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SOME FIXED POINTS FOR EXPANSIVE 
MAPPINGS AND FAMILIES OF MAPPINGS

Z. Liu, C. Feng, S. M. Kang and Y. S. Kim

Abstract. In this paper we obtain some fixed points theorems of 
expansive mappings and several necessary and sufficient conditions 
for the existence of common fixed points of families of self-mappings 
in metric spaces. Our results generalize and improve 난le main results 
of Fisher [l]-[5], Furi-Vignoli [6], Iseki [7], Jungck [8], [9], Kashara- 
Rhoades [10], Liu [13], [14] and Sharma and Strivastava [16].

1. Introduction
Jungck [9] proved a fixed point theorem of expansive mappings 

which satisfy

(LI) dg, gy) > d(hx. hy)

fbr some h E Cf Q Cg. Liu [13] extended this result to a more general 

case. On 나le o나hand, Jungck [8] first gave a necessary and sufficient 

condition fbr the existence of fixed points of a continuous self-mapping 

of complete metric spaces. Park [15] and Khan-Fisher [11] established a 

few results similar to that of Jungck [8]. In 1969 Furi-Vignoli [이 proved 

several fixed point theorems for densifying mappings. Afterwards, Iseki 

[7], Sharma and Strivastava [1 이 also established fixed point theorems 

for densifying mappings respectively. Fisher [1], [2] gave a few fixed 

point theorems for compact mappings.
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The purpose of this paper is to give some fixed point theorems for 

expansive mappings and establish some characterizations for the ex­

istence of common fixed points of families of seltmappings in metric 

spaces by using compact mappings and densifying mappings, respec­

tively. Our results generalize and improve the results of Fisher [l]-[5], 

Furi-Vignoli [6], Iseki [7], Jungck [8], [9], Kashara-Rhoades [1.이, Liu 

[13], [14] and Sharma-Strivastava [16].

Throughout this paper N denotes the set of positive integers and I 

denotes the identity mapping in X. Let (X, d) be a metric space and 

f a self-mapping of X. 夺 stands fo호 a family of self-mappings of X. 

We need the following known definitions and result. The mapping f is 

said to be compact if there exists a compact subset Y Q X such that 

fX 으 Y. The mapping f is said to be densifying if for every bounded 

subset 4 of X with q(4) > 0, we have a(/A) < where a(A) 

denotes the measure of noncompactness in the sense of Kuratowski. 

Define

Cf~{h\h:X—^X and fh = hf}^

Hf = {t\t:X and t(nneNfnX) 으 nneNfnX},

C為={f \ f : X X and fp = pf for all p € S},

O(x, /) = {fnx I n e N} for x € X and

O(x, y, /) = O(xy f) U O(y, f) for x,y e X.

For A,B C X, 5(A) denotes the diameter of A and

d(4 B) = sup(d(x, y) \ x e A,y e B}.

A point x E X is said to be a fixed point of if /x — x for all / €

Lemma 1.1. [12] Let f and g be commuting self-maps of a compact 

metric space (X：d) such that gf is continuous. If A —「焼=i(g/)”X> 

then

(i) hA 으 A for h G Cgf；

(ii) fA = gA = A 7^ 0 and

(iii) A is compact.
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2. Main Results
Theorem 2.1. Let f and g be continuous commuting self-mappings 

of a metric space (X)d) and there exist k}s E N such that fk and gs 

are compact. Suppose that

dggy) > inf{d(m/),d(■广나板 广%)/(尸+或 /，勺),

(2.1) 4(必+、, gnx\ d(妒+项 gny),d(hx, hy)

:n >0, h e Cf Q Cg}

for any x、y C X with fx 供 gg. Then at least one of f and g has a 

fixed point m X,

Proof. Since fk and gs are compact, it follows that gsfk is also 

compact. Therefore there exists a compact subset Y of X such that 

gsfkX 으 y. Let A = OneN(gsfk)nX, B = ryneN(gsfk)nY. It is easy 

to see that A = B. From Lemma 1.1 we conclude that hB 으 B for 

h E CgSfk^ B is compact and fB = gB = 尹 0. Since f and g are 

continuous and A is compact, there exist a, 5 E A such that

(2.2) d(/a, a) < d(fx^x) and d(gb)b) < d(gx)x)

for any x E A. Without loss of generality we can assume that

(2.3) d(fa,a) < d(gb,b).

Since gA = A, there exists some z E A such that gz = a. Suppose that 

fa =4 a, that is, fgsz 尹 gsz. From (2.1)-(2.3) we obtain that

d(fa,a) = d{gfz,gz)

> inf{d(gz, z), d(产+igz, /勺巩 d(尸+板尸巩 

d(gn+1gz, gngz),d(gn+1z, gnz), d(hgz, hz)

:n > 0, e C/ n Cg}

=inf{d(gz, z),d(fn+1a, fna),d(fn+lz, fnz), d(gn+1a, gna), 

d(gn+1z, gnz}, d(ghz, hz) : n > Q, h E Cf f~} Cg}

> d(fa,a),

which is impossible. Hence fa = a and this completes the proof.

As immediate consequences of Theorem 2.1, we have the following 

corollaries.
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Corollary 2.1. Let f and g be continuous commuting self-map­

pings of a compact metric space (X, d). If fx gy implies there exists 

some u e Cf nCg such that

d(fx,gy) > inf{d(z,g),d(广+板尸噎),涉(尸+侦，■尸3),
(2.4)

d(gn+1x, gnx), d(gn+1y, gny),d(ux, uy) : n > 0}.

Then at least one of f and g has a fixed point tn X.

Corollary 2.2. Let f and g be continuous commuting self-map- 

pmgs of a compact metric space (X, d) satisfying

(2 5) d(f 吗 gy) > inf{d(c, g), d(/z, c), d(fy, y),d{gx, x),

d(gg,饥,d(g,h，g、) ： h, e Cf CCg}

for any x^y G X with fx + gy. Then at least one of f and g has a 

fixed point in X.

Remark 2.1. Corollaries 2.1 and 2.2 generalize Theorem 4.4 of 

Jungck [9]. The following example reveals 난Corollaries 2.1 and 2.2 

are more general than the result of Jungck [9]. We can obtain that not 

both f and g of Corollaries 2.1 and 2.2 have a fixed point and the fixed 

point may be nonunique.

Example 2.1. Let X = (2,3,8} with the usual metric d. Define 

: X —》X by /2 = 3)/3 = 8, /8 = 2 and g = L Clearly g has 

three fixed points while f has none. It is easy to see that / and g 

are continuous commuting self-mappingss of the compact metric space 

(X,d) and C/ A — Cy — {/,/2,/}. Given xyy e X with fx + gy, 

we have

d(fx,gy) > 0 = d(、gg,y)

=inf{d(ux, uy),d(x, y),d(fn+1x, fnx), d(fn+1y, fny), 

d(gn+1x, gnx), d(gn+1y, gny) : n 2 아

for any u e Cf H Cg. We also have

d(fx,gy) > 0 = d(gy,y)

=inf{d(a;, ?/), d(/x,rr), d(fy, y\d{gx, x), 

d(gy,y),d(hx,hy) : h e CfQCg}.
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Hence the conditions of Corollaries 2.1 and 2.2 hold, but Theorem 4.4 

of Jungck [9] is not applicable since

d(凡 g3) = d(2,3) = 1 < d(龙& 涕)，heCfQ Cg.

Remark 2 2. Taking n = 0 in Corollary 2.1, we get Theorem 1 of 

Liu [13].

Next we give some common fixed point theorems of families of self­

mappings in a metric space.

Theorem 2.2. Let S and 3? be famthes of self-mappmgs of a bound­

ed metric space Then S and 况 have a common fixed point m

X if and only if there exist continuous compact self-mappings f E 

g € Gr and r^s E N such that

(2 6) d(frx,gsy) < 6(｛JheHfO(x,y,h), UteH9O(x, ?/, t))

for all x〉y C X for which the right-hand side of (2.6) is positive.

Proof. Suppose that S and 択 have a common fixed point w £ X、 

Define mappings : X T X by Jh =时=m for al" € X. Then 

『P工=w — pw = pfx for all ⑦ C X and p e S. That is / G C咨 

Similarly we have g E Clearly (2.6) holds.

Conversely, suppose that there exist continuous compact sel^map- 

pings f e C頌 g e C汲 and r, s € TV satisfying (2.6). Since f is 

compact, there exists a compact subset Y 으 X such 나lat fX C Y. 

Set A = Cn£Nf"X〉B = Anejv/ny. Then A ~ B. As in the 

proof of Theorem 2.1, we conclude that B is a nonempty compact 

set and fB 으「椭gAjf저」F = B. We next 아low that fB D B, Given 

b E B =「I海난lere exists xn C fnY with b = fxn for n e N. 

Because ｛徐｝C F, we can extract a subsequence ｛⑦％｝心/ con­

verging to p G y. For every m G TV, there exists i > m such that 

｛皿机，RM+i J氣+2, • … ｝ U fnY By 난le compactness of /nF, we have 

xnt 一，p £ fnY as z —> oo. Therefore p e C\nENfnY = B. Since f is 

continuous, we know that b = -> /p e fnY as 2 T oo. That is

b =『p £ fB. This proves fB D B. Hence fB = B. That is fA = A
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Similarly we obtain that D = C\neNgnX and gD = D and A.D are 

nonempty compact sets. By the compactness of A x Dy there exist 

u e A and v e D such that d(u^v) = D). From frA = A and

gsD = D, we infer that there exist a e A and b £ D such that u = fra 

and v = g아), respectively. We assert that u = v. If not

d{u, v) = d(jfg아))

< S(UneHfO(a,b,h), UteHgO(a,b.£))

< 机&Z)) = d(u,v),

which is a contradiction. Hence u ~ v. That is 4 = B = (w} for 

some w E X. Obviously w is a common fixed point of / and g. If z 

is another common fixed point of f and g, 나xen z e Qne^fnX = {w}. 

That is z = w. Therefore w is the only fixed point of /. Note that 

f € C恳 and g € C^. Thus we liave

fpw = pfw — pw, p G 3 and gqw — qgw — gw, q £ 淀.

Since f and g have a unique fixed point w, we have pw = w ~ qw for 

p € S and q £ 92. That is w is a common fixed point of S and 况.This 

completes the proof.

Remark 2.3. Taking 8 = 5?={f}ia Theorem 2.2, we obtain 난禮 
result which improves Theorem of Jungck [8].

Corollary 2.3. Let 字 and 択 be families of self-mapptngs of a 

bounded metric space (X,d). If there exist continuous compact self­

mappings f G C部 g G Gr and C N such that (2.6) holds for every 

x^y E X with frx 尹 gsy, then 8 and 况 have a unique common fixed 

point.

Remark 2.4. Taking S = {/} and 択={g} or S =况={/}, 
Corollary 2.3 reduce the results which extend Theorems of Fisher [1]-

[5],  Theorems of Kashara and Rhoades [10], Corollary 3 of Leader [12], 

Theorem 2.5 and Corollary 2.6 of Liu [14].
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Theorem 2.3. Let S and be families of self-mappings of a metric 

space (X, d). Then the following statements are equivalent.

(i) 8 and 3? have a common fixed point;

(ii) There exist a?o G X, m,n G TV and continuous densifying map­

pings f G C為 and g € Gr such that O(xq^ /) and 0(旬回)are bounded 

and

(2-7) d(•宀;,以)<3(0(*"(饥力)

for all x^y E X for which the nght-hand side of (2.7) is positive;

(iii) There exist 互灿 G X, m,n € N and continuous commuting 

densifying mappings f E andg e(為 such that UtJ>oO(^o, Z/o,「釦 

are bounded and

(2-8) d(尸％ g% < d(Uz,*CW，S/V))

for all x」g C X for which the right-hand side of (2.8) zs positive.

Proof. Let (i) hold and w be a common fixed point of S and 9化 
Define £ g : X T X by J赤=gz =切 for all z € X、It is easy to show 

that f € C岂 g € Cr、(2.7) and (2 8) hold.

Assume that (ii) holds. Set B = O(zo, /), C = O(x(),g) and A = 

^n^NfnB and D = nn^p/gnC. Since f is densifying and

a(B) = max{Q!{x},a(/B)} = a(fB))

we have a(J3) = 0, which implies that B is precompact. Since X is 

complete, B is compact. By the continuity of f we get fB C fB C B, 

As in the proof of Theorem 2.2, we can conclude that A is a nonempty 

compact subset of X and fA = A. Similarly we have gD = D. Now we 

claim that 5(A, D) ― 0. Otherwise(5(A, D) > 0. From the compactness 

of A and D、there exist u e v e D such that d(u^ v) = 5(^4, D), 

Since f^A = A and gnD = D, 난lere exist a E A and b E D such that 

u = fma and v = gnby respectively. Using (2.7), we infer that

0 < v) = gnb)

< 机。(缶/),。(城))< S(A.D) = dg\
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which is a contradiction and hence 5(^4, D) = 0. So 厶二二 = {w} for 

some w E X. Clearly w is a common fixed point of f and g. Suppose 

that / and g have another common fixed point k different from w.Then 

by (2.7) we have

d(k,w) = d(fmk,gnw) < 3(0(知 /), 0(初,g)) = d(k,w),

which is impossible. Consequently w is a unique common fixed point 

of f and g. It is easy to check that w is a common fixed point of S 

and 択.That is, (i) holds.

Assume that (iii) holds. Put A = 1人寸긔)0(瓦, 广g"). Then A = 

{瓦} U /AU gA. Since f and g are densifying and

qQ4) = max{어⑦ o},a(JL4),a(g4)},

we have a(允)=0. Thus A is compact, fA C A and gA C A, Put 

B = Clne^(fg)nA. It is easy to verify that fB = gB = B and B is 

compact. We now claim that B is a singleton. If not, then 8(B) > 0. 

Since B is compact, there exist a^b E B such that d(a,fe) = 6(B). In 

view of B = = gnB^ there exist x^y E B such that a = fmx and

b = gny. By (2.8) we have

3(3) = d(fmx, gny) < 6(Utj>0O(x, y, < 6(B),

which is impossible and hence 8(B) = 0. That is, B = {w} for some 

w E X. Obviously w is a common fixed point of f and g. Suppose that 

f and g have another common fixed point v different from w. Using 

(2.8) again, we get that

d(0, w) = d(fmv, gnw) < d(Uw2oO(u, w, /V)) = d(y, w),

which is a contradiction and therefore f and g have a unique fixed 

point w. Since f G C為 and g G。箱 it follows that w is a common 

fixed point of S and 驼.That is (i) holds. This completes the proof.
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Corollary 2.4. Let S and 况 be famzlzes of self-mappings of a 

bounded metric space (X, d). If there exist continuous densifying self­

mappings f € C空 and g € C& such that (2.7) or (2.8) holds for every 

x^y G X with /mx 寸二 9ny, then S and 况 have a unique common fixed 

point.

Remark 2.5. By taking 夺=(/} and 3? = {g} or £予=况=(/} in 

Corollary 2.4, we get the results which improve the theorems of Sharma 

and Strivastava [16], Furi and Vignoli [6] and Iseki [7].
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