East Asian Math J 18(2002), No 2, pp 225-233

FIXED POINT THEOREMS FOR FUZZY
MAPPINGS SATISFYING AN IMPLICIT RELATION

SUSHIL SHARMA

ABSTRACT In this paper, we obtamn the common fixed point for fuzzy

mappings satisfying an implicit relation 'We improve earlier results of
this hne.

L. Introduction

In 1981, Heilpern [7] introduced the concept of fuzzy mappings. In
1987, Bose and Sahani [5] gave an improved version of Heilpern Fixed
point theorems for fuzzy mappings have been studied by Butnariu {3],
Chang (6], Chitra [1], Weiss [4], Lee and Cho [2] and Arora and Sharma
(8] In the present paper we improve results of Arora and Sharma (8].

2. Terminology

The definitions and terminology for further discussions are taken
from Heilpern [7]

Let {X,d) be metric linear space, F(X) the collection of all fuzzy
sets in X and W{X) the collection of all those fuzzy sets A of F(X)
whose a-level sets.

Ay ={z € X : Alz) > o}
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for each « € [0,1] and

Ag={zx € X : A(z) > 0}

are compact and convex with sup_cx A(z) = 1. A(z) being the grade
of membership of x in A. The members of W(X) are called the ap-
proximate quantities. If A, B € W(X) then we say A C B if and only
if A(z) < B(z) for each z € X.

By a fuzzy map F on X, we mean a mapping F : X — W(X). A
point z € X is a common fixed point of a family f of fuzzy maps if
{z} C F,(z) for all F, € f.

If A, Be W(X) and « € [0,1], then denote

pa(A, B) =Infd(z,y)
rze A
y€ B

DO’(A’ B) = H(Aas Ba)s

where H denotes the Hausdorff distance.

Also
D{A, B) = supD,(A, B),
a
p(A, B) = supp, (A, B),
a

For the proof of our theorems we need following lemmas due to
Heilpern {7).

LEMMA 1. Let 2 € X, A € W(X) and {z} be a fuzzy set unth
membership function equal to the characteristic function of set {z}. If
{2} C A, then py(xz, A) =0 for each a € [0,1].

LEMMA 2. po(z, A) < d{(z,y) + paly, A) for any z,y € X.

LeMMA 3. If {zo} C A then py(zo, B) < D,(A,B) for each B €
W(X).
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LEMMA 4. [8] Let (X,d) be metnic hnear space F': X — W(X) be

a fuzzy map and xp € X, then there enists x1 € X such that {z1} C
F(ﬂ?g)

Implicit Relation

Let 1 be the set of all continuous functions ¢ - RS, — R satisfying
the following conditions :

(¢1) w(t1,...,te) is decreasing in variables ts,... , ts.

(12) there exists h € (0, 1) such that the inequalities :
(i} v <tand @(t,v,v,u,u+»,0) <0 or

(i1) u <t and (¢, v,u,v,0,u +v) <0 implies ¢ < hv.

ExAMPLE 1. (p('tl,. - ,tﬁ) = {; — {(Ltth + blzts + Ctsts}% where
a,bc>0and a+b < 1.

(1) : Obviously

() : Let u >0, u <t and @t v,v,u,u+v,0) =t — {av? + bvu +

0} <0.

Ifv <uthenu<t<{(a+ b)%u < u, a contradiction. Thus u < »
and t < (a+ b)3v = hv, where h = (a + b)? Similarly, « < ¢ and
o(t, v, u,v,0,u + v) < 0 implies t < hv. If w = 0, then v < v and
t < (a+b)3v=hv

EXAMPLE 2

©(t1,-..  te) = t1° — mmaxz{tat? tity, t3ts, 1513}, where m € (0,1).

{(11) - Obviously.

{32) : Let u > 0, u <t and @(t,v,v,u,u + v, 0)
= 13 — mmaz{vu®,v2,0,0} < 0. Ifv < u then u < ¢t < miu < u, a
contradiction.

Thus u < v and ¢t < m3v = hy, where h = m3 Similarly, 2 < ¢
and (¢, v,u,v,0,u +v,) <0 imphes ¢ < hv. If u = 0, then » < v and
t < m3v=ho.

EXAMPLE 3. @(t1,. .,ts) = t1 — mmaz{ta, %(Kg + t4), %(tf; +tg)},
where m € (0,1).

(b1) : Obviously.
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(¥2) : Let >0, u < t and @(t, v,v,u,u+v,0) = t—mmaz{v, (v+
u), 3 {(u+v)} <0.Ifv < wthen u < t < mu < u, a contradiction. Thus
v < vand t <mv = hv, where h = m € (0,1). Similarly, © < ¢ and
o(t,v,u,v,0,u+v) < 0 implies t < mv = hv. f © = 0, then © < v and
t <mv = hv.

Main Results

THEOREM 1. Let (X,d) be a complete metric linear space and F, :
X — W(X) be fuzzy mappings for i = 1,2 such that forall z,y € X
(1.1)

SO(D(le’ F2y)3d(m’y)?p(xale)ap(yu Fzy),p(x, FZy):p(y) le)) < 0

Then Fy and F3 have a common fized point.

PROOF. Let zg € X. Then by lemma 4 there exists £; € X such
that {z1} C Fi(xg). For z; € X, by lemma 4 the 1-level set Fy(z);
of F>(z1) is a compact nonempty subset of X. Thus, there exists zo €
Fz(.’l?l)l such that

d(z1,22) = wnf d{z1, )
x € F2($1)

By Lemma 3 | we have
d{z1,z2) = pi(z1, Fomy)

< Dy (Frzo, Fozy)
< D(Fizo, Foxy)

Similarly, for z; € X, there exists z3 € Fy{z2); such that
d(zs, r3) = p1(z2, F1z2)

‘S Dl(FQIIl, Fl.’bg)
< D(Fozq, F1ze)
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Continuing this way , we can obtain a sequence {z,} of X such that

{zoni1} C Fizo,

{Tont2} C Fozangr, n=1,2,.. . with

d{(x2n, Zont1) = P1(Zan, F17on)
< Dy (Fyzan, Foxon—1)
< D(F1zgn, Fo2n—1)
and
d(Toni1, Tont2) = P1(Tong1, Fooni1)
< Dy (Fizgn, Fazoni)
< D(Fi72n, FoZong1)

By (1.1), we write

o(D(Fi%on, Foxoni1),d(xon, Tont1), P(Ton, Fi1Z20), p(Tony 1, FaTons1),
P(zan, Fozony1), p(Tang1, Fizen)) <0

‘P(D(-Flm?na F2$‘2n+l):d($2na $2n+1)a d(x2n, $2n+1)7d($2n+1s 332n+2)$

d(l;Zn, $2n+2)a d(m2n+la T2n41 )) <0

D(A(Z2nt1, Tan+2),d(Z2n, Tont1), d(Z2n, Zont1), AT2n 41, Toni2),
d(Ton, Toans1) + d(Toan41, T2n42).0) <0

By imphat relation (i}, we have
(1.2) d(Z2n 41, Tans2) < hd(T2n, Tony1)
Similarly, by (1.1) and implicit relation (ii), we have

(13) d(E‘Zn-}—l) -'EZn) S hd(:ana x?n—l)
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and so
(1.4) d(T2n41, Tansa) < B d(zo, 21)

Since h € (0,1) it follows from (1.4) that {z,} is a Cauchy sequence
and hence convergent in X. Let limg,_ 02y, = 2 € X.

We claim that z is a fixed point of both F} and Fs.
Now by (1.1) we write

p{D(F\z, F2$2n+1),d(z,$2n+1),P(z,Flz),P(xan,F2$2n+1), _
(2, FoZons1), p(T2n+1, F12)) <0

(p(p(F]Z, x2n+'2)7 d(z, $2n+1):P(Za Flz}’ d($2n+1, z'Zn-{v-Z)a
d(Z, x2n+2)ap($2n+l, F]_Z)) S 0

Letting n» — 00, we obtain
(p(p(Flza z),O,p(z,Flz),O, 0,}7(2, Flz)) <0

By implicit relation (ii) we see that {2} C Fz. Proceeding similarly, it
can be verified that p(z, F»z) = 0. Hence {z} C Fhz,1.e. z is a common
fixed point of £y and F;

This completes the proof of the theorem.

Let us replace ¥ by Fy and F, by F,,(n # 0) and as done in Theorem
1, choose the sequence {z,} as

zo € X, {x1} CFo(zo), {z2} C Faulz)), {z3} C Fo(za), ...,
{Zan—1} C Fo(Zan-2), {z2n} C Fn(z2n-1)s--- -

Following the procedure of Theorem 1, we get a common fixed point
for each pair (Fp, £,), ¢ =1,2,... . Thus we state
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THEOREM 2. Let {F,, : n € Z*} be a collection of fuzzy maps

from X — W({X), X being a complete metric linear space, and for all
rye X, n=12,....

(,O(D(Fo.’l?, Fny)a d(ﬂ,‘, y),p(:z:, Fo.’ll'), p(ya Fn?}), p(:U, Fny)>p(y= FO"I:)) S 0

Then there exists a fized pownt of the family {F, : n € Z1}. Letting
By =F, = F wn Theorem 1 and 2o € X, by Lemma 4 we can obtain a
sequence {Tn} of X such that for alln =1,2, ..

{za} C F(zn-1)

and
d(mn,xn-i-l) S D(F‘Tn—lann)-

Now as F satisfies

(1.5) o(D(Fz, Fy),d(x,y),plx, Fz),p(y, Fy), plx, Fy),ply, Fz)) <0

for every z,y € X It can be easily proved that {z,} 15 a Cauchy se-
quence.

THEOREM 3. Let (X,d) be a metric inear space and ¥ 1 X —
W(X) be a fuzzy mapping sahisfyrng (1.5). Then F has a fized point
i X af any one of the following conditions 18 true

(1) X 25 complete,
() {zn} converges to z € X,
(iii) {zn} has a convergent subsequence {Zn, }-

The followrng corellaries follow immediately from the Theorems.

COoROLLARY 1. Let (X,d) be a complete metric hinear space and

F, . X — W(X) be fuzzy mappings for v = 1,2 such that for all
z,y€ X and g€ (0,3)

D(les ng) < qMﬂx{d(l‘, y),p(ﬂf, le)ap(y: Fzy),p(.’ﬁ, f??y)ip(ya Fl‘r)}

Then Fy and Fy have a common fized pownt.
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COROLLARY 2. Let {F, : n € Z*} be a collection of fuzzy maps
from X — W(X), X being a complete metric linear space, and for all
z,y € X, and ¢q € (0, %), n=12....

D(Fyz, Foy) < gMaz{d(z,y), plz, Fox), p(y, Fry), p(z, Fry), p(y, Foz)}

Then there exists a fired pownt of the famaly {F, : n € Z%}.

COROLLARY 3. Let (X,d) be a metric hnear space and F : X —
W(X) be a fuzzy mapping satisfying :

D(Fz, Fy) < ¢Maz{d(z,y),p(z, Fz), p(y, Fy), p(z, Fy),p(y, Fx)}

for all z,y € X and some q € (0, %) Then F has a fized pownt in X of
any one of the following conditions is true

(i) X s complete,
(i1} {zn} converges to z € X,
(iii) {xn} has a convergent subsequence {zn, }.
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