € Ba(H).
(4) tr(JA|) < co.

From Theorem 1, we can get the following theorem.

THEOREM 2. Let A be a diagonal operator in B(H) with diagonal
{a,}. A is a trace-class operator if and only if ¥ o~ |an| < 0.

THEOREM 3. Let z = (z;) and y = (y;) be two vectors in H such
that 2; A0 forall¢=1,2,.-.. If
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then there is an operator A in Algl such that Az = y, every E in L
reduces A and A is a trace-class operator.

l

79 )
Proof. 1f Sup{” Ef’“l arEryl|
12 k=1 cx Erz|
then, there is an operator A in Algl such that Az = y and every E

in £ reduces A by Theorem 1 [8]. Since every E in L reduces A, A is
diagonal. Let A = (a;;). Since y = Az, y; = ayz; for all ¢ = 1,2,---.
Since >°07 | |ynl|@n| 7t < 0o, A is a trace-class operator. O

leN,apeCand Ep e L3 < o0,

THEOREM 4. Let z = (x;) and y = (y;) be two vectors in H such that
z; # 0 for all « = 1,2,---. If there exists an operator A in AlgL such
that Ax = y, every E in L reduces A and A is a trace-class operator,
then

!
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Sup{”z:lk:lak 2l ;1€ N,op € C and E}, Eﬁ} < o0
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Proof. Since Az = y and every F in £ reduces A, AFx = Ey for
every E in £. So A(Zic:l apErz) = ZL~:1 o By for every | € N, every
ay € C and every Ey € £. Thus || Zi:l ar Eryll < 14|l Zéa:l arpErzl.
If || S8, apBpz|| # 0, then
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Hence
!
B,
sup { “ Zf=1 o Ery| il € N,apeC and Ey, EE} < 0.
> %=1 e Exz|

Since every E in £ reduces A, A is diagonal. Let A = (a;). Since
Ax =1y, y; = a;x; and hence a;; = y,;a:;'l foralli=1,2,---. Since A is
a trace-class operator, Y oo, |ynllzs| ™t < 0. O

If we summarize Theorems 3 and 4, then we can get the following
theorem.
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THEOREM 5. Let z = (z;) and y = (y;) be two vectors in H such that

z; £ 0 foralli=1,2,---, Then the following statements are equivalent.

(1) There exists an operator A in AlgC such that Az = y, A is a
trace-class operator and every E in L reduces A.

l
(2) Sup{[lll gle akgky:: :l e Nyap € C and Ey € E} < oo and
k=1 @k LRT

oo
Z [Ynllzn] 7 < oo,
n=1

THEOREM 6. Let z, = (,,:) and ¥, = (yp:) be vectors in H such
that z,; # 0 (p = 1,2,--+ ,n) for some fixed g and all i = 1,2,---. If
there is an operator A in AlgL such that Az, = y, (p = 1,2,:-- ,n),
every ¥ in £ reduces A and A is a trace-class operator, then
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< o0 and z v
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|a:q,n|_1 < 0.

Proof. Since Ax, =y, and every F in L reduces A, AEx, = Eyp.
S0 A(X 21 Yoh ey e Brpty) = Yp2y Yoo akpErpp, Mp € N, 1<
n, Eyp € £ and agp € C. Thus | EA 12;9 1 9 p B ppll < 11002

Sy GopBrppll AN T 50, Y o p Byl # 0, then

| Z p—l ok.p B, oYl
[ Ek:l Zp:l otk p B T |

< [|AlJ.

Hence

{H Z p—l O‘k,pEk,pyp“

[y p'-‘l g pBi, :pr”
< oo, Smce every E in £ reduces A, A is diagonal. Let A = (a;).
Since Azp = Yp, Yp,i = G1i%p; (P =1,2,--- ,nand i=1,2,---). Since
Tqi # 0, as; = yq,im;g (i=1,2,---). Since A is a trace-class operator,

2'2021 lyq,n”mq,n]_l < o0. U

mp € N,l < n, Ekpeﬁandakpe(l}

THEOREM 7. Let z, = (z,;) and yp = (yp.:) be vectors in H such
that ,; # 0 (p = 1,2,--- ,n) for some fixed ¢ and all i = 1,2,---
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m I
If sup { “ ZA 2 Zp_]_ ak,pEk: pypH
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arp € Cp <ooand 37,7 [ygnllTen

:mp € N, 1 < n, Ey ), € L and

~1 < co, then there is an operator

A in AlgL such that Az, =y, (p = 1,2, ,n), every F in L reduces
A and A is a trace-class operator.

m !
132k Zp—l O‘k,pEk,py:n”

I 52720 Yot @b B pll

Proof. Ifsup{ mp €N, 1 <n, Ep€e L

and ap, € Cp < oo, then there is an operator A in Algl such that

Az = y and every E in £ reduces A. So A is a diagonal operator.
Let A = (ay). Since y, = Azy, Yps = 6:i%p; (p=1,2,-++ ,nand i =
1,2,---). Since > o7 [Yanl|Zen| ™t < 00, A is a trace-class operator. [J

If we summarize Theorems 6 and 7, then we can get the following
theorem.

THEOREM 8. Let z, = (x,,;) and yp, = (yp:) be vectors in H such
that x4 ; # 0 for some fixed q and all i = 1,2,.--. Then the following
statements are equivalent.

(1) There exists an operator A in Algl such that Az, = y, (p =

1,--+,n), every E in L reduces A and A is a trace-class operator.
HZ”‘” o, Erppll

(2) sup { p_l PP mp € N, 1 <n, Ej, , € L and
[y =1 a’k,pEk,pxp“

arp, € Co < oo and Z [Ya.nllZgnl ™t < oo.

n=1

If we modify the proof of Theorems 6 and 7, then we can get the
following theorem that is considered for infinite vectors.

THEOREM 9. Let z, = (zp,) and yp = (yp,.) be vectors in H(p =
1,2,-++) such that xz,; # 0 for all i and for some fixed q. Then the
following statements are equivalent.

(1) There exists an operator A in Algl such that Az, = y, (p =
1,2,--+), every E in L reduces A and A is a trace-class operator.
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