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FIXED POINT THEOREMS FOR FUZZY
MAPPINGS SATISFYING AN IMPLICIT RELATION

Sushil Sharma

Abstract In this paper, we obtain the common fixed point for fuzzy 
mappings satisfying an implicit relation We improve earlier results of 
this Ime.

1. Introduction

In 1981, Heilpern [7] introduced the concept of fuzzy mappings. In 
1987, Bose and Sahani [5] gave an improved version of Heilpern Fixed 
point theorems for fuzzy mappings have been studied by Butnariu [3], 
Chang [6], Chitra [1], Weiss [4], Lee and Cho ⑵ and Arora and Sharma 
[8] In the present paper we improve results of Arora and Sharma [8].

2. Terminology

The definitions and terminology for further discussions are taken 
from Heilpern [7]

Let (X, d) be metric linear space, F(X) the collection of all fuzzy 
sets in X and W(X) the collection of all those fuzzy sets A of F(X) 
whose cv-level sets.

Aa — {x E X : A(x) > a}
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for each a G [0,1] and

Aq = {x E X ： A(x) > 0}

are compact and convex with swpxeX A(x} = 1. A(x) being the grade 
of membership of x in A. The members of W(X) are called the ap
proximate quantities. If A, B € W(X) then we say A G B it and only 
if A(rr) < B(x) for each x E X.

By a fuzzy map F on X, we mean a mapping F : X T W(X). A 
point ⑦ £ X is a common fixed point of a family f of fuzzy maps if 
{x} C Fz{x) for all Fz e f.

If A, B E W(X) and a G [0,1], then denote

pa(A,B) =Inf d(x,y)
x e A
yeB

Da{A, B) = Ba),

where H denotes the Hausdorff distance.
Also

D(A.B) = supDa(A,B).
a

但Q4, 3) = suppa(A,B),
a

For the proof of our theorems we need following lemmas due to 
Heilpern [7].

Lemma 1. Let x E X, A e W(X} and {x} be a fuzzy set with 
membership function equal to the characteristic function of set {rr). If 
{x} C A, then pa(rr, A) — 0 for each a 6 [0,1].

Lemma 2. pa(rc, A) < d{xy y) +pa(y^A) for any x^y E X.

Lemma 3. If {瓦} C A then pa(xQ,B) < Z)Q(A, B) for each B e 
旳X).
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Lemma 4. [8] Let (X/) be metric hnear space F : X W(X) be 
a fuzzy map and G X)then there exists xi E X such that {x±} C 
F爲).

Implicit Relation

Let p be the set of all continuous functions ip - K* T R satisfying 
the following conditions :

(Wi) , tg) is decreasing in variables … ,
(寸2)there exists h e (0,1) such that the inequalities :

(i) u <t and(p(i, v.v. w, u + 0) < 0 or
(ii) u <t and <p(t, u.v^O^u + v) < Q implies t < hv.

Example 1. *足.…5 i6)= 切一 {麻以3 + 况滅4 + ct5t6}^ where 
a, 6, c > 0 and a + b < 1.

(-01) : Obviously
(-02) : Let u > u < t and y?(i, v, u, iz + v, 0) — t — {av2 + bvu + 

0}i < 0.
If t? < n then u < t < (a + b)^u < contradiction. Thus u < v 

and t < (a + b)^v = hv〉where h = (a + b)^ Similarly, u < t and 
f) < 0 implies t < hv. If u = 0, then u < v and 

t < (a + b)^v = hv

Example 2
, i6) ii3 — mmax{t2t^ 毋4,好扁佔旎}, where m G (0,1).

(畋 1) • Obviously.
(-02): Let u > 0, u < t and饥 v^u^u + v, 0)

—i3 — m max{vu2^ v2uy 0,0} < 0. If < u then u < t < m^u < u, a 
contradiction.

Thus u < v and t < m^v = hvy where h = Similarly, u < t 
and(p(t^ v.u^v^O.u + < 0 implies t < hv. If w = 0, then u < v and
t < m^v = hv.

Example 3. (#(切)..，柘)=ti 一 mmax{t2,扣3 + 方4), *(坛 + 扁)}, 

where m E (0,1).
(*0i) : Obviously.
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(寸2): Let u > Qy u < t and(p(t)v, v, % u+v, 0) = t—mmax{v, *S+ 
u), ^(u + v)} < 0. If ?; < u then u <t < mu < u, a contradiction. Thus 
u < v and t < mv = hv^ where h — m E (0,1). Similarly, u < t and 
^(t, s 次外,0, zc + 日)< 0 implies t < mv = hv. If tz — 0, then u < v and 
t < mv — hv.

Main Results

Theorem 1. Let (X, d) be a complete metric linear space and F% : 
X t W (X) be fuzzy mappings for z — 1,2 such that for all x^y e X 
(1-1)

q>(D(F*, F2y),d(x,y), p(x, F成),但(g, F2y'), p(x, F2y),p(y, F3)) < 0

Then F± and 形 have a common fixed point.

Proof. Let xq e X. Then by lemma 4 there exists E X such 
that {xi} C F&q). For E X, by lemma 4 the 1-level set •形(*1)丄 
of F2(a?i) is a compact nonempty subset of X. Thus, there exists X2 6 
F2(^i)i such that

d(xiyX2)= xnf
* E尸2(旳)

By Lemma 3 , we have

d(x1,x2) =Pi(xl,F2x1)
M 匕)1(尸啓0, -^2^1)
< D(F1x0yF2x1)

Similarly, for 处 € X. there exists X3 e F1(x2)i such that

d(x2.x3) =Pi(x2,Fix2)
< 玖(FwU고成2)
< £>(F2^i,Firr2)
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Continuing this way , we can obtain a sequence {xn} of X such that

{^2n+l} U FXX2n

(^2n+2)C F23；2n+1, H = 1, 2, . ..With

d(3% ©M+l) = Pl(a：2n, FXX2n)
M -01(-^1^2715 -p2^2n-l)

< D(F1X2n,F2X2n~l)

and
^(^2n+l t Z2n+2)= Pl (^2n+l ? -?*2^2n-|-l)

V (fl^2n, ^2*^2n+l)

< D(F1X2n^F2X2n^l')

By (1.1), we write

9(Z)(尸1 勿2"%^&+1)0(%&盘脇+1)另3&/如膈)，但(⑦为너土 F"2n+1), 

，(亿⑦2n+l),P(£&+lM技;&)) < 0

9(D(FlX2ti)-p2*^2n + l) ?^(^2n, ^2n+l) ? d(、Q%n,〉*^2nH-l) , ^(^2n+l , ^2n4-2)? 

d(Z2n,Z2n+2)/3&+l 双 2n+l)) < 0

9(d("；2n+l, N&+2)0(£&, ^2n+l) 5 ^(^2n? ^2n-|-l) ?)。:2n+2)?

d(3；2m *^2n+l) + ^(^2n+l? N&+2)：。)Y O

By implicit relation (i), we have

(1-2) ^(^2n+1^2n+2)< 九d(旺小卫眾+1)

Similarly, by (1.1) and implicit relation (ii), we have

(1-3) ^(•^2n4-li *^2n) W hd{x2n,t)^2n —1)
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and so

(L4) d(x2n+i,X2n+2>) < h2n+1d(x0,xi)

Since h € (0,1) it follows from (1.4) that {xn} is a Cauchy sequence 
and hence convergent in X. Let 0如—8工n = z € X.

We claim that z is a fixed point of both F\ and 形.

Now by (1.1) we write

<P(D(F1Z,魂勿2n+l), d(z, X2n+i),p(z, Flz),?(:Mn+l, F2x2n+i), _

p(^,F2^2n+l),P(^2n+l, ^1^)) <。

W(、P(F\Z, 3；2n+2), d(2, X2n+l\p(Z, F1Z), d(x2n+l, X2n+2),
d(z, x2n+2'),P(x2n+i,F1z)') < 0

Letting n —> oo, we obtain

<P(P(F1Z, 2), 0,p(2, F^z), 0,0,p(2, Fi^)) < 0

By implicit relation (ii) we see that {z} C F^z. Proceeding similarly, it 
can be verified that p(z, F^z) — 0. Hence {z} U F* i*e. z is a common 
fixed point of F\ and 玲

This completes the proof of the theorem.

Let us replace F± by F° and F2 by Fn(n 0) and as done in Theorem 
1, choose the sequence {編} as

C X, {心} (긔%(瓦), {x2} C {x3} C 乩(吻),. . . ,

{^2n—1} U -Fb(^2n—2), {⑦2n} U —1))' ■ ■ •

Following the procedure of Theorem 1, we get a common fixed point 
for each pair (jFq,瓦)：= 1, 2,... . Thus we state
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Theorem 2. Let {Fn : n G Z+} be a collection of fuzzy maps 
from X T W(X), X bemg a complete metric linear space, and for all 

y 6 X, n — 1, 2,....

(F°x, F，qj\ dQ\ y \ Fsg)頂3〉Fny \认y, Fox、)、) < 0

Then there exists a fixed point of the family {Fn : n 6 Z+}. Letting 
Fi — F2 = F m Theorem 1 and xq G X〉by Lemma 4 we can obtain a 
sequence (xn} of X such that for all n — 1,2；..

{：%} U -F(^n —1)

and
d(^Xn, Xn-^i)，으 D(F—15 F2^n) ■

Now as F satisfies

(L5)(p{D(Fx,Fy),d(xyy),p(x.Fx),p(y,Fy),p(x.Fy),p(y.Fx}) < 0

for every x^y E X It can be easily proved that {xn} is a Cauchy se
quence.

Theorem 3. Let (X)d) be a metric linear space and F ： X T 
W(X) be a fuzzy mapping satisfying (1.5). Then F has a fixed point 
m X if any one of the following conditions is true

(i) X %s complete,
(ii) {xn} converges to z C X)

(iii) {xn} has a convergent subsequence (xnfc}.
The following corollaries follow immediately from the Theorems.

Corollary 1. Let (X,d) be a complete metric linear space and 
F「X T W{X) be fuzzy mappings for z — 1, 2 such that for all 
x^y E X and q E (0, *)

D(F\x,F，M) < qMax{d(x, y),p(x, Fxx),p(y, F2y), p(rr, F2y),p(y, F^)}

Then F± and 形 have a common fixed point.
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Corollary 2. Let {Fn : n G Z+} be a collection of fuzzy maps 
from X T X being a complete metric linear space, and for all 
x〉y £ X)and g G (0, n = 1, 2,....

D(FGx,Fny) < qMax{d(x,y').p(x,FQx),p(y,Fny),p(x,Fny>),p(y,FQx')}

Then there exists a fixed point of the family {Fn : n G Z+}・

Corollary 3. Let (X/) be a metric linear space and F ： X t 
W{X} be a fuzzy mapping satisfying :

D(Fx.Fy) < qMa以d(的 y'pQc’Fx、)逆(灿 Fg\pQ\Fy)」p(sFx)，

for all x^y E X and some q G (0, |). Then F has a fixed point in X 
any one of the following conditions is true

(i) X is complete,
(ii) {了瀛} converges to z E X,
(iii) {0瀛} has a convergent subsequence {xnfc}.
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