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AN INEQUALITY OF OSTROWSKI TYPE 
IN 모ERMS OF THE LOWER AND UPPER 

BOUNDS OF THE FIRST DERIVATIVE

S. S. Dragomir

Abstract In 나us paper an inequality of Ostrowski type m terms of 

the lower and upper bounds of the first derivative is found

고. Introduction
The following results is known in the literature as Ostrowski's in

equality [1].

Theorem 1. Let / ■ [a, 6] R a differentiable mapping on (a, 6) 

with the property that |尸(圳 < M for all t e (a, b). Then

1 rb 「1 血—으土으)2]
(LI) /(x) ~ 7---  / 了(t)dt M ~7 H—77-- (b — a)M

b 一戏恥 L4 (b~a)2

for all x G [a, b]. The constant | is the best possible m the sense that 

it cannot be replaced by a smaller constant.

A simple proof o£ this fact can be done by using the identity:

(1.2) f @)=厂1一 f f(t)dt+ —x G [a, b] 

b - a Jn b - a Jn
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:=

where
t — a if a <t < x

t — b if x <t < b

which also holds for absolutely continuous functions / : [a, 이 T R.

The following Ostrowski type result for absolutely continuous func

tions holds (see [2], [3] and [4]).

Theorem 2. Let / : [a,6] —> R be absolutely continuous on [a,6]. 

Then, for all x € [a, 이, we have :

(1.3)
f{x}~bhla 如出

* +(4丰)2 传-a)||广||8 "七 么加,이;

「 1丄
< 厂* (읍艾)*+ (응另)* 0히1/褊 f E Lq[a,b],

S (p+i)p L J

+ J = 1,P > 1；

[*+ 끟学 g；

where || - \\r (r 6 [1, cxd]) are the usual Lebesgue norms on Lr[a, 6], i.e.,

WdWoo ：= ess sup |g'(圳
tG[a b]

and

r G [1, oo).
\\g\\r ：= (/ 加(圳勺)

The constants ——and - respectively are sharp in the sense 
3+i)*

presented m Theorem 1.

The above inequalities can also be obtained from the Fink result in 

[5] on choosing n = 1 and performing some appropriate computaticms.

If one drops the condition of absolute continuity and assumes that 

f is Holder continuous, then one may state the result (see [6]).
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Theorem 3. Let / : ⑷ 이 t IR be of r-H-Holder type： i.e.,

(1.4) |f(@) 一 f(g)l < H\x 一 y\r, for all x,y e "如 이,

where r e (0,1] and H > 0 are fixed. Then for all x G [a, b] we have 

the mequ시서;y:

(L5) f(x) - [ f(t)dt

o-a Ja

H< ---
_ r + 1 (x ~ a 

b ~ a

b-x\r+1

b^J +

r+l-

The constant「土了 is also sharp tn the above sense.

Note that if r — 1, i.e., f is Lipschitz continuous, then we get the 

following version of Ostrowski's inequality for Lipschitzian functions 

(with L instead of H) (see [7])：

I r° I x - 으土흐、(1.6) 川)—宀/ 用)dy *+ Jw—) (b-a)L.

Here the constant - is also best.

Moreover, if one drops the condition of the continuity of the function, 

and assumes that it is of bounded variation, then the following result 

may be stated (see [8] or [1이).

Theorem 4. Assume that f 0, 이 —> R o/ bounded variation 

and denote by \/： total vacation. Then 

(L7)

b
W)

aJ a
< 1

,2 +
c一으^ 1

b — a

for all x e [a, b].

The constant * is the best possible.

If we assume moie about / i e., / is monotonically increasing, then 

the inequality (1.7) may be improved in the following manner [9] (see 

also [10]).



166 S. S DRAGOMIR

Theorem 5. Let f : 叵 비 一> IR be monotomc nondecreasing. Then 

for all x G [a, b\, we have the inequ이忒g:

(1-8) 六찌 —宀 3泌

b — Q Jq

< 洁云 {【& - (a + b)]f(x) + / sgn(t - 찌/(£)<*}

< 日；{3 — a)[/(^) - /(«)] + 0 - -

U — CL

'1 x _ 으土브 1
< 2+ -K* W)—六砌. 

厶 u — (1

All the inequalities m (1-8) are sharp and the constant | is the best 

possible.

In this paper we point out different Ostrowski type inequalities as

suming that we know some upper and lower bounds for the derivative 

of the function f in the interval (a, a;) and (%, 6).

2. The Results
We start with the following result.

Theorem 6. Let f : [缶 이 一> I段 be an absolutely continuous function 

on ⑷ 이 and x G [a, &]. Suppose that there exist the functions mz,

: [a, 이 T R(z = 1)2) wzth the properties:

(2.1) mi 3) < f(t) < Mi(x) for a.e. t e [a^x] 

and

(2.2) m2(^r) < ff(t) < for a.e. t 6 (x,b\.

Then we have the inequalities:

1
20 _ a) - a)* 2 - M2(x)(b - x)2

M^x^x - a)2 - m2{x)(b - xf .
2(b - a)[ 」

1 rb
V偉)-商丄仙泗(2-3)

1<
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The constant * is sharp on both sides.

Proof. As / . [a, 6] —> R is absolutely continuous on. [a, 6], it is 

differentiable a.e. on ⑷ 이 and, by applying the integration by parts 

formula, we may write

I rb I cx
/3) =7--- / + ----  / (i- a)典)dt

(2.4) b~aJa h bfa

1 fb
+ V=~aJx (t ~ 翰『(河

for any x G [a, 이.
Using the assumption (2.1) and (2 2), we have:

(2 5) - a) < (i — a)fz(i) < 一 a) for a.e. t G [q,씨

and 

(2.6) M2(2)(t ~ b) < /z(f)(t — 6) < m2(x)(t — b) for a.e. t G [s 비.

Integrating (2 5) on [a, x] a，요d (2.6) on [rc, 이 and summing the obtained 

inequalities, we have

— a)2 -；肱2(圳。-a;)2

厶 厶
px 广b

M I (t — a)ff(t)dt + / (t — b)ff(t)dt

J a J x

<|mi(x)(o; _ a)2 - |m2(x)(& — x)2.

厶 厶

Using the representation (2 4), we deduce (2.3).

Assume that 나云 first inequality in (2.3) holds with a constant c > 0; 

that is,

(2-7)

c

b — a

1 I rb
- a)2 - M2(x)(b - a;)2 < - ----  / f^dt.

. 。一 QJq
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Consider the function f : [a. 이 -> R, /(t) = M\t — x\, M > 0. Then f 

is absolutely continuous and

-M if t e 叵찌 
[ M if t E [x, 이.

Thus, if we choose mi = —A么 m2 = —M in (2.7), we get

q (x — a)2 + (b — x)2
M fb

< 0 — ---- / It — x\dt
— b-aja

M (b 一 x)2 + (x ~ a)2'

b — a 2

for all x G [a, 6], implying that c > |, that is, | is the best constant in 

the third member of (2.3) and the theorem is completely proved.

Corollary 1. If f ： [a, fe] R zs absolutely continuous on 叵 비 

and the derwatwe ff : [a, 이 一，IR 25 bounded above and belowf that zs,

(2.8) —oo < m < ff(t) < M < oo for a.e. t € [a, 6],

then we have the inequality

(2-9)

]

2(6 — a)
m(x — a)2 — M(b — x)2

/ 1

~2(& - a)
M(x 一 a)2 — m(b — x)2

for all x G [a, 이.
The constant | zs the best in both inequalities.

Applying Taylor's formula

93) = g(쁘+ @ ci + b\ /q + b\ 1 ( <z + b\2 〃(a + b\
2 J9\ 2 ；+2V 厂J 9 ( 2 ) 
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for g(x) = M(⑦一a)2 — m(b — a?)2, we obtain

g(G =：(M_m)(b _a)2 + 2@_ 으罗) (:竺f 으!) 侬 一 力 

+ (M — m) (r — 으令纟) .

The same formula applied for h{x) = m(x —a)2 — M(b —x)2, will reveal 

that

Consequently, we may rewrite Corollary 1 in the following equivalent 

manner (see also [11]):

Corollary 2. With the assumptions on Corollary 1, we have:

a + b\ f M + m

丁 \ 2

M — m 、
< 一5—0—a) 

厶

for all x 6 [a. 이

Remark 1. If we assume that ||尸||oo ：= ess supte[afi]\ff(t)\} then 

obviously we may choose in (2.9) m = 一||广|〔8 and M = ||r||oo) 

obtaining Ostrowski's inequality for absolutely continuous functions 

whose derivatives are essensially bounded:

(2.10)

1

b ~ a

玄衆듭" 一疔 十（」”）2 

*（ 注、거
(b — "irii"

一

for all x G [a, b\. The constant | here is best.
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Remark 2. Ostrowski's inequality for absolutely continuous map

pings in terms of ILf'l"〉。basically states that 

(2.11) /

法g블 {x — a)2 + (& - x}2 < - 

< uriioo r

一 2(& - a) _

上广用)出 
b~aja

(x — a)2 + (b — x)2

for all x 6 [a, 이.

Now, if we assume that (2.1) and (2.2) hold, which can easily be 

obtained for particular functions, then — Hf'lloo < m2(x) and

< Hriloo, which implies:

< 1

(2.12)

品쁘 3 - a)2 + (b-z)2

20 - a) — a)2 一 M2(x)(b - x)2

</(^) - /一 [ f(、t)dt

bn"

~2(b~^aj 队知3)3 — a)2 — m2(x){b - x)2

< Halloo
-2(6~a)

(x — a)2 + (6 — x)2 .

Thus, the inequality (2.3) may also be regarded as a refinement of the 

classical Ostrowski result.

An important particular case is ⑦ = 으寺흐 providing the following 

corollary.

Corollary 3. Assume that the derivative ff : [t知 이 —> R satisfy 

the conditions:

(2.13) —00 < mi < ff(t) < Mi < 8 for a.e. t G a,
d b

2
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and

(2-14) —8 < 7712 < ff(t) < M2 < 8 for
a.e.捉(岑M

Then we have the inequalities

(2-15)

-M2)(6-a) < f 
o

M 6 (Mi — ?”2)(。一 
o

The constant - ts the best possible in both tnequahhes.

Finally, if we know some global bounds for the derivative f on [a, 6], 

then we may state the following corollary.

Corollary 4 Under the assumption of Corollary 1? we have the 

mzd-pomt inequality:

(2 16) |/(으?) U 似써

The constant * %s best.
o

Proof. The inequality is obviously by Corollary 1 putting x = 으^. 

We observe that 난比 function f : [a, 이 —> R, /(rr) = k\x — 으寺의) k〉0 

is absolutely continuous and —k < < k for all t G [a, b\. Thus, we

may choose M = m ~ 一k and as

a + b 1 广 3、」k(b~a) 2丿如/(叶—

" \ 引。一。)
-{M ~m)(b~a)=—-—,
o 4

we conclude that the constant - is best in (2.16).
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Remark 3. Consider the mid-point inequality

(2.17)
1

b — a
< c(M — m)(b — a),

亍（岑

where c > 0 and f : [a, 이 一> R, is an absolutely continuous function 

satisfying the condition (2.8).

In [12], using a technique based on the Griiss inequality, Dragomir 

and Wang were able to prove (2.17) with c = *, In [13], by using 

a ^pre-Griiss55 inequality, the authors were able to prove (2.15) with 

c=爲

Since for 나le mapping f : [a, 이 T R, f(x) = 씨：]; 一 으*의} fc > 0, we 

have (see the proof of the above corollary)

捋이 孕c雄 _a),

implying that c > |, the best constant in (2.17) is

Remark 4. If we assume that f : 化妇 이 U 7 tTR is differentiable 

convex on I and as ff(a) < fz(t) < t E [。，이) we may deduce 나le 

converse of the Hermite-Hadamard inequality

(2-18) 0M 法 J" J" —J[쁳¥) < |(b-a)[/z(&)-m， 

and the constant | is best.
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