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COMMON FIXED POINT, MULTIMAPS
IN FUZZY METRIC SPACE

I. KUBIACZYK AND SUSHIL SHARMA

ABSTRACT 'The purpose of this paper 18 to obtain some common fixed
powmt theorems for multivalued mappings 1 fuzzy metric space Of
course this is a new result on this Iine

1. Introduction and Preliminaries

In 1965, the concept of fuzzy sets was introduced initally by Zadeh
[10). Since then many authors have expansively developed the the-
ory of fuzzy sets and applications Especially, Deng [24], Erceg [12],
Kaleva and Seikkala [15]), Kramosil and Michalek [5] have introduced
the concept of fuzzy metric space in different ways.

Recently, many authors have also studied the fixed point theory in
these fuszy metric spaces are Badard [16], Chang, Cho, Lee, Jung, and
Kang (18], Fang [7], Grabiec [11], Hadzic {13], [14], Jung, Cho and
Kim [8], Jung, Cho, Chang, and Kang [9], Sharma {22], [23], Mishra,
Sharma, and Singh {21] and for fuzzy mappings are Bose and Sahani [2],
Butnariu [4], Chang {17] , Chang, Cho, Lee and Lee {19], Heilpern {20].
In this note we extend result of Grabiec [11] and others for multivalued
mappings introduced by Kubiaczyk and Sharma [6].

Now we begin with some definitions:
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DEFINITION 1 [3]. A binary operation * : [0,1] x [0,1} — [0,1] is
called a continuous t-norm if ({0, 1], %) is an abelian topological monoid
with unit 1 such that a * b < ¢ x d whenever a < cand b < d for all
a,b,¢,del0,1].

Examples of t-norm are a x b = ab and a x b = min{a, b}.

DEFINITION 2 [5]. The 3-tuple (X, M, «) is called a fuzzy metric
space (shortly, FM-space) if X is an arbitrary set, % is a continuous
t-norm and M is a fuzzy set in X2 x [0, co) satisfying the following
conditions: for all z,y,2 € X and s,t > 0,

(FM-1) M(x,y,0) =0,

(FM-2) M(z,y,t) =1, for all ¢ > 0 if and only if x = y,

(FM"3) M(.’E, Y, t) = M(y) x, t)7

(FM-4) M(z,y,t)* M(y, z,8) < M{z, z,t + s),

(FM-5) M(z,y,-) : [0,1) — [0,1] is left continuous.

In what follows, (X, M, x) will denote a fuzzy metric space. Note
that M(z,y,t) can be thought of as the degree of nearness between z
and y with respect to t. We identify z = y with M(z,y,t) =1 for all
t > 0 and M(z,y,t) = 0 with oo, and we can find some topological
properties and examples of fuzzy metric spaces in paper of George and
Veeramani [1]. '

In the following example, we know that every metric induces a fuzzy
metric.

ExAMPLE 1 [1]. Let (X, d) be a metric space. Define a*b = ab (or
axb=min{a,b}) and for all z,y € X and ¢t > 0,

¢

M = ———
(.’I?,y,t) t+d(3:,1;)

(1.a)

Then (X, M, ) is a fuzzy metric space. We call this fuzzy metric M
induced by the metric d the standard fuzzy metric. On the other hand,
note that there exists no metric on X satisfying (1.a).

LEMMA 1 [11]. Forall z,y € X, M(z,y,-) 1s nondecreasing.
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DEFINITION 3 [11]. Let (X, M, %) be a fuzzy metric space:

(1) A sequence {z,,} in X is said to be convergent to a point z € X
(denoted by lim, o0 zn, = ), if

lim M(z,,z,t)=1

n—r0Q

forallt > 0.

{2) A sequence {z,,} in X is called a Cauchy sequence if

for allt > 0 and p > 0.

{3) A fuzzy metric space in which every Cauchy sequence is conver-
gent is said to be complete.

REMARK 1. Since * is continuous, it follows from (FM-4) that the
limit of the sequence in FM-space is uniquely determined.

Let (X, M, %) is a fuzzy metric space with the following condition:
(FM-6) limy_, o, M(z,y,t) =1 for all z,y € X.

LEMMA 2 [21]. Let {y,} be a sequence m a fuzzy metric space
(X, M, %) with t «t > t for all t € [0,1] and the condition (FM-6).
If there exsts a number ¢ € (0,1) such that

M{ynt2, Yn+1,0t) > M(Ynt1,Yn, t)

forallt > 0 andn=1,2,... then {yn} 1s a Cauchy sequence n X.

LEmMMA 3 [21] If, for allz,y € X, t > 0 and for a number ¢ €
(0,1),

M(z,y,qt) > M(z,y,t)
then z = y.

Kubiaczyk and Sharma [6] introduced the following concept of mul-
tivalued mappings in the sense of Kramosil and Michalek [5].
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We denote by CB(X) the set of all non-empty, bounded and closed
subsets of X. We have

MY (B,y,t) = maz{M(b,y,t) : b € B}
Mv (A, B, t) = man{min.ca{M" (a, B,t)}, manpe g {MV (A, b,)}}
forall A, Bin X and ¢ > 0.
2. Main Results

THEOREM 1. Let (X, M, )} be a complete fuzzy metric space with
txt >t for allt € (0,1} and the condition (FM-6). Let F1,Fy: X —
CB(X) satisfying:

(1.1) there exists a number ¢ € (0,1) such that
MV(lea F2ya qt) 2 mzn{M(x’ y,t),MV(IB, F]_LE, t): Mv(y) ng,t),
Mv(xa F2y7 (2 - a)t)> Mv(ya lea t)}

forallz,y € X and all o € (0,2), £ > 0. Then F|; and F, have a
common fized point.

PrROOF. Let xg is an arbitrary point in X and z; € X is such that
z1 € Fizg and

M(zg, 21,qt) > MY (29, Fizo, qt) — &,
22 € X is such that z, € Foz, and

M(xy,z9,qt) > MV(xI,ngl,qt) — g
Inductively 23,41 € X is such that z9,,1 € Fiz2, and

M($2n;$2n+1,qt) 2 MV(-”«'ZmFFEZm qt) - '2%.

Tany2 € X is such that z5,42 € Fyzy,41 and

£
M(Zan+1, T2nt2,9t) 2 MY (Tan41, Fatoni1,qt) — 201"
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Now we show that {y,} is a Cauchy sequence.
By (1.1) for all ¢ > 0 and o = 1 — k with & € (0,1), we write

€
M(xon11, Tont2,qt) > MV($2n+1,F2$2n+hqt) T 92n+l

> Mv(F1$U2n> Foroniq, qt) - 22n+1

> mzn{M(xZny $2n+1,t),Mv(.’B2n,F1:E2n, t), Mv(xgn_H_, Foxsnit, {,)’
’ )
MY (@an, Fatani1, (2~ a)t), MY (341, FiZan, )} — 92n+1

> 771175{M($271a Lan+1s t)) M($2m T2n41, t)v M($2n+1, X242, t)a

£
M($2n, Toan42, (1 + k)t),M($2n+1,$2n+1, t)} - 922n+1

Now using {FM-4}, we write

> m'in{M(m2n1 T2n+1y t)‘ M(x%la T2n41s t)v M($2‘n+17 Z2n42; t)s
€
(12) M(mgn, $2n+1,t) ¥ M(,’L‘gn+1, $2n+2, kt), 1} —- 2—2’;;{'_—1.

Since f-norin * is contimuous and M(z,y,-) s left continuous, letting
k — 11n (1 2), we have

(1.3)
€
M{(Zont1, Zong2, qt) 2= mun{M(xon, T2n41,t), M(T2n41, Tonta £) ) — BYLESE

Similarly we have also
(1.4)
e

M(Zonto, Tonts, qt) > man{M (zan41, T2n42,8), M{ZTont2, Toangs £) }— S22

Thus from (1.3) and (1.4}, it follows that

£
M(zp11,Zna2,qt) > mn{M(z,, Zpy1,1), M(Zpi1, Tnya, t)} T 9n+1
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for n =1, 2,... and so, for positive integers n, p,

2 €
M(xn-{'l, Tn42; qt) Z mm{M(xn, Tn+1, t)a M(xﬂ-i-l) Tn+2, q_p')}-" 2n+1 .

Thus since M(Zn41, Zpa2, "q"tp') — 1 as n — oo, we have

£
M(xn+laxn+2a qt) > M(.’En, Tn+1, t) - on+1 )

g is arbitrary making £¢ — 0, we obtain
M($n+1, Ln+2, qt) 2 M(xnv Tn+tl,s t)‘

Therefore by Lemma 2, {x,} converges to a point z € X.
Now by (1.1) with & = 1, we have

MY (z9py2, F12,qt) > Mg (F1z, Faxany1, gt)

> min{M (2, Tani1,t), MY (2, F12,t), MY (Tapn41, FoTon+1, ),
MY (2, Faxony1,t), MY (z2ny1, Fi2,t)}

> man{M(z, Tans1,t), MY (2, F12,t), M(Zant1, T2n+2. 1),
M(z,Zoni2,t), MY (Tan41, F1z,8)}.

Letting n — 0o, we obtain
MY (z, Fiz,qt) > min{l, MV (2, Fy12,t),1,1, MV (2, F1z,t)}.

This gives
MY (z,Fiz,qt) > MY (2, F2,1t).

Therefore by Lemma 3, z € F,2. Similarly we can prove that z € Fyz.
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