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ABSTRACT

Although the finite element method has become an indispensible tool for the dynamic analysis of
structures, difficulty remains to quantify the errors associated with discretization. To improve the
modeling accuracy. this paper proposes a method to make a combined use of finite elements and
exact dynamic elements. Exact interpolation functions for the Timoshenko beam element are derived
using the exact dynamic element modeling (EDEM) and compared with interpolation functions of the
finite element method (FEM). The exact interpolation functions are tested with the Laplace variable
varied. A combined use of finite element method and exact interpolation functions is presented to
gain more accurate mode shape functions, This paper also presents a combined use of finite elements

and exact dynamic elements in design/reanalysis problems. Timoshenko frames with tapered sections
are tested to demonstrate the design procedure with the proposed method. The numerical study
shows that the combined use of finite element model and exact dynamic element model is very

useful.
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Table 1 Specifications of numerical model 1
Property Data
Length, m 0.25
Thickness. m 0.025
Width, m 0.025
Young's modulus, GN/ m* 200
Poisson’s ratio (v} 03

101+ v)/(12+11 v)
8000

Shear coefficient (k)

Density, kg/ m®
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Fig.2 Variation of shape functions with changing the frequency (the imaginary part of s)
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Table 2 Eigenvalues of numerical model 2

Eigenvalue(rad/s)
Mode # FEM Exact
1 -2.814 + 29.208] -2811 + 29.200)
2 -1.429 + 88.701j -1.411 + 88431j
3 -0.504 + 191.784j | -0.489 + 189.351j
4 -2.815 + 314.871j -2453 + 305.101§
5 -0.089 + 5845275 | -0.014 + 490.361j
6 -2.176 + 8908497 | -1.987 + 669.388i

sRagrssgse/A 129 A

2%, 2002d/145



A

modal displacement

positon (m)

(a) First mode

modal displacoment

position (m)

(c) Third mode

ST ¥ 4 Ak Fig sl 9RNE Zaas
ALE WY, & feeawel 98 dolgl R
S QU BOUFE olgetel 129 EERA, 1
AT foadel 9 ZEaMY A5¥ES M
S Atk A% BElM TA ZET 4% f@
2o ol P REYHS A} 42 AR
& 9 & sl Ze AR el el gola
Az 9Pt REgA 49d 246 9k AL
¢ &

@9, Fig. 6140 REYYe) 5% vzaly
BiFT Qe ARs AR FR2AMe)
@ PY REWyel 9ud BEGAel il 94
g molz ok Teu AR WES o8w A9,
% fasdmd slsl AN DRAEL DHA
AU UOYFE AHgstel BH A0lE BT 2
F AR Y REGPAAG A e
BEQYS 2 QAT A8 ¢ F Ak

OO RRY RFAME olgsl FHAolg

16/8t3 287

modal displacement

o 2 g O O o
positon (m)

(b) Second mode

modal displacement

positon (m)

(d) Fourth mode

Fig.5 Comparison of real parts of the mode shapes synthesized by EDEM(A), FEM
+EDEM(B) and FEM(C)

e B AEshl 7E9 RERHS Q) 98
QRN ALty e Hs 2ol IU HARS
£ B89 Ao 75V L 5 Ak

R LEUCIEE R EIE P
o 23 248 088 =us DUy

#2408 olgsn
NE 229 +8
& AT e
7t e AsdlE
Al Agsofsteg of
Ao 2ozt 3714
B4 Hoh 2oz
AR TA 248 A0 84E S A%
s @

Fig. 7& £ dANM Zaig F 7K Zd9 7
Zgolth I B 209 4dnE 20 £x 379

>

o s

S3s=2W/A 129 A 23, 20024



YU 4 249 §5 24 Y 4 wd g A

Fig.6

modal displacement

modal displacement

Comparison

posion (m)

(a) First mode

B 0
postion (m)

(b) Second mode

B 0 0 g o
poston (m)

(¢c) Third mode

oositon m
(d) Fourth mode
of imaginary parts of the

mode shapes synthesized by EDEM(A),
FEM+EDEM(B) and FEM(C)

3k

D

4.0m

(c) Double span system

Fig. 7 Numerical model 3

Frequency (rad/s)

Length (m)
Fig.8 First six natural frequencies with
changing the length of span

1Fo® AAse Pue Zdd FREZA Fx
29 s golHzt e B WA sFelnh ¥
A A is Azl galHE 2ol o] W) o
2 ZRNEFE 2N BAR AP Zd
o FxEC H4¢ nEstd PPLE W ohle}
23 215 (longitudinal vibration) = skt
Z1FRES Hold YYolLE JUP FH 24
BaYs SR AR AR sl Aol #
o2z 29y sidch 28 J9ue Zolg W
AAAE HEE £3 22F ol§¥ A WA
oE 24 HAAH P oo W AN 23 Fol ¥

FLSSSHE=2T/A 120 A 23, 200211/147



£ %-28%0%4
A 4t we AT BEE 998 54 2 o % e Aot db 7EE dadE 16
%% olgaat wEe TRAUE4E TaSh Flg 9o REYAS
o9 TAY PEES Fig 7(b)% 2] R4F MR 200 Table 391 FERAMANA 4RY
Sl Tdddt & AEE 920 59 208 o U 2058 WA 445 A% i
oggozA el dol7l WataE RUYE o el ol AVE THNESE R, FEL
g 427 9onE oF EAMeD YUY £4  UBL 488 499 LAAE EUAIAL
2 o9 ol AA AFA ®ANe) Fhsasl ol £AARE T 4 ek
unton 53] WPUATA oF i,
Fig 82 29 1) 42 0e 6} 24354 5. 48
WIS HolFL Atk /lZAZE ¥ 7)o H(ez
Wihe Fagel T A6 wo 2RaEen v ATANE 9B 54 245 olLdld F3
YolA) Wl e TBEE Al Fh G TR 24 Rdg BasE T b PUS Adsd
s, A 5 24 AL olfs] YU BAVS
Pute] RAESTE SR LHVEFEY B sualon fUR2udA ASHE 37 W
Zol sl @ AEe o WE AL % 4 AT ¥ D LAUSS st of A3E A
oe Ay FEBIN 2 Aot BIFE  faesvdl Ag 4+ Y= REINe GRS
AoAeE FA%e 9ol AA JHe 2E HAlE AT £ U= WU ALAYTL AZAUL. £
FRRAUE 0|83 slol BHe] Sk WA AR
o 0 Ao 9UF 54 220 §¢ 248 FAo B&
ST | T sk wue Avages zad gee FxE 4
i K Ao BoE g Adasis, A e A
0 10 2 3 40 o 1 2 3 wo] Aexoz $8Y 4 S-S FAsATh
10] 10,
s’—\/lv 5
0 0| z 7
10 20 30 40 * 10 20 0 40
N N of =EE W0EE FFBEAEAV Aol o
I T ] st e (RRE-200-011-E00062)
o
'50 10 20 30 40 10 20 30 40
#nEsd

Axial position (m)
Fig. 9 Mode shapes of numerical model 3

Table 3 Comparison of eigenvalues from FEM
and the combined method »

() 4%, 35S, 959, 198, 247t 9t 9
WA B FRES AT GV KE A4 933

Ages) A, Al 153 A 123, pp. 202~211.
Naturel frequency (rad/sec) (2) Hong, S. W, and Kim. J. W.. 1999, "Modal
M?‘de (ZE:]\&) (l‘;ilvé) ( 591/]6) Combined Analysis of Multi-span  Timoshenko Beams
1 395924 | 395307 | 395353 | 39.5346 Connencted or Supported by Resilient Joints with
2 399756 | 399214 | 399169 | 399162 Damping,” Journal of Sound and Vibration. Vol.
3 105.3558 | 1045499 | 1044767 | 104.4653 221, No. 4, pp. 787~806.
4 | 1104574 | 109.4387 | 109.3468 | 109.3326 (3) AFS F4%. 199, "dLE 4 22F o
5 1407951 | 1405148 | 1404815 | 1404736 L3 Ty FFREY U ¥ RE 4" 34
6 216.1371 | 2116764 | 211.0335 | 210.9323 S2£283)%, Vol, 9. No, 5, pp. 966~974,
148/8123 237 E3st =2 /A 120 A28, 20029



W FH 24§18 24 $F 84 Wye) #d Ay

(4) Hashish, E. and Sankar, T. S.. 1984, “Finite
Element and Modal Analyses of Rotor Bearing
Systems under Stochastic Loading Conditions.”
Trans, ASME, Journal of Vibration, Acoustics.
Stress and Reliability in Design, Vol. 106, pp. 890
~898.

(5) Nelson. H. D. 1980, "A Finite Rotating
Shaft Element Using Timoshenko Beam Theory,"
Trans. ASME, Journal of Mechanical Design, Vol
102, pp. 793~803.

HE2 9483

A ()& 220 B8 9K} &FolA] 4
o 247t tiiste] 249 Aojo) e AEL FHs
T, FamA PEAS A4sd ok we &
24 A4S LS 5 A%

(m+ m)a+ ka=f (A1)

A7) HA 1oL A AALETH AALEE 0
gt BE 84 42E BhRelT olest 2e”

aq
m=—LAL N ay as
Ta00+)7 e —a @
4 Ay T Az a5
el ay
TR | -6 —a 3B
a;  a —a; ag
12
. a151.1 62 ap
U+ | ~12 ~6¢ 12
60 ay -6¢ ay

HRLZSI B E2W/A 121

)M, W ol EQSle 245 oo 2k

= 156+ 2947+ 1407*,
a,=(22+38.57+107) ¢,
54+ 1267+ 707,
a=—(13+31.57+10) ¢,
4+77+3.5) 0%,
—(3+Tr+3.50 0%

3-150)¢
4+57+109) ¢
ay=(~1-5r+57)¢*
ap=U+ne’,
ay=Q@2-ne’

FH HEAD B 220 B 9Ud 4 24
PP TP MY 22FL ey Zo] E@Eh

A=az—£lif(2b(l—coshaécosh35)+

(4 +/)sinh agsinh 48]
=L~ usinh agcosh g2+ vsinh fscoshad)

= (B sinhaesinh 3¢
24=4(1 - coshatcosh 55}

=L 88 (usinh agcosh g — usinh fecoshag)
=L usinhag— vsinh 58)
ds =L ( coshag— cosh g8}
dy =148~ ysinhag+ usinh g2)
{ (ab+ cd) +V (ab+ cd)’ — 4 abed+ bo)}
#=1{ (ab+cd)—V (ab+ cd)*— 4(abed + b))}
_ ca’;ar? .

&

1
2
1
2

cd— 4
B

A2 &, 2002¢/149



