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SOME EINSTEIN PRODUCT MANIFOLDS

JOON-S1K PARK AND KYUNG-SUK MOON

ABsTrRACT In this paper, we get conditions for the natural projec-
tions of some product manifolds with varying metrics of two Riemann-
1an manifolds to be harmonic, and necessary and sufficient conditions
for some product mamfolds with the harmonic natural projections of
two Einstein mamfolds to be Emstein manifolds.

1. Introduction

For complete Riemannian manifolds (M, g), (N, k), a smooth map
¢ : M — N is said to be harmonic if ¢rv{df) = 0, namely, the tension
field 7(¢) vanishes identically (cf. [2]).

On the other hand, harmonic maps ¢ between compact Riemannian
manifolds (M, g) and (N, h) are the extrema of the energy functional
E(¢)= 1[I d¢ i2dv,. This suggests a variational approach to find-
ing harmonic mappings.

A Riemannian metric g 1s called Einstein if its Riccl tensor satisfies
Ric(g) = kg for some constant k.

In this paper we get necessary and sufficient conditions for some
product manifolds (B x F, g+ f3) of two Einstein manifolds (B, g) and
(F,3) by f to be Einstein manifolds(cf. [1]) And under assumptions
that the natural projections . Bx F — Band o : BXx F — F
are harmonic, we obtain the complete conditions for product man-
ifolds with varying metrics{warped product manifolds, twisted mani-
folds, and doubly warped product manifolds) of two Einstein manifolds
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(B, g) and (F, g) by f to be Einstein manifolds{cf. Proposition 2.4, 3.4,
4.4, and Theorem 2.6, 3.6, 4.6).

2. The warped product manifold

Let (B, g) (resp. (F,g)) be an n-dimensional (resp. p-dimensional)
Riemannian manifold and f a positive smooth function on B. The
warped product manifold M = BxyF is the differentiable product
manifold B x F equipped with the metric § defined by § := g + 28,
ie.,

(21) §(X,Y) =g(m.X,mY)+ f25(0.X,0.Y)

for each tangent vector X, Y on M. From now on in this paper, 7 (resp.
o) is the canonical projection of M onto B (resp. F). The curvature
tensor R of (M,3) is given by R(X,Y)Z = VxVyZ — VyVxZ —
Vixv1Z, (X,Y,Z € X(M)), where ¥ is the Levi-Civita connection of
(M, g).

For a local coordinate system (u®) of B, the metric tensor g has
the components g.5, where g, = g(;)%;, 6—35). Similarly, for a local
coordinate system (u*) of F, g has the components gzy.

Throughout this paper, the indices a, b,¢,... (resp. z,¥,2, ...) run
over {1,2, .. ;n} (resp. {n+1,n+ 2, .,n+ p}) and the indices
i,2,k,... run over the range {1,2,...,n + p}, and the summation con-
vention is used with respect to those systems of indices. Then, for the
local coordinate system (u*) of M = Bx;F, § has the components g,;,.

If f =1, then BxyF reduces to a Riemannian product manifold. B
is called the base of M = BxF, F' a fibre and f a warping function.

In this paper, we denote by Vy (resp. V.) the components of the
covariant derivative with respect to g (resp. §) and {,%.} (resp. {,%,})
the Christoffel symbols of g (resp. g) on (B,g) (resp. (F,g)).

The following Lemmas are easily obtained.

Lemma 2.1. The Chnristoffel symbols E;;}Z of the Lun-Cunia con-
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nection V on the warped product manifold M are gwen as follows:

——

{bac} = {bac}v {/!}T,z} = O: {;}:} = _ffbgbagyza

—~——

(2.2) —
{bwc} = 0, {bxz} = f_lfb(szx: {ymz} - {ymz}!

where fo = 8f/0ub and (g°) 1= (gas) "

Lemma 2.2. Let R, R and R be the curvature tensors of (B, g),
(F, ) and the warped product manifold (M, §) respectively. Then

]’:Ea.bcd = Rabcd, éaycw = fnl‘sywvafca
(2'3> ﬁayzd == _fgdcgyzva,fc:

Rzyzw - Rm'yzw + “ df ";(amzéyw e gyzdrz:w)v

and the others éz,kl of (M, g) are zero, where || df ”j = fofeg®.
We get from Lemma 2.1 and 2.2

Lemma 2.3. Let S, S be S be the Riccr tensors of (B,g), (F,g)
and the warped product manifold (M, §) respectively. Then

—

Sap = Sap — _lva. ) §a.:c = 0,
2 4) { b v — pf bt

Sey = Say + fimyBof + (L =) df |35y,
where A, f == ~g% v, f4.
Using (2 1) and Lemma 2.3, we get

Proposition 2.4. Let (B,g) and (F,g) be n-dumensional and p-
dimensional Finstein manifolds with Ewnstewn constants ky, ko respec-
twely. Then, the warped product manifold (M = Bx;F, §) 15 an
Ewmstewn manifold with Finstein constant k of and only of

(kl - k)gab - Pf_lva b — Oa
(2.5) 5 2
ky —kf*+ fAf+ (1 —p)ldf |, = O



238 JOON-SIK PARK AND KYUNG-SUK MOON

The tension field 7(¢) of a C°-map ¢ between two Riemannian
manifolds (M, g) and (N, h) can be expressed using the local coordi-
nates {z*) on M and () on N as follows(cf. [2]).

(2:6)  7(¢) = 99 (1" — $kToy* + 6,76, 5, %) 52

Here T, %, ’I‘“ﬁﬂ,"‘ are Cristoffel symbols on (M, g), (N, h) respectively
and ¢, is the matrix representation of d¢ with respect to the chosen
frame fields, and (g*?) = (g,;)~! and ¢,,* := 8¢,*/9z".

The following can be obtained by using Lemma 2.1 and (2.6).

Lemma 2.5. Let n (resp. o) be the canonical projection of the
warped product manifold (M, §) onto (B,g) (resp. (F,g)). Then o is
harmonic, and « 15 harmonic iff f 15 a constant.

By virtue of Proposition 2.4 and Lemma 2.5, we get

Theorem 2.6. Let (B,g) and (F,g) be Ewnstein manafolds with
Fwnstein constanis k), ke respectively, and nw a harmonic mapping.
Then, the warped product manifold (M = Bx;F, §) 1s an Einstein
manifold with Ewnstemn constant k if and only +f

(212) k=k = f k.

3. The twisted manifold

Let (B, g) (resp. (F,g)) be an n-dimensional (resp. p-dimensional)
Riemannian manifold and f a positive smooth function on B x F. The
twisted mansfold M = Bx;F is the differentiable product manifold
B x F equipped with the metric § defined by 7 := g 4+ f27, i.e.,

(3.1) FX)Y)=g(mX nY)+ f?§(0.X,0.Y)

for each tangent vector X, Y on M.
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The following Lemmas are easily obtained.

Lemma 3.1. The Christoffel symbols {zkj} of the Levi-Civita con-
nection V on the tuisted mamfold M are gwen as follows:

——_—— ———

{bac} = {bac}v {baz} =0, {;;;:} - _ffbgbagyza

(32) 4% =0 {5} = fURES
{/;;_z/} = m + f_l(fy‘jz:‘7 + fzayz - fwgmwgyz)~

Lemma 3.2. The relations of the local components of the curvature
tensors of (I3, g), (F,g) and the tuisted manifold (M, §) are as follows

r ~ ~

Rabe® = Rape”, Raye” = [716,"Vafer

Raoy:? = —£9%5,.9afe,

Ray:" = f76,%Vafs — §°“5y:V0fs)s

Roye” = f7H6,"Vofs — 87T 1),

Ruy:® = 19" (G2s, Vyufs — Gy2Vafo),

Roys = Roya® + 14 [130: 82 ~ 114 [1;°6,% 320

| TNV fe — 6V + G e Yy — ey Vufa),

(3.3) ¢

and the others of (M, §) are zero, where 8, := 8/0u®.
We obtain from Lemma 3.1 and 3.2

Lemma 3.3. Let S, § and S be the Ricer tensors of (B, gq), (F,3)
and the tunsted manifold (M, §) respectively Then

Sab = Sab — PF 7 'WVaft, Saw = (1= p)f 'Vt
(34) < 8uy = Sy + (0~ DI df |25y + 2~ ) 0y fs
+f§a:yA'§f-
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Using (3.1) and Lemma 3.3, we get

Proposition 3.4. Let (B,g) and (F,§) be n-dimensional and p
(> 2)-dimensional Ewnstein manifolds with Einstein constants ki, ko
respectively. Then, the tunsted manifold (M = Bx ¢ F, §) 1s an Einsten
manzfold with Ewnstein constant k of and only of

(kl_k)gab*pf—lﬁafb = 0, f_lfa.fa: = Oufz»
35 { (=) + =Dl df I2
+fA§f}§zy +(2_p)f_1§yfm = 0

The following can be obtained by using (2.6) and Lemma 3.1.

Lemma 3.5. Let n (resp. o) be the canonical projectron of the
tunsted manafold (M, §) onto (B, g) (resp. (F,§)). Then w 1s harmonac
iff fe=0(c=1,2,...,n). Moreover, if p = 2, ¢ 1s harmonze, and if
p>2,011sharmoniciff fr=0{(z=n+1Ln+2,...,n+p).

By virtue of Proposition 3.4 and Lemma 3.5, we get

Theorem 3.6. Let (B,g) and (F,g) be Emnstein manifolds with
Ewmnstewn constants ky, ko respectwvely. Assume f 1s @ harmonac func-
tion, 7 1s @ harmomnic map, and dimF = 2. Then, the tuisted manifold

(M = Bx;F, g) 18 an Ewmstesn manafold unth Einstein constant k of
and only 1f .

3.6 £ =k
(3.6) {ndfn;xkf?—kz.

4. The doubly warped product manifold

Let (B,g) (resp. (F,g)) be an n-dimensional (resp. p-dimensional)
Riemannian manifold and f (resp. h) a positive smooth function on
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B (resp. F). The doubly warped product mansyfold M = Bxy, nF is
the differentiable product manifold B x F' equipped with the metric g
defined by g := h%g + f?3, i.e.,

(4.1) §(X,Y)=hg(mX,nY) + f25(0. X, 0.Y)

for each tengent vector X, Y on M , where 7 (resp. o) is the canonical
projection of M onto B (resp. F).
The following Lemmas are easily obtained.

Lemma 4.1. The Christoffel symbols {:’i} of the Lewi-Ciunta con-

nection V on the doubly warped product manifold M are gien as fol-
lows:

{bac} = {bac}’ {baz} = h_lh’z(sba:

——— e

(4‘2) {ya.z} = "fh_szgbagyza {b:cc} = _‘hf_2hy§mygbca

{bxz} = f_lfb(szz, {:,;:} = {y:c7

Lemma 4.2. Let R, R and R be the curvature tensors of (B, g),

(F,g) and the doubly warped product manifold (M, g) respectively.
Then

(Raoe’ = Rase + 721 dh |52 (867 gea — 8a*gen),
Rape” = hf7h,3"" (fagee — fodac),

Rap:® = (Rf) 7 ha(foba” — fab?),

Ruye® = (hf) 'hy(feba® ~ fe9acg™),

ave’ = 716, Vafe+ hf 292G Vyha,

Ray:* = —fh729%5y.Vafe — B8, Vyhe,

Roy:" = (hf)7 falha§ "Gy — haby™),

Raye” = (hf) "} felhys® — huby™),

Ruye? = fh73529% (hafys — hybaz),

Roy:” = Rays™ — h72|| df [15(Gy=02" — G226y™),

(4.3) <
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and the others R,,' of (M, g) are zero.

The following Lemma can be obtained by using Lemma 4.2.

Lemma 4.3. Let S, S and S be the Ricei tensors of (B,g), (F,g)
and the doubly warped product manifold (M, g) respectively. Then

Sab = Sav + (L =) f 2| dh [[3gab + hf "2 gasAgh — pf ™ Vo fo,

(4'4) Sez = (n +p— 2)(hf)_lhxfa:

—~

Sey = Sazy + (1 - p)h~?|| df ";?wy + fh7 Gy Bgf — nh T Vohy,.

We get from (4.1) and Lemma 4.3

Proposition 4.4. Let (B,g) and (F,g) be n-dimensional and p-
dimensional Ewnstemn manifolds with Ewnstein constants ki, ko respec-
tively. Then, the doubly warped product manifold (M = Bx, s F, g)s
an Ewnstern mansfold with Ewnstein constant k if and only 1f
( 2 -2 2 -2

(kr — kB%)gab + (1 — n) 2 @h {[5g90p + RS 7" gapgh
_pf_lvafb = 0, hmfa = 0,
(k2 — kf*)gay + (1 = p)R7 2|} df 1|, Gay
+ fh‘zgxyAgf — nh_lvxhy =0

(4.5)

Using {2.6) and Lemma 4.1, we have

Lemma 4.5. Let © (resp. o) be the canonical projection of the
doubly warped product menifold (M, §) onto (B, g) (resp. (F,3)). Then
o 18 harmonic off h 1s constant, and m 15 harmonic off f 1s a constant.

By virtue of Proposition 4.4 and Lemma 4.5, we get

Theorem 4.6. Let (B,g) and (F,§) be Ewnstesn mansfolds with
Ewnstein constants ky, ko respectwely, and © and o harmonic maps.
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Then, the doubly warped product mansfold (M = Bxy pnF, ) is an
Ehwnstewn mansfold uwnth Finstein constant k of and only of

(4.6) k=h"2k = f 2k,
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