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PRIME RADICALS IN ORE EXTENSIONS

JUNCHEOL HAN

ABSTRACT Let R be aring with an endomorphism ¢ and a derivation
& Andeal I of Rs (o, 8)-ideal of Rif 6(I) C I and §(J) C' I. An
1deal P of R 15 a (o, §)-prime 1deal of R1f P (# R) 15 a (0, §)-deal
and for (o, §)-ideals I and J of R, IJ C P imples that I C P or J
C P. An ideal @ of R s {0, &§)-semiprime 1deal of Rif @ 15 a (o, §)-
1deal and for (o, §)-1deal I of R, I? C Q implies that I € @ The (o,
§)-prime radical (resp prime radical) is defined by the ntersection
of all (&, §)}-prime deals (resp prime 1deals) of R and 158 denoted
by P, 5(R) (resp P(R)) In this paper, the following results are
obtamed (1) P, 5,(R) 1s the smallest (o, §)-semiprime 1decal of R, (2)
For every extended endomorphism & of o, the -prime radical of an
Ore extension P(R[z,0,8]) 1s equal to P, 4)(R)[z,0,6]

1. Introduction and Some Definitions

Throughout this paper, R will denote an associative ring with iden-
tity. A skew derwvation on a ring R is a pair (o, §) where o is a ring
endomorphism of R and § is a (left) o-derwwation on R, that 1s, an
additive map from R to itself shch that 6(ab) = o(a)é(b) + 6(a)b for
all a,b € R. A left (right, two-sided) ideal I of R is called a left (right,
two-sided) (o, §)-2deal if o(I) C I and §(I) C I An ideal P of R
is called (o, 8)-prime wdeal 1f P (# R) is a (o, 6)-ideal and for (o,
8)-ideals I, Jof R, IJ C P umplies that ] C Por J C P An ideal @
of R is called {0, §)-semuprime ideal if @ is a (o, §)-ideal of R and for
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any (o, 6)-ideal I of R, I? C @ implies that I C Q. R is called a (o,
0)-prime (resp. (o, 0)-semiprime) ring if (0) is a (o, §)-prime (resp.
(o, 8)-semiprime) ideal. For more things about these terminologies, we
refer to [3], [4] and [6]. In particular, in [2], Goodear] has provided a
criterion for (o, &) being a skew derivation on R, which enables us to
construct easily many examples of skew derivations. Note that every
(o, 8)-prime ideal of R is (¢, §)-semiprime ideal, and every prime (resp.
semiprime) ring is (o, §)-prime (resp. (o, §)-semiprime).

Recall that the prime radical (in other words, lower nil radical) of R
(denoted by P{R)) is the intersection of all prime ideals of R. We can
define (o, §)-prime radical (in other words, (o, §)-lower nil radical) of
R (denoted by P, 5,(12)) by the intersection of all (¢, §)-prime ideals
of R. In Section 2, we will investigate some properties of P, 5(R)}, in
particular, we will show that I, 5)(R) 15 the smallest (¢, §)-semiprime
ideal of R.

EXAMPLE 1. Let R = F[z} be a polynomial ring over a field F, let
P = zF[z] be an ideal of R generated by z and let § = & be the
formal differential on R. Then P is a prime ideal of R but §{P) ¢ P,

and so P is not a (o, §)-prime ideal of R for any skew derivation (o,
é) of R.

ExAMPLE 2. Let R = F[z] be a polynomial ring over a field F, let
P = zF[z] be an ideal of R generated by z (as given in Example 1).
Let 8, = x;% be a derivation. Consider an ring endomorphism ¢ : K
— R by o(f(z)) = f(-z) for all f(z) € R. Then P is a prime ideal
of R and 8(P) C P, and also P is a (o, §)-ideal of R.

Recall that for a skew derivation of R, Ore extensions (skew polyno-
mial rings) P(R[z; g, d]) are rings of polynomials in z with coefficients
in R in which the multiphcation is given by za = o{a)z + é{(a) for alt
a € R. In particular, if o = 1, then P(R[z;0,4]) is simply denoted
by P(R[z;d]) (called differential polynomial ring). In [4], Irving has
worked on prime ideals of Ore extensions over commutative rings, in
[2], Goodearl has analyzed prime ideals of Ore extension over R in
case that R is commutative noetherian ring). In [1], Ferrero, Kishi-
moto and Motose have shown that for a differential polynomial ring
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R{z; 6], the prime radical of R[z;é] is equal to Ps{z; 8] where Pj is the
d-prime radical of R {which is the intersection of all §-prime ideals of
R). From the previous works on Ore extension, It is natural for us to
try to find the prime radical of Ore extension. In Section 3, by con-
sidering an extended endomorphism & of ¢ we will show that for every
extended endomorphism & of ¢, R is a (o, d)-semiprime ring if and
only if P(R[z;o,0]) is a 6-semiprime ring, and the &-prime radical of
an Ore extension P(R[x; 0, d]) is equal to Py, s (R){z; @, 6], as corollary
we can improve the result shown by Ferrero, Kishimoto and Motose;

2. o-Prime Radical of a Ring K

The definitions and the resluts in this section are obtained by the
similar arguments on prime radical of ring R in [5]. A nonempty subset
S of aring R is called a (o, §)-m-system if, for any a,b € S such that
(a) and (b) are (o, d)-ideals of R, there exists 7 € R such that arb € S.

LEMMA 2.1. Let R be a ring unth an automorphism o and a derwe-

twon 8. Then o(a), §(a) € (a) +f and only of (a) s a principal (o,
d J-tdeal of R.

PRrROOF Suppose that o(a), 6{a) € (a) and let b € (a) be arbitrary
Then b= 5"~ ras, € (a) forsomer,, s, € R(e=1,.. ,m). Since
o(a) € (a), o(r.as,) = a{r,)o(a)o(s,) € (a) for each 4, and then o(b) C
(a). Since &(a) € {(a), 6(r,as,) = &(r,)as, + r.é(a)s, + r,ad(s,) € (a)
for each :, and then §(b) € (a). Hence (a) 15 a (o, §)-ideal of R. The
converse 1s clear.

PROPOSITION 2 2. Let R be o ring unth an aulomorphism o and a

derwation 6. If P C R 1s any (o, & )-ideal of R, then the follounng are
equivalent:

(1) P s (o, §)-prune;
(2) For any a,b € R such that (a) and (b) are (o, &)-1deals of R,
(a)-(b) C P wmplies thata € P orb € P.

(3) For any a,b € R such that (a) and (b) are (o, §)-1deals of R,
aRb C P wmphes thata € P orb € P.
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(4) For left (o, 6)-1deals I,J of R, IJ C P implies that I C P or
J C P.

(5) For right (o, 6)-1deals I,J of R, IJ C P wmplies that I C P
orJ C P.

ProOOF. It is enough to show that (1) = (2) = (3) = (4) = (1).

(1) = (2): Clear.

(2) = (3): If aRb C P such that (a) and (b) are (o, §)-ideals of R,
then (a)-(b) = RaRRbR C RPR=P. By (2, a€ Porbe P.

(3) = (4): Assume that there exist two left (o, §)-ideals I, J of R
such that I-J C Pbut F € P, J ¢ P. Choosea € I\Pand b€ J\P.
Then aRb C IJ C P. By (3), 2 € P or b € P, a contradiction.

(4) = (1): Clear.

COROLLARY 2.3 Let R be a ring with an automorphism o and a
derwation 8. Then P 1s a (o, & )-prime-ideal of R if and only of R\ P
18 @ (0, 0 )-m-system.

Proor. It follows from the definition of (o, §)}-m-system and Propo-
sition 2.2.

PROPOSITION 2.4. Let R be o ring with an automorphism o and
a derwation 6 and let S C R be a (o, §)-m-system which 1s disjount
from a (o, §)-1deal I of R. Then there emsts a (o, &)-1deal P which
1s mazimal wn the set of all (o, §)-1deals of R disjoint from S and
contaming I. Furthermore any such wdeal P s a (o, 6)-prime ideal of

R.

PRroOF. Consider the set I'(, 5) of all (o, §)-ideals of R disjoint from
S and containing /. Then T, 5 is nonempty since I € I'(, 5y. Since
Lia,5) # 0, every (o, §)-ideal in T'(;,5y is properly contained in R. Let
I'(,s5) be partially ordered by inclusion. By Zorn's Lemma there is a
(o, 8)-1deal P of R which is maximal in ', 5). Let U,V be (0, 6)-ideals
of R such that UV C P. U ¢ P and V ¢ P. then each of the (o,
d)-ideals P + U and P 4- V properly contains P and hence must meet
S. Consequently, for some p1, pp € P,ue U, v €V, p1 +u=89
€ Sand pp + v =352 € §. Since S is a (o, §)-m-system, there exists
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an element 7 € R such that s,7ss € §. Thus syrs; = pyrps + p17v +
urps + urv € P4+ UV C P, a contradiction since 5,783 € S N P = 0.
Therefore U € Por V C P, and so P 1s a (o, §)- prime ideal of R.

For a (o, 6)-ideal I in a ring R with an automorphism ¢ and a
derivation &, let P, 5 (R:I) = {r € R : every o-m-system containing
7 meets I}. Then we have the following theorem:

THEOREM 2.5. Let R be a ming with an automorphism o and a
derwation 6. Then for any (o, 6)-deal I wn a ming R, Py 5(R : 1)
equals to the wntersection of all the (o, & )-prime 1deals contarning I.
In particular, P, 5(R: 1) 15 a (o, §)-2deal of R.

PROOF. Let a € P, 5(R: 1) and P be any (o, §)-prime ideal of R
contalning I. Then R\ P is a (o, §)-m-system by Corollary 2.3 This
(o, §)-m-system cannot contain a, for otherwise (R\ P) NI # @, a
contradiction Therefore, we have a € P. Conversely, assume that a
¢ P 5 (R : I). Then by definition, there exists a (o, §)-m-system S
containing a which 1s disjoint from I. By Proposition 2.4, there exists
a (o, 8)-prime-ideal P which is maximal in the set of all (o, §)-ideals of
R disjoint from $ and containing I. Hence we have a ¢ P, as desired.

A nonempty subset S of a ring R is called a (o, §)-n-system if, for

any a € S such that (a) is (¢, §)-ideal of R there exists » € R such
that ara € §S.

PROPOSITION 2.6. Let R be a ring with an automorphism ¢ and a
derwation 8. For any (o, §)-ideal Q of R, the follounng are equivalent:

(1) Q s (o, §)-semiprime;

(2) For any a € R such that (a) 1s (0, 6 )deal of R, (a)? C Q
wnplies that a € Q;

(3) For any a € R such that (a} 1s (o, §)-1deal of R, aRa C @
wnplies that a € Q;

(4) For left (o, 6 )-2deals T of R, J? C Q wvmples that T C @Q;

(8) For right (o, 6 )-ideals I of R, I? C Q wmphies that I C Q.

PRrOOF 1t is similar to the proof as given in the Proposition 2.2.
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COROLLARY 2.7. Let R be a ming with an automorphism o and a
derwation 6. Then P 1s a (o, 6)-semiprime-ideal of R if and only if
R\ P is a (o, §)-n-system.

ProoF. It follows from the definition of (¢, §)-n-system and Propo-
sition 2.6.

LEMMA 2.8. Let R be a ring unth an automorphism o and a derwa-
tion 6. If N 1s a (0, §)-n-system in R and a € N, then there exsts a
(o, 8 }-m-system M C N such that a € M.

ProOOF. Consider a subset M = {a1, a2, a3, ... } of R defined
inductiviey as follows: a; = @, @,41 = @70, € N for some r, € R
where ¢ = 1,2,... . We will show that M is a (o, §)-m-system. Let a,,
a;, € M be arbitrary. If 2 < y 4 1, then a,4, € a,Ra; C a,Ra,, which
means a,4+1 € M. If j < ¢+ 1, then similarly a,+; € M. Hence there
is a (0, §)-m-system M C N such that a € M.

THEOREM 2.9. Let R be a mng with an automorphism o and a
derwation 6. For any (o, § )-1deal Q of R, the following are equivalent:

(1) Q is a (o, §)-semiprime deal;
(2) Q is an wntersection of (o, § )-prime 1deals;

(3) Q = Py 5)(R:Q).

Proor. (3) = (2). It follows from Theorem 2.5 since any (o, ¢)-
prime ideal is {¢, §}-semiprime.

(2) = (1). It follows from the observation that every (o, 8)-prime
ideal is (o, 6)-semiprime and the intersection of any (o, §)-semiprime
ideals is {o, §)-semiprime

(1) = (3). Suppose that Q 1s a (o, §)-semiprime ideal. By definition
of (7, 8)-n-system, Q@ C P, 5y(R : Q). We want to show that P 5 (R :
Q)C Q. leta¢ Qandlet N=R\Q. Then N is a (o, §)-n-system
containing a by Corollary 2.7. By Lemma 2.8, there exists a (a4, §)-
m-system M C N such that @ € M. Since M is disjoint from @, a ¢
P(a,é)(R : Q)
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COROLLARY 2.10. Let R be a mng with an eutomorphism o and a

derwation 8. Then P, 5y(R : I) 15 the smallest (o, § )-semiprime 1deal
of R which contains I.

Proor. If follows from the Theorem 2.9.

For a ring R with an automophism ¢ and a derivation &, P, 5 (R :
(0)) (simply denoted by P, 5)(R)).is called the (o, §)-prime-radical of
R. We can note that P, 5)(R) is the intersection of all (o, §)-prime

ideals of R by Theorem 2.9 and it is the smallest (o, §)-semiprime ideal
of R by Corollary 2 10.

PROPOSITION 2.11. Let R be a ring unth an automorphism o and
a derwation 8. Then the follounng are equivalent:

(1) R 1s a (o, §)-semuprime ring;

(2) Pos(R) = (0);

(3) R has no nonzero mlipotent (o, 6 j-ideal;

(1) R has no nonzero milpotent left (o, 6 )-1deal.

Proor. (1} < (2), {4) = (3) and (3) = (1) are clear. It remains to
show the implication (1) = (4). Suppose that R is a (o, )-semiprime
ring and let 7 be a nilpotent left (o, §)-ideal. Then I™ = (0) and J™~!
# {0) for some positive integer n. If n > 2, then (J"1)2 = [?"~2 C "
= (0) implies I™~! = (0) since R 1s {0, §)-semiprime, a contradiction
Thus n» = 1 and so I = (0).

3. Prime radicals of Ore Extensions

For a ring R with a (left) skew derivation (o, §), there exist an
automomorphism and a derivation which extend o and é respectively.
For example, consider & and § on A = R{z;0,4] defined by &(f(z))
= o(ag) + o(ar)x + -+ + o(ax)z” and 8(f(z)) = zf(z) - f(z)x =
0(ap) + 8(ar)z + - + 8{ax)z™ for all f(x) =ay + a1z + -+ + anz™
€ A. Then & is automorphism on A and & 15 a derivation on A, and
also &(r) = o(r), 6(r) = 8(r) for all r € R, which means that & (resp
§) is an extensions of o (resp. §) We call such an automorphism &
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(resp. derivation &) on A an extended automorphism of ¢ (resp. an

extended derivation of §). It is natural to determine whether (7, §) is
a skew derivation on A or not.

LEMMA 3.1. Let R be a ming urth a (left) skew derwation (o, §). If
ob = b0, then (G, 0} 1s a skew derwation on A = R[z;0,d] t.e., 7, &
satisfies the following; (1) 5(fg) = 5(f)a(g), (2) 6(fg) = a(f)é(g) +
6(f)g forall f,g € A.

PROOF. (1) Let f =377 a,27, g = >0 bkz® € A be arbitrary.
Then fg=3"7" 0> ko @2 brz*. Since 5(fg) = Y7o Dkeo F(a;27bxz®),
it is enough to show that &(a,z7b,z*) = o(a,)z’o(bk)z".

&(a,3b5%) = 3(a, 30_o () a6 bz = o(a,) S57_ (D)o (067 by )zt
=0(a,) Yo (Nood o (be)a*t* = o(a,)z?o(be)x*.

(2) It is also enough to show that 6(a,z?bxz*) = o(a,)z?6(bi)z* +
8{a,)x’byz* as in the proof of (1).

8(ay2?bez®) = 8(a, 1o (1ot 69 bzt tR) = 301, (2)6(a.0t 87 by )z T

= 50 ()0 (a)(0 5 (bi) + B(a)" 6= (o)

= 0(a,) Y7_o () o*6I7(8(a,)) 2+ + 6(ay) 31_g o*67 ~* (be)z**E

= o(a,)z?8(b)x* + 8(a,)zbypz®.

We call (&, §) an extended skew derivation on an Ore extension
R{z;0,6].

If J is an ideal of R[z; o, 8], we denote by Ju the set of all leading
coefficients of all f € J.

LEMMA 3.2. Let R be a ring with a (left) skew derwation (o, &)
such that 06 = 0. Let A = Rfx; o, 8. Then

(1) If J 15 a G-udeal of A, then J 15 a 6-1deal of A.

(2) If J is a 5-1deal of A, then Jy 1s ¢ (0, § )-1deal of R.

(3) If J 25 a 5-deal of A, then J N R 15 a (0, 6 )-2deal of K.

(4) If I is a (o, 6)-1deal of R, then I A 1s a 5-1deal of A.

(5) If P 15 a 5-prime wdeal of A, then P N R 15 a (o, § )-prime 1deal
of R.

(6) If Q@ 15 a (o, §)-prime wdeal of R, then QA 15 a G-prume 1deal
of A.
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PROOF. (1) Let J be a g-ideal of A. Then for any f € J, z f —&(fz)
= 6(f) € J, and so J is a é-ideal of A.

(2) Let J be a 6-ideal of A. For any f € J, let f = apz™ + {terms
of lower degrees} where a, € J;. Consider zf and zf — 6(fz) € J.
Then zf = a(a,z™ + {terms of lower degrees}) = o(a,)z™ ! + {terms
of lower degrees}, and zf — &(fz) = 6(f), and so o(ay), 6(ayn) € Jo.
Hence Jy is a (g, §)-ideal of R.

{3) Let J be a 5-ideal of A. Clearly J N R is an ideal of R. Let a €
J N R be arbitrary. Then &(a) = o(a), za -~ d(az) = é(a) € J N R,
and so J N R is {o, §)-ideal of R.

(4) Clear.

(5) Suppose that P is a 5-prime ideal of A. Let I, J be (o, §)-ideals
of R such that IJ C P N R. Since IA, JA are g-ideals of A by (4),
(IAY(JA) C (IJ)AC (PN R)A C PA C P. Since P is a &-prime
ideal of A, TAC Por JAC P,say JAC P. Hence I C (JA)N R C
PN R,and so PN R is a (g, §)-prime ideal of R.

(6) Suppose that @ is a (¢, §)-prime ideal of R. Let S, T be a-ideals
of A such that ST C QA, QA C § and QA C T. Then Sy and T are
(o, 0)-ideals of R and SpTy C (QA)o = Q. Since Q is a (o, §)-prime
ideal of R, So C Q or Ty C Q, say So C Q. Let > ja,z* € S. Then
an € Jy C @ so that a,z™ € QA C Sy. Thus Z::Ol a,z* € 5, and then
an—1 € Sp € @ Continuing in this way, we have a, € @ for all ¢+, and
so S C QA.

PROPOSITION 3.3. Let R be a ring uith a (left) skew derwation (o,

6) such that 06 = do. Let A = Rfz; o, §] Then the folloung are
equivalent:

(1) R 15 (o, §)-semuprime;
(2) A s 5-semuprime for every estended endomorphism & on A of
o.

Proor. (1) = (2). Suppose that R is (o, §)-semiprime. Let J be
a o-ideal of A such that J2 = 0. Consider Jy, the set of all leading
coefficients of every f(z) € J. Then Jj is a (o, §)-ideal of R by Lemma
3.2 Since J* =0, J¢ =0, and so J; = 0 by the assumption. Continuing
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in this way, every coefficient of f(z) is equal to 0 for all f{z) € J. Thus
J =0, and so A is g-semiprime.

(2) = (1). Suppose that A is 5-semiprime. Let I be a nonzero (o,
d)-ideal of R. Then I A is a nonzero g-ideal of A by Lemma 3.2. Since
A is g-semiprime, (IA)? = I?4 # 0, and then I? # 0. Hence R is (o,
§)-semiprime.

For any {0, §)-ideal I of a ring R with a skew derivation (o, 4},
we can have a reduced endomorphism ¢ and a reduced derivation
' on R/I defined by o' (a+1) = o(a) + I and 8 (a+ I) = 6(a) +
I for all @+ I € R/I. 1t is also natural to determine whether (o,
&') is a skew derivation on R/I or not Observe that if 0§ = do,
then (¢, 8') 15 a skew derivation on R/I i.e., (o, &) satisfies the
following; (1) o' (ab) = o' (@) (b), (2) 8 (@b) = &(f)d(g) +8(f)g for all
a=a+I,b=b+IecR/I Wecal (¢,4) areduced skew derivation
on R/I. Hence we can consider an Ore extension (R/I)[z; o', §'] with
multiplication subject to the relation za = o (a)z + 4 (a) for all & =
a+1 € R/I. Observe that for any ideal K of R such that R O K D I.
Then K is a (o, §)-ideal of R if and only if K/I is a o -ideal of R/I.

LEMMA 3.4 Let R be a nng with a (left) skew derwation (o, §)
such that o6 = do. Let K, I be wdeals of R such that R O K 2 1
Then K 1s a {0, §)-1deal of R 1f and only of K/I 15 a (o, 6 )-rdeal of
R/I.

Proor. It follows from the definition of a reduced skew derivation
(', 8).

LEMMA 3 5. Let R be a ring with a (left) skew derwation (o, §) such
that 06 = 6. Let I be an ideal of R. Then I 15 a (o, §)-semaprime

ideal of R of and only of R/I 15 a (o, § )-semaprime ring.

Proor. (=) Suppose that I is a {0, §)-semiprime ideal of R. If
K/Iis any (o, § )-ideal of R/I such that (K/I)? = (0), the zero ideal
of R/I. Then K? = I. By Lemma 3.4, K is (o, §)-ideal of R. Since I
is a (o, §)-semiprime ideal, K = I and so K/I = (0), which means that



PRIME RADICALS IN ORE EXTENSIONS 281

R/I'is a (o', & )-semiprime ring. Hence R/I is a (o, §')-semiprime
ring.

(<) Suppose that R/I is a (¢, § )-semiprime ring. If Q is any (o,
8)-ideal of R such that Q% C I, then (0) = Q*/1 = (Q/I)?. Since R/I
isa (o, & )-semiprime ring, Q/I = (0),s0 Q =I C I Hence I 1s a (o,
d)-semiprime ideal of R and so I is a (o, §)-semiprime ideal of R.

LeEMMA 3.6. Let R be a ring with a (left) skew derwation (o, §) such
that 06 = do. Let I be a (o, 6)-1deal of R. Then for such a reduced
skew derwation (o, 8 ) on R/I, Rfz; &, §]/I[c; 0, §] = (R/I)[x; o,
5]

PROOF. Define 8 : R[z; o, §) — (R/D[z; o, 8] by 8(f(x)) =
Yo ola)z for all f{z) =37 a,x* € R[z; 0, 8). 1t is straightforward
to show that 6 is an epimorphism and the kernel of 8 is equal to J{z;
o, 8]. Hence we have the result by the First Homomorphism Theorem

THEOREM 3 7. Let R be a ring with a (left) skew derwalion (o, §)
such thet 68 = §o. Then P;(Rz;0,6]) = P, 5 (R){z,0,6].

PROOF. Let I = Py, 5y(R). Then I is the smallest (o, §)-semiprime
ideal of R by Corollary 2.10 and then R/I 1s (o', § )-semiprime by
Lemma 3.5 Thus (R/I)[z; o', §] 15 (¢')-setmuprime by Proposition
3.3. Smmce (¢') = (5), I[z; o, d]is a 5-semiprime ideal of R[z; o,
8]. Hence we have I[[z; o, 8] 2 P;(R{z,0,6]). To show the converse
inclusion I[z; o, 6] C P5(R[z;0,d]), let P be any 6-prime ideal of Riz;
o,8] Then PN Risa (o, 8)-prime ideal of R by Lemma 3.2. Since P
N Ris a (o, §)-prime ideal of R, I C P N R C P, which implies that
I[z; 0, 6] C P, and so I[z; o, 8] € P3(R[z;0,6])
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