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A STUDY ON CARLESON MEASURES WITH
RESPECT TO GENERAL APPROACH REGIONS

CHOON-SERK SUH

ABSTRACT. In this paper we first introduce a space of homoge-
neous type X, and we consider a kind of generalized upper half-
space X X (0,00). We are mainly concerned with some inequalities
in terms of Carleson measures or in terms of certain maximal oper-
ators with respect to general approach regions in X x (0,00). The
main tool of the proof is the Whitney decomposition.

1. Introduction

Recently enormous progress in harmonic analysis has been made.
This paper will announce some problems related to harmonic analysis.

In this paper we first introduce a space of homogeneous type X,
which is a more general setting than R™, and we also consider a kind of
generalized upper half-space X x (0,00). Suppose that for each z € X
we are given a set {1y C X x (0,00). Let 2 denote the family {Q;},ex.
Then we define a maximal function AZ(f), with respect to €2, acting on
a function f on X x (0,00), and an (2, 3)-Carleson measure v of order
B, with respect to 2, on X x [0, 00).

The purpose of this paper is to study some inequalities in terms of an
(Q, B)-Carleson measure v, or in terms of a maximal function AF (f) in
the context of the space of homogeneous type X.

Throughout this paper we shall use the letter C to denote a constant
which need not be the same at each occurrence.
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2. Some preliminaries

We begin by introducing the notion of a space of homogeneous type
[2]: Let X be a topological space endowed with Borel measure 4. Assume
that d is a pseudo-metric on X, that is, a nonnegative function on X x X
with the properties:

(i) d(z,z) = 0;d(z,y) >0ifz #y,
(ii) d(z,y) = d(y,x), and

(ii) d(z,z) < K(d(z,y) + d(y, 2)), where K is some fixed constant.

Assume further that

(a) the balls B(z,p) = {y € X : d(z,y) < p}, p > 0, form a basis of
open neighborhoods at x € X

and that u satisfies the doubling property:

(b) 0 < w(B(z,2p)) < Au(B(z,p)) < oo, where A is some fixed
constant.

Then we call (X,d, 1) a space of homogeneous type.

Property (iii) will be referred to as the “triangle inequality.”

Now consider the space X X (0,00), which is a kind of generalized
upper half-space over X. Suppose that there is a given set 2, C X X
(0,00) for each z € X. Let Q denote the family {2;}zcx. Thus at each
z € X, Q determines a collection of balls, namely, {B(y,t) : (y,t) € Q}.

For a measurable function f on X x (0,00) and x € X, we define a
maximal function of f, with respect to €1 as

AZ (f)() = sup |f(y,1)].

(y:,t)€Q:

Throughout this paper we will always assume that {2 is chosen so
that A (f) is a measurable function on X, and that @ = {Q;};ex is a
symmetric family, i.e., if z € ,(¢), then y € Q,(t), where Q. (t) = {y €
X :(y,t) €}

For any set F C X, the tent over E, with respect to €2, is the set

T(Eq) = (X x (0,00))\ |J Q-

It is then very easy to check that

T(Eq) = {(y,t) € X x (0,00) : Q,(t) C E}.
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The tent space Tfo,n is defined as the space of functions f on X X
(0,00), so that A (f) € LP(dy), 0 < p < o0, and set

fllr2 o = AS (Pl Lr(aw)-

For a measure v on X X [0,00) and 3 > 1, we say that v is an (€, §)-
Carleson measure of order J, with respect to 2, and write v € Vg if

[V[(T(Bg))

. W WEP

<C < o0,

where the supremum is taken over all balls B in X. Note that we can
make the space of (€, §)-Carleson measures into a Banach space with
norm equal to the left side of (1).

3. Main results

We begin with a lemma which is of the type due to Whitney in {3].

LEMMA 1. Let O be an open subset of X. Then there are positive
constants M,h; > 1,hy > 1 and hg < 1 which depend only on the space
X, and a sequence {B(x;,p;)} of balls such that

(1) UzB(wz,pz) = 07
(i) B(zs,h2pi) C O and B(zi, hipi) N (X \ O) # 0,
(iii) the balls B(xz;, hgp;) are pairwise disjoint, and
(iv) no point in O lies in more than M of the balls B(z;, hap;).

LeMMA 2. Suppose Q2 = {Q; }rex is a symmetric family of sets such
that Q.(t) is open for all (z,t) € X x (0,00). Let f be a measurable
function on X x (0,00). Then AY(f) is lower semicontinuous, that is,
for all A > 0, the set {x € X : A (f)(z) > A} is open.

Proor. If AF(f)(xz) > A, then there is a point (z,t) € £, so that
|f(2,t)] > A. By hypothesis, we have z € Q,(¢) and there is an ¢ > 0
such that if d(z,y) < € then y € Q,(t). Again, by symmetry, (z,t) € £,
and so A (f)(y) > A if d(z,y) < . Thus the proof is complete. O
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THEOREM 3. Suppose Q = {Q,}.cx is as the hypothesis of Lemma
2. Let f be a measurable function on X x (0,00) and v € Vgﬁ,ﬁ > 1.
Then there is a constant C such that

v|({(z,t) € X x (0,00) : |f(=,1)] > A})
< Clu({z € X : AZ(f)(z) > A}’

for each A > 0.

PROOF. For each A > 0, we define the set O* by
={z e X :AF(f)(z) > A}.

Since AZF(f) is lower semicontinuous by Lemma 2, O* is an open set.

Let
xX 0
0> = U T; ,p] = U
=1 =1

be a Whitney decomposition of the open set O*. Let
B} = B(z},Chyp}),

where h; is given in (ii) of Lemma 1, and C will be chosen sufficiently
large in a moment. If (z,t) € T(O}), then B(z,t) C O* and z € B;‘
for some j. Let y € B(z},h1p}) N (X \ O*). Then
(2) t <d(z,y)

< K(d(z,z}) + d(z},9))

< K1+ hi)p;.

Hence if z € B(z,t), then it follows from (2) that

d(a),2) < K(d(a},5) + d(z, 2))
< K(pj +t)
< K(pg\ + K(1+ hl)P;\)
=K(1+K(1+h))p}.
Thus if we choose C so that K(1 + K(1 + h1)) < Chy, then it follows

that _
B(z,t) C B(z},Chip}) = B},
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and hence (z,t) € T(B},). Then we have
e ~
{(@,t) € X x (0,00) : |f ()] > A} < | T(B)a)-
j=1
Since v is an (2, §)-Carleson measure, we have

lv|({(z,t) € X x (0,00) : |f(z, )] > A})

< S IMTB)

<C Z[#(B;\)]ﬁ (by the doubling property)

=1

= Clu({z € X : AF(H)(z) > D)’

Thus
|({(z,t) € X x (0,00) : [f(z,1)| > A})
< Clul{z € X : AR (f)(2) > AN’
The proof is therefore complete. a

THEOREM 4. Suppose Q = {Q,}zex Is as the hypothesis of Lemma
2. Let f € TY, ,0 < p < 00, and v € V3. Then there is a constant C
such that

[ Pl < CIAF (DI -
X x(0,00)

PROOF. Let f € T? ,,0 < p < o0, and v € V). Then it follows from
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Theorem 3 that

1/p

/ (@, ) Pldu(z, 1)
X x(0,00)

oo 1/p
= (p/o MW y|({(z,t) € X x (0,00) : |f(z,t)| > A})dA)
oo 1/p
<c(p [ 0o € X AR (@) > )
1/p
—co( [ usEra)
= C|lAZ (H)lzrap)-
Thus
|f (z, )[Pldv(z, t)| < CHAF (AL (a,-
X x(0,00)
The proof is therefore complete. O
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