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COMMON FIXED POINT THEOREM FOR
WEAKLY COMPATIBLE MAPPINGS WITHOUT
CONTINUITY IN FUZZY METRIC SPACES

SUSHIL SHARMA AND BHAVANA DESHPANDE

ABsTRACT The aim of this paper is to prove a common fixed point
theorem from the class of compatible maps to larger class of weakly
compatible maps without appeal to continuity 1n fuzzy metric spaces

1. Introduction and preliminaries

In 1965, the concept of fuzzy sets was introduced by Zadeh [26].
Since then, many authors have expansively developed the theory of
fuzzy sets and applications. Especially, Deng [6], Erceg [7], Kaleva and
Seikkala [18] Kramosil and Michalek (20] have introduced the concepts
- of fuzzy metric spaces in different ways. However, it appears that the
study of Kramosil and Michalek [20] of fuzzy metric spaces paves the
way for developing a smoothing machinery n the field of fixed point
theorems, in particular for the study of contractive maps.

Recently, many anthors have also studied the fixed point theory in
these fuzzy metric spaces ([1]-{4], [8], [10}-[14], [21], [24], [25]).

Grabiec [10] followed Kramosil and Michalek [20] and obtained the
fuzzy version of Banach's fixed point theorem. Banach’s fixed point
theorem has many applications, but suffers from one drawback- the def-
inition requires that the mapping be continuous throughout the space
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In 1976, Jungck [15] proved a common fixed point theorem for com-
muting maps generalizing the Banach’s fixed point theorem. Sessa
[23] defined a generalization of commutativity, which is called weak
commutativity. Further Jungck {16} introduced more generalized com-
mutativity, so called compatibility. Mishra et al [21] introduced the
concept of compatibility in fuzzy metric spaces. Various fixed point
theorems, for compatible mappings satisfying contractive type condi-
tions and assuming continuity of at least one of the mappings in the
compatible pairs in metric spaces and fuzzy metric spaces, have been
obtained by many authors. It may be observed in this context that it
is known since the paper of Kannan [19] in 1968 that there exist maps
that have a discontinuity in their domain but which have fixed points,
however, in all the known cases the maps involved were continuous at
the fixed point.

In 1998 Jungck and Rhoades [17] introduced the notion of weakly
compatible maps and showed that compatible maps are weakly com-
patible but converse need not true.

Recently, Chugh and Kumar [5] proved an interesting result in met-
ric spaces for weakly compatible maps without assuming any mapping
continuous.

In this paper, we improve the result of Mishra et al.[21] by relaxing
the compatibility to weak compatibility, removing the assumption of
continuity and commutativity in fuzzy metric spaces.

DEFINITION 1 [22]. A binary operation * : [0,1] x [0,1] = [0,1] is
called a continuous t-norm if ({0,1], *) is an Abelian topological monoid
with the unit 1 such that a * b < ¢+ d whenever ¢ < ¢ and b < d for all
a,b,e,d € [0,1].

Examples of t-norm are @ * b = a.b and a * b = man{a, b}.

DEFINITION 2 [20]. The 3-tuple (X, M, %) is called a fuzzy metric
space (shortly FM-space) if X is an arbitrary set, * is a continuous
t-norm and M is a fuzzy set in X? x [0,00) satisfying the following
conditions for all x,y,z € X and £,s > 0,

(FM_I) M(.‘L‘,y,ﬁ) = Da
(FM-2) M(z,y,t) = 1foralt¢> 01f and only if z = y,
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(FM"3) M(J"!y?t) = M(y, ZL‘,t),
(FM-4) M(z,y,t) * M(y,z,s) < M(z,2,t + s),
(FM-5) M(z,y,.) : [0,1] = [0, 1] is left continuous.

In what follows, (X, M, =) will denote a fuzzy metric space. Note
that M (z,y,t) can be thought as the degree of nearness between x and
y with respect to . We identify z = y with M(z,y,t) =1 forall ¢ > 0
and M(z,y,t) = 0 with oo and we can find some topological properties
and examples of fuzzy metric spaces in [9].

In the following example, we know that every metric induces a fuzzy
metric.

EXAMPLE 1{9]. Let (X,d) be a metric space. Define a b = a.b
(or axb=min{a,b})and for all z,y € X and ¢t > 0,

t

(i) M(z,y,t) = t+ d(z,y)

Then (X, M, ) is a fuzzy metric space. We call this fuzzy metric
M induced by the metric d the standard fuzzy metric. On the other
hand, note that there exists no metric on X satisfying ().

LEMMA 1 [10]. Forallz,y € X, M(2,y, ) 1s nondecreasing.
DEFINITION 3 [10] Let (X, M, ) be a FM-space.

(1) A sequence {z,} in X is said to be convergent to a point z € X
(denoted by limp_yo0 Zn = z) if imy oo M (2, z,t) = 1 for all
> 0. .

(2} A sequence {r,} in X is called Cauchy sequence if lim, ;0
M(2nqp, Tn,t) =1 forall £ > 0 and p > 0.

(3) An FM-space in which every Cauchy sequence is convergent is
said to be complete.

REMARK 1. Since * is continuous, it follows from (FM-4) that himnit
of sequence uniquely determined.

Let (X, M, *) be an FM-space with the following condition:
{(FM-6) lim¢ oo M{z,y,t) =1 forall z,y € X and ¢ > 0.
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LEMMA 2 [4]. Let {yn} be a sequence in a FM-space (X, M, x) with
the condition (FM-6). If there exists a number k € (0,1) such that

M(yn+2$ Yn41, kt) Z M(yn-}-l: Yn, t)

forallt >0 andn=1,2,... then {yn} ts a Cauchy sequence in X.
LEMMA 3 [21). If for allz,y € X, t > 0 and for a number k € (0,1)

M(x,y,kt) > M(z,y,1),

thenz =y.

DEFINITION 4 [21]. Let A and B be mappings from a FM-space

(X, M, x) into itself. The mappings A and B are said to be compatible
if
lim M{ABz,, BAz,,t) =1,

> 0Q

for all t > 0, whenever {z,} is a sequence in X such that

lim Az, = lim Bz, = z for some 2z € X.
n—r o n—oo

DEFINITION 5 [17]. Two maps A and B are said to be weakly com-
patible if they commute at coincidence points

EXAMPLE 2. Let X = [0, 2] with the metric d defined by d(z,y) =
|z — gy|. For each t € (0, 0c) define

M(z,y,t) = z,ye X

t
t+d(z,y)’

M(z,y,00)=0, zy€X.
Clearly M(x,y, *) is a fuzzy metric space on X where * is defined by
a*b=abor a*xb=min{a,b}. Define A,B: X — X by
0.4 if z € {0,0.3]
Ar = 1 ifz=1
0.7+=x if z>0.3
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0.6 if z €[0,0.3]
Bz — T ifr=1
T+ 0.2
0.5

ifx>03

Consider the sequence {z,, = 0.3+1/n:n > 1} in X. Then limg_,o Azn
=1, limy,, 400 BZ, = 1. But lim,, oo M{ABz,, BAz,,t}) = W;_—ETT =
t+t0 7 # L.

Thus A and B are noncompatible. But A4 and B are weakly com-

patible since they commute at coincidence point z = 1. Hence weakly
compatible maps need not be compatible.

2. Main results

THEOREM 1. Let (X, M, x) be a complete FM-space with t+1 >t for
all t € [0,1] and the condition (FM-6). Let A,B,S and T be mappings
from X nto itself such that

(1) A(Y) € T(X), B(X) € S(X),

(2) the pairs {A, S} and {B,T} are weakly compatible,

(3) there emsts a constant k € (0,1) such that
M(Az, By, kt) > M(Ty, By,1)« M(Sz, Az, t)« M(Sx, By, at) *
M(Ty, Az, (2 — a)t) x M(Ty, Sz,t) for all z,y € X, a € (0,2)
and t > 0.

Then A, B, S end T have a common fized pownt in X.

Proor By (1.1}, since A(X) ¢ T(X), for any point zg € X, there
exists a point #; € X such that Azg = Tz;. Since B(X) ¢ S(X), for
this point z; we can choose a point zy € X such that Bz, = Sz, and
so on. Inductively, we can define a sequence {y,} in X such that

Yon =AZTon = Txony1 and

(1'4) Yon41 = Bzopy1 = S:Ezn+2 for n=0,1,...
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By (1.3), for all ¢t > 0 and ¢ = 1 — g with g € (0, 1), we have

M(yoni1, Y2n+2, kt)
= M(Bzan,11, ATant, ki)
= M(Az3n49, Bxony1, kt)
> M(Tzypni1, Broni1,t) « M(Szans2, AZonyo, t)
* M(SZan 42, Broniy,at)
* M(TZont1, ATonio, (14 q)t)
* M(TZopns1, STanya,t)
(1.5) = M(Yon, Yon+1,t) * M(Yons1, Y2ns2, )
* M(y2n+1, Y2n+1,at) * M (Y2n, Y2n+2, (1 + )t)
* M(Y2n, Yon+1,t)
> M(yan, Yan+1,t) * M{Yans1, Yans2, )
* 1% M(Yyan, Yoni1,t) * M{Yani1, Y2ni2, qt)
* M(yon, Y2n+3,t)
> M(Yon, Yan+1,t) * M{Yont1, Yanta, t)
¥ M(Yoni1, Y2nt2, )

Since the t-norm * is continuous and M (z,¥,.) is left continuous
letting ¢ — 1, we have

(1.6)  M(y2nt1,Y2nt2, k) > M (y2n, Yon+1,8) * M(Y2n+1, Y2n+2,t).
Similarly, we have also
(1.7) M(y2n+2,¥2n+3, kt) > M (Yans1, Y2n+2, £) * M(Yon+2, Yan+3, t)-
Thus by (1.6) and (1.7), it follows that
M (Ynt1,Yn+2, kt) > M(Un, Yns1,t) * M (Yns1, Yn2, t)
forn =1,2,... and so for positive integers n, p

M(yn+1,yn+23 kt) > M(YnyYn+1.t) * M (Yn41, Yn+2s t/k?).
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Thus since M (Yn+1,¥nt2,t/kP) — 1 as p — co, we have

M(yn-!-l: Yn42, kt) 2 M(yn) Ynt1, t)'
By Lemma 2, {y,} is a Cauchy sequence in X and so, since X is com-
plete, {yn} converges to a point z (say) in X. So the subsequences
{¥2n} and {y2n41} of {yn} also converge to the same limit z. Hence
there exist two points %, v in X such that Su = z and Tv = z, respec-
tively.

By (1.3), with a = 1, we have

M{Au, yan41,kt) = M(Au, Bxon 1, kt)
2 M(T$2n+l7 Bx2n+la t) * M(SU, AU, t)
* M(Su, Bzon, t) % M(T$2n+1, Au, t)
* M(T.’L‘gn+1, Su, t)
= M (yon, Y2n+1,t) * M(Su, Au,t)
* M{(Su, y2na1,t) ¥ M(yon, Au, t)
* M(y2na Su, t))
which implies that as n — oo
M(Au,z,kt) > 1 x M(z2, Au,t) x 1 x M(z, Au,t) x 1
> M(Au,z,t)

Therefore by Lemma 3, we have Au == z. Since Su = z thus Au =
z = Su, 1e. u is a coincidence point of A and §. Similarly, we can
show that v is a coincidence point of B and T.

Since the pair {4, S} is weakly compatible thercfore A and S com-
mute at their eoincidence point i.e. ASu = SAu or Az = 5z. Similarly
BTy =TBvor Bz2=Tx.

Now, we prove that Az = z. By (1.3) with e = 1 we have,

M(Az, yans1, kt) = M(Az, Bronia, kt)
> M(Tzont1, Bronii, t)
* M(Sz, Az, t) x M(Sz, Brap41,t)
* M(Txopiq, Az, t) * M(Txon4q. 52, 1)
= M{(y2n, Yant1,t) * 1% M (A2, yons1,t)
x M(yon, Az, t) x M(y2n, Az, t).
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Proceeding limit as n — 00, we have

M(Az,z,kt) > 1x1x M(Az,2,t) » M(2, Az, t) * M(z, Az, t)
> M(Az, z,t).

Therefore, by Lemma 3, we have A2 = z = Sz. Similarly, we have
Bz = z = T2z. This means that z is a common fixed point of A, B, S
and T.

For uniqueness of common fixed point let w # z be another common
fixed point of A, B, S and T. Then by (1.3) with ¢ = 1 we have

M(z,w,kt) = M(Az, Bw, kt)
> M(Tw, Bw,t) « M{Sz, Az,t)
* M(Sz, Bw,t) * M(Tw, Az, t) « M{Tw, Sz,t)
> 1% 1% M{z,w,t)* M(w,z,t) * M{w, z,t)
> M(z,w,t).

Therefore, by Lemma 3, we have z = w. This completes the proof.

We now give an example to illustrate the above theorem.

ExaMPLE 3. Let X = [0, 2] with the metric d defined by d(x,y) =
|z — y|. For each t € (0, 00) define

M(z,y,t) = o,y X

t
t+d{z,y)

M(z,y,0) =0 z,ye X

Then (X, M, ) is a fuzzy metric space, where * is defined by axb = a.b.
Clearly {X, M, ) is a complete fuzzy metric space. Define A, B, S, T :
X — X by

A 0 if z=0
x“{o.w if >0
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B 0 if =20
ﬂ”_{0.35 f x>0

(f 0 ifz=0
Sz = { 0.3 M O<z <05
\m—0.35 if z>0.5

( 0 ifz=0
Tz = | 0.15 if 0 <z <05
| z—0.15 if £>05

If wetake k =05,¢t=1and a == 1 we see that A, B, S, T satisfy all
the conditions of the above theorem and have a unique common fixed
point 0 € X. It may be noted in this example that the mappings A
and S commute at coincidence point 0 € X. So A and § are weakly
compatible maps. Similarly B and T are weakly compatible maps.
To see that the pairs {A,S} and {B,T} are non compatible, let us
consider a decreasing sequence {z, } such that z, — 0.5. Then Az, —
0.15, Sil?n -7 015, but hmn_*oo M(AS.L‘n,SA.Tn,t) = Z—I—ITI%TSJ # 1.
Thus the pair {A, S} is noncompatible. Also Bz, — 0357z, —
0.35 but limy, oo M(BTx,, TBta,t) = m%—_O?i # 1. So the pair
{B,T} is noncompatible. All the mappings mvolved in this example
are discontinuous at the common fixed pomnt.

REFERENCES

{11 R Badard, fized point theorems for fuzzy number, Fuzzy sets and systems 13
(1984), 291-302

[2} SS. Chang, YJ Cho, BS Lee, JS. Jung and 8§ M. Kaug, comncidence point
and minamazation theorems in fuzzy metric spaces, Fuzzy sets and systems
88(1) (1997), 119-128.

{3] Y J. Cho, fized points n fuzzy metric spaces, Journal of Fuzzy Mathematics
5(4) {1997), 949-962

[4] Y.J. Cho, HK Pathak, SM Kang and J.8 Jung, common fized points of

compatible maps of type (B) on fuzzy meiric spaces, Fuzzy Sets and Systems
93 (1998), 99-111.



192 SUSHIL SHARMA AND BHAVANA DESHPANDE

[5] R Chugh and S Kumar, common fized ponts for weakly compatible maps,
Proc Indian Acad Sa (Math Sci.) 111(2) (2001), 241-247

[6] Z.K. Deng, fuzzy pseudo metric spaces, J Math. Anal. Appl. 86 (1982), 74-75

[7] M A. Erceg, Metric spaces in fuzzy set theory, ] Math. Anal Appl 69 (1979),
205-230.

[8] J.X. Fang, On fized potnts theorems wn fuzzy metric spaces, Fuzzy Sets and
Systems 46 {1992), 107-113.

[9] A. George and P Veermani, On some results in fuzzy metric spaces, Fuzzy Sets
and Systems 64 (1994), 395-399.

[10] M Grabiec, Fized point in fuzzy metric space, Fuzzy Sets and Systems 27
(1988), 385-389

[11) O Hadzic, Fuzed point theorems for multwalued mappings in some classes of
Juzzy metric spaces, Fuzzy Sets and Systems 29 (1989), 115-125.

[12] O. Hadzic, Fized Pownt Theorems in Probabilistic Metric Spaces, Serbian Acad-
emy of Sciences and Arts, Institute of Mathematics, University of Novisad,
Yugoslovia, 1995

{13] 3.8. Jung, Y J. Cho and J K Kim, Minwmzation theorems for fized point the-
orems wn fuzzy metric spaces ond applicalions, Fuzzy Sets and Systems 61
(1994), 199-207

[14}J 8 Jung, Y.J. Cho, S S. Chang and S M. Kang, Cowncidence theorems for
set-valued mappings and Ekelands variational principle in fuzzy meiric spaces,
Fuzzy Sets and Systems 79 {1996), 239-250

[15] G Jungck, Commuting maps and fived points, Amer Math. Mon 83 (1976),
261.

[16] G. Jungck, Compatible mappings and common fized pornts, Int. J Math. Math
Sci. 9 (1986), 771-779

[17]1G Jungck and B E. Rhoades, Fized pownt for set valued functions wunthout
continuity, Indian Journal of Pure and Applied Maths. 29 (1998), 227-238.

[18] O Kaleva and 8 Seikkala, On fuzzy metric spaces, Fuzzy Sets and Systems 12
(1984), 215-229.

[19] R Kannan, Some results on fized pownts, Bull Cal Math Soc 60 (1968),
71-76.

[20] 0 Kramosil and J. Michalek, Fuzzy metric and statistical metric spaces, Ky-
bernetica 11 (1975), 336-344

[21] 8.N. Mishra, N. Sharma and S L. Singh, Common fized points of maps on fuzzy
metric spaces, Internat J. Math Math Sci 17 (1994), 253-258.

[22] B Schweizer and A Sklar, Statistical metric spaces, Pacific J Math, 10 (1960),
313-334.

[23) S Sessa, On a weak commutatinty condibion of mappings in fired point con-
siderations, Pub. Inst. Math 32(46) (1982), 149-155.

(24) Sushil Sharma, On fuzzy metric spaces, South East Asian Bulletin of Maths
8(1) (2002), 145-157.



COMMON FIXED POINT FOR WEAKLY COMPATIBLE MAPPINGS193

[25] Sushil Sharma, Common fized point theorems wn fuzzy metric spaces, Fuzzy
Sets and Systems 125 {2001), 1-8

[26) L A Zadch, Fuzzy sets, Inform Control 8 (1965), 338-353

Department of Mathematics
Madhav Science College
Ujjain-456001 (M.P.), India
E-mail: sksharma2005@Qyahoo.com

and

Department of Mathematics

Govt. Arts Science P.G. College
Ratlam-457001 (M.P.), India

F-mail: bhavnadeshpande@yahoo com


mailto:sksharma2005@yahoo.com

