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CHARACTERIZATIONS OF 
REGULAR 件SEMIGROUPS

Sang Keun Lee

Abstract Lajos([l-3]) gave the ideal-theoretical characterizations of 
some classes of semigroups without “order” The first author([4]) gave 
the ideal-theoretical characterization of some classes of po-semigroup 
with order In this paper we give the other characterizations.

1. Introduction
S. Lajos([l-3]) gave some characterizations of a regular semigroup 

without "order”. Recently S. K. Lee([4]) gave the characterizations of 
the regularity in a po-semigroup (：orde호ed semigroup) by a different 
criteria.

The aim of this paper is to obtain other characterizations of the 
regularity in a po-semigroup S.

Kehayopulu([5-9]) considered the ordered semigroups. A po-semigroup 
(:ordered semigroup) is an ordered set (S, <) at the same time a semi
group such that:

a < b =》ca < cb and ac < be

for all c € S・
The following definitions are well known.
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Definition 1. Let A be a non-empty subset of a po-semigroup S・ 
A is called a left(resp. right] 이de이 of S if

i) S4 으 A(resp. AS C A).
ii) a e A and b < a for b e S =» b e A.

A is called an Sde이 of S ii A is both a left and a right ideal of S.

Definition 2. Let Q be a non-empty subset of a po-semigroup S.
Q is called a quasi-ideal of S if

i) QSnSQCQ
ii) a e Q and b < a for b E S => b e Q.

Every left(호esp. right) ideal is a quasi-ideaL Also every ideal is a 
quasi-ideal.

Definitions 3. Let B be a non-empty subset of a po-semigroup S・ 
B is called a bi-ideal of S if

ii) a E B and b < a for b E S => b C B.
Every quasi-ideal is a bi-ideal.

Definition 4. A subsemigroup T of a po-semigroup S is called 
regular if, for all a € T there exists x ET such that a < axa.

Notation. For a subset H of a pa-semigroup S,

(H] = {t E S :t < h for some h E H}.

We denote by L(a)(resp. i?(a),B(a),Q(a)) the left(resp. right, bi-, 
quasi-) ideal generated by a G S. And we denote by 1(a) the ideal of 
S generated by a G 5.

One can easily prove that

L(a) = (aU jSa], R{a) = (a U aS], B(a) = (a U aSa],

1(a) = (a U Sa U aS U SaS] and Q(a) = (a U ((aS] D (Sa])].

(cf. also [8]).
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Remark 1. Let 꼬 be a subsemigroup of S. Then T is regular if and 
only if a E (aTa] for all a ET.

2. Main Results

Lemma([7, 8], ALSO SEE [4]). Let S be a po-semigroup. We have 
the following.

i) 4 으 (A] for any 4 으 S
ii) IfAjBjS, then (A] C (B].

in) If A is some types of ideal, then A = (A].
iv) (A](B] C (4히 for all A and B C S.

Recently S. K. Lee([4]) proved 나le following Theorem A.

Theorem A. A po-semigroup S is regular if and only if for every 
bi-zdeal any three left ideals Li, L2, L and every ideal I of S, we 
have

B H Li H L2 으 (BZ/H2L equivalently^ B R ID L C (BIL].

Now we give new characterizations of regular po-semigroup S・

Proposition 1. Let S be a po-semzgroup. Then the followings are 
true.

(1) If S is regular, then for each bi-zdeal, each ideal I and each 
subset X of S, we have BQl QX C {BIX].

(2) If B C Q Q (BSQ] for each bz~ideal B and each quasi-tdeal Q 
of S’ then S is regular.

Proof. (1) Let a G BnlnX. Since S is regular, there exists x E S 
such that

a < axa < (axa)x(axa) = (axa)(xax)a G (BSB)(SIS)X 으 BIX.

Thus a G (BIX], and so B A IA X C (BIX].
(2) Let a E S. We consider the bi-ideal B(a) and the quasi-ideal 

Q(q) of S generated by a, respectively. By hypothesis and Lemma, we 
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have

a € B(a) n Q(a) 으 (B(q)SQ(q)] = ((a U aSa\S(a U ((aS] A (Sa])]
Q ((a U aSa](S](a U (Sa])] C ((a U aSa\(S]((a U 5a]]]
=((a U aSa](S](a U Sa\\ C {(aSa U aS2 U aSaSa U aSaS2a]\
C ((a5a]] = (aSa].

Then S is regular.

Corollary 1. A po-semigroup S is regular if and only if for each 
bi-ideal B)each ideal I and each quasz-ideal Q of Sy we have Br\lC\Q C 
(BIQ], 一

Proposition 2. Let S be a po-semtgroup. Then the followings are 
true.

(1) If S is regular then, for each bi-ideal 5, each ideal I and each 
subset X ofS, BQIQX C (XIB],

(2) If B HQ Q (QSB] for each 机-ideal B and each quasi-ideal Q 
of S then, S zs regular.

Proof. (1) Let a € BHIqX. Since S is regular, there exists x e S 
such that

a < axa < (axa)x(axa) = a(xax)(axa) 6 X(SIS)(BSB) 으 XIB.

Thus a e (XIB], and so X Di RB C (XIB].
(2) Let a e S. We consider the bi-ideal B(a) and the quasi-ideal 

Q(q) of S generated by a, respectively. By hypothesis and Lemma, we 
have

a E B(a) D Q(a) 으 (Q(q)SB(q)] = ((a U ((aS] A (Sa])]S(a U aSa\\
C ((a U (aS』(이(a U aSa]] C (((a U aS]](S](a U aSa]]
=((a U aS](S](a U aSa^ C ((a5a U aSaSa U aS2a U aS2aSa\\
C ((aSa]] = (aSa\.

Then S is regular.
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Corollary 2. A po-semigroup S zs regular if and only if for each 
quasi-ideal Q)each ideal I and each bi-ideal B of we have Br\Ir\Q C 
(QIB]. ~

Proposition 3. Let S be a po~semigroup. Then the followings are 
true.

(1) If S is regular then, for each subset X, each ideal I and each 
left ideal L of S, X RIQ L C (XIL\.

(2) If B C L J {BSL\ for each bz-ideal B and each left ideal L of 
S then, S is regular.

Proof. (1) Since every left ideal is a bi-ideal, we can obtain X n 
If! L C {XIl\ from (1) of Proposition 2.

(2) Let a e S. We consider the bi-ideal B(a) and the left ideal L[a) 
of S generated by a, respectively. By hypothesis and Lemma, we have

a 6 B(u) A L(a) 으 (Q(q)SZ(q)] = ((a U ((aS] Q (Sa])]S(a U Sa]]
으 ((a U (a이](S](q U Sa]] C (((a U qS]](S](q U Sa]\

= ((a U aS](S](a U Sa]] 으 ((aSa U aS2a U aS3a\\
C ((aSa]] = (aSa].

Then S is regular.

Corollary 3 (Theorem A). A po-sermgroup S is regular and 
only if for each bz-ideal B,each ideal I and each left ideal L of S, we 
have B Q /「1 乙 으 (BIL].

Proposition 4. Let S be a po-sermgroup. Then the following are 
true.

(1) If S is regular therij for each right ideal R} each tdeal I and 
each subset X of S, we have RQ I C\ X 으 (RIX].

(2) If RcB Q (RS히 for each bide시 B and each right ideal R of 
S then, S is regular.
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Proof. (1) Since every right ideal is a bi-ideal, we can obtain Rn 
I Q (RIX] from (1) of Proposition 1.

(2) Let a € S. We consider the 난le right ideal R(a) and the bi-ideal 
B(a) of S generated by a, respectively. By hypothesis and Lemma, we 
have

a G -R(a) Cl B(a) 으 (R(q)SB(q)] = ((a U aS]S(a U aSo]\

으 ((a U 以S](S](q U aSa]\ = ((aSa U aSaSa U aS2a U aS2aSa]\
으 ((a5a]] = (aSa].

Then S is regular.

Corollary 4. A po-semigroup S is regular if and only if each nght 
ide이 R)each ideal I and each bi~ideal B of S, we have RQ I Q B C 
(RIB]. ~

Remark 2. If we change the bi-ideal to a quasi-ideal and change 
the quasi-ideal to a bi-ideal in Proposition 3, 4 and Corollary 3, 4, then 
we have the similar results.

Proposition 5. Let S be a po-semigroup. Then the followings are 
true.

(1) If S is regular then, for each right ideal R, each subset X and 
each ideal I of S, we have RC\X QL C (RXL].

(2) If RD L Q (RSL] for each right ideal B and each left ide 시，R 
of S then, S is regular.

Proof. (1) Let a 6 RnXnL. Since S is regular, there exists x e S 
such that

q < axa < (axa)x(axa) 二二 (axax)a(xa) G (RSRS)X(SL) 으 RXL.

Thus a € (RXL], and so n Z n X C (RX이.
(2) Let a E S. We consider the the right ideal R(a) and the left ideal 

L(a) of S generated by a, respectively. By hypothesis and Lemma, we
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have

a € A L(a) C (R{a)SL(a)] = ((a U aS]S(a U 5a]]

으 ((a U a이(이(q U Sa]] = ((aSa U aS2a U aS2a U aS3a\\
C ((aSa]] = (aSa].

Then S is regular.

Corollary 5. A po~semigroup S is regular zf and only if each right 
ideal R)each subset X and each left ideal L of S> we have jRnXnL 으 
(RX 지.

Hence we have characterizations of the regularity of po-semigroup 
from Corollary 1, 2, 3, 4, 5 and Remark 2.

Theorem. Let JS ba^a^o-semigroup. Then are equiv
alent.

(1) S is regular.
(2) B H IQ Q C (BIQ] for each bz~tdeal B, each ideal I and each 

quasi-zdeal Q of S
(3) B Q I n Q C (QIB] for each quasi-ideal Q, each ideal I and 

each bi~tdeal B of S.
(4) B A IA L C (BIL] for each bt-tdeal B)each ideal I and each 

left zde세 L of S.
(5) QRlQL C (QIL] for each quasi-zdeal Q, each ideal I and each 

left ideal L of S.
(6) RqIqB C (RIB] for each right ideal R〉each ideal I and each 

b日deal B of S.
(7) RqIqQ C (RIQ] for each right ideal Ry each ideal I and each 

quasi-ideal B of S.
(8) Rf\ X Q L Q {RXL\ for each right ideal i?, each subset X and 

each left ideal L.
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