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PERTURBED PROXIMAL POINT 
ALGORITHMS FOR GENERALIZED

MIXED VARIATIONAL INEQUALITIES

Jae Ug Jeong

Abstract. In this paper, we study a class of variational inequalities, 
which is called the generalized set-valued mixed variational inequality 
By using the properties of the resolvent operator associated with a 
maximal monotone mapping m Hilbert spaces, we have established 
an existence theorem of solutions for generalized set-valued mixed 
variational inequalities} suggesting a new iterative algorithm and a 
perturbed proximal point algorithm for finding approximate solutions 
which strongly converge to the exact solution of the generalized set­
valued mixed variational inequalities

1. Introduction
Variational inequality theory introduced by Stampacchia[ll] has en­

joyed vigorous for the last thirty years. Variational inequality theory 

described a broad spectrum of interesting and important developments 

involving a link among various fields of mathematics, physics, econom­

ics, and engineering sciences[l,5]. Variational inequalities have been 

extended and generalized in differential directions using novel and in­

novative techniques both for their own sake and for applications. A 

useful and an important generalization of variational inequality is a 

mixed variational inequality containing the nonlinear term. For the
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applications of the mixed variational inequalities, see [1,2]. Due to the 

presence of the nonlinear term, the projection method cannot be used 

to study the existence of a solution of the mixed variational inequali­

ties. It is clear that one cannot develop the projection type algorithms 

for solving the mixed variational inequalities. These facts motivated us 

to develop another technique. This technique is related to the resolvent 

of the maximal monotone operator. Hassouni and Moudafi[4] modified 

and extended this technique for a class of general mixed variational 

inequalities.

In this paper, we shall study a class of variational inequalities, which 

is called the generalized set valued mixed variational inequality. This 

class is the most general and includes the previously studied classes of 

variational inequalities as special cases By applying the properties of 

the resolvent operator associated with a maximal monotone mapping 

in Hilbert spaces, it is shown that the generalized set valued mixed 

va호iational inequalities are equivalent to the4bced~puint problems. A 

new iterative algorithm and a perturbed proximal point algorithm for 

finding approximate solutions which strongly converges to the exact 

solution of the generalized set valued mixed variational inequalities are 

proposed and analyzed. The main results proved in this paper repre­

sent a refinement and improvement of the previously known results in 

this field.

2. Preliminaries
Let H be a Hilbert space endowed with a norm \\ - || and a inner 

product < •, - >. Let NtHxH^H be a nonlinear operator, 

T, A : > 2H be set valued mappings, g : H T H be a single valued

mapping and(/): HxH -> Ru{+oo} be such that for each fixed y C H, 

©(・，；): H R U {+oo} is a proper convex lower semicontinuous

function on H and g(H) D dom3©(・，g)寸二 Then the problem of

finding x E u E T(x), and v e A(x) such that

(2.1) < N(u, v),y- g(x) >> </>(«?(x), a;) - </)(y, x), € H,

is called the generalized set valued mixed variational inequality (GSVMIP
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Special cases

(1) If = ©(z) for all y C H, then the problem (2.1) reduces 

to the generalized multivalued mixed variational inequality, which is 

mainly due to Noor et al [7].

(2) If K is a, given closed convex subset of H and © =is the 

indicator function of K,

f 0, if # € K, 
Ik{x) = s

I +oo, if otherwise,

then the problem (2.1) is equivalent to finding x e u 6 and 

v G A(x) such that g(w) £ H and

< N(u,v),y - g(x) >> 0, vy e K,

a problenrCGnsideied and studied by Noor[6].

(3) If K : H —> 2h is a set valued mapping such that each K(缶)is 
a closed convex subset of H (or K{x) = m(x) + K, where m : H T H 

and K is a closed convex subset of H} and for each fixed y E

扒is the indicator function of K(g),

0, if x e K(g\

+cxo, otherwise,

나len the problem (2.1) is equivalent to finding x E Hy u E T(x), and 

v G A{x) such that g{x) E K(z) and

< N(u,v),y - g(x) >> 0, vy € K(x).

(4) For v) = u — 나len problem (2.1) is equivalent to finding

x E u E T(u), and v E A{x) such that

<u-v,y - g(찌〉2 风(、站), 匕) 一 S3, 七色 H,

a problem studied by X. P. Ding[이.
In order to prove our main theorem, we need the following concepts 

and results; see Pascali and Sburlan [이.

찌 =
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Definition 2.1. Let H be a Hilbert space and let G ： H -> 2H 

be a maximal monotone mapping. For any fixed p > 0, the mapping 

咋:H T H defined by

J侦(찌 = (I + 니x e 瓦

is said to be the resolvent operator ofG where I is the identity mapping 

on H.

Lemma 2.1. Let X be a reflexive Banach space endowed with a 

strictly convex norm and(/)： X T RD (+oo} be a proper convex lower 

semiconttnuous function. Then g : X T 2* is a maximal monotone 

mapping.

Lemma 2.2. Let G ： H t 아1 be a maximal monotone mapping. 

Then the resolvent operator 咋:H —> 丑 of G is nonexpanszve, z.e., 

for ull-Xj y G H》
II丿侦(游 - < ||^ - y\\.

Definition 2.2. For all xi,x2 G H> the operator •) is said to 

be a-strongly monotone and ^-Lipschitz continuous with respect to the 

first argument if there exist constants ck > 0, jS > 0 such that

< 7V(ui, •) 一 7V(u2) -),^1 一 旺 >> 에:- 9시I%

||A「(S,・) 一N(後, •)|| =이阮 一 如|

for all ui G 总 € 7(叼).

In a similar way, we can define the strong monotonicity and Lipschitz 

continuity of the operator JV(-, •) with respect to the second argument.

Definition 2.3. The set valued operator T : H —> 2H is said to be 

6-Lipschitz continuous if there exists a constant 5 > 0 such that

M(T3)0(g)) 恤 一g||, 녀

where M(A, B) = sup{||a 一 이| : a C & b € B}, VA, B € 2H.
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Definition 2.4. A mapping g : H H is said to be A-strongly 

monotone and a-Lipschitz continuous if there exists constants A > 0, 

a > 0 such that

< g(T) - gW" - y >> 시恤 一 y\\2, 

llg(z) — 9(饥|| < 이kr —g||,

for all re, ?/ € H.

3. Main Results

In this section, we shall prove an existence theorem of solutions for 

GSVMIP(7V, 71, A.g, ^>)(2.1) and suggest a new iterative algorithm for 

finding approximate solutions of the problem (2.1). And we show that 

the sequence of approximate solutions strongly converges to the exact 

solution of the problem (2.1).

Theorem 3.1. (a;*, iz*, -v*) is a solution of the problem (2.1) if and 

only zf (x*, satisfies the relation

(3.1) g(花) = J笋 产)03) - pN(um)\ 넌w e H,

where p > 0 is a constant, '피 = (7 + p。is the resolvent 

operator of ^0(-, x), and I zs the identity mapping on H.

Proof. Let (x*, u*, v*) satisfy the relation (3.1), that is, 

g(z*) = J*( S)(g(z*)-以V(心*)).

The equality holds if and only if

-N(u*,©*) G d(f)( ,.*)(g(:r*))

by the definition of J笋',x). The relation holds 迁 and only if

认、y,安)一 ©(g(z*)H*) > < -N(u*,p*)」y — g(x*) >,勺 € H, 

by 나definition of the subdifferential 30(-, j;*). Hence (a?*,u*,*y*) is 

the solution of

< N(u*,u*、),g — g(H*) > > <^(p(x*),rr*) -(j)(y,x*), G H.
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Remark 3.1. From Theorem 3.1, we see that 나le generalized set 

valued mixed variational inequality (2.1) is equivalent to the fixed point 

problem (3.1). Equation (3.1) can be written as

(3.2) x = x - g(x) + J笋'，끼[g(z) — pN(u, v)].

This fixed point formulation enables us to suggest the following algo­

rithms.

Algorithm 3.1

For any given xq e H, uq e and vq € 4(：珈)，let

加=(1 一 0°)瓦 + &加o - g(x0) + J笋 >x°\g(x0) 一 pN(u0,万o))].

Take any fixed uq € T(z/o) and 如 € 4(加\ and let

孙=(1 一 %) + a0[y0 一 g(而)+ J*( ,y°\g(yo) 一 pN"如))].

Continuing this way, we can define sequences (xn｝^0, ｛四｝酒),｛%」瓷m 

and ｛g｝酒)as

^n4-l = (1 — [?/n + J?" ''"’(9(四)~ pN(*n)%i))L

(3.3) 如=(l-l3n)xn+fin[xn~g(xn) + J^ iXn\g(xn)-pN(un,vn))],

for n = 0,1,2, • • •, where un e T(yn), vn e A(7/n), un e T(xn), and 

vn G A(xn) can be 산losen arbitrarily, 0 < an^n < 1)Oin di­

verges, and p > 0 is a constant.

Using fixed point formulation (3.2), we have the following algorithm.

Algorithm 3.2

For any given xq € H, compute the sequence ｛跖｝酒)，酒)， 

and ｛&｝卷o by the iterative schemes

(3.4) xn+1 =xn- g｛xn) + J笋,Xn)(g(xn) - pN(un, vn)), 
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for n = 0,2, • • •, where un e T(a?n) and vn G A(xn) can be 산losen 

arbitrary and p > 0 is a constant.

To perturb the Algorithm 3.2, we first add, in 나le right-hand side of

(3.4) , an error en to take into account a possible inexact computation of

the proximal point and we consider another perturbation by replacing 

0 in (3.4) by(f)ny where each(f)n : H x H RU {+。。} is such that 

for each fixed g C is a proper convex lower semicontinuous

function on H and the sequence {©n} approximates(/)on H x H. Then 

we obtain the following perturbed proximal point algorithm.

Algorithm 3.3

For any given. Xq € H,computer the sequence {偽i}當

and {编}能0 by the iterative schemes

(3.5) 払宀一 =Xr. - g(z”)+ J笋(- pN(un.vn)) +en,

where (en}^L0 is an error sequence in H〉un E T(xn), and vn € A(xn) 

can be chosen arbitja호ily, and p > 0 is a constant.

Now we show the existence of solutions of 난圮 GSVMIP (TV, T, A, g, ©) 

(2.1),

Theorem 3.2. Let the operator •) be a-strongly monotone and 

^-Lipschitz continuous with respect to the first argument. Let the oper­

ator •) be y-Lipschitz continuous with respect to second argument. 
Let T : H 2H be 5-Lipschitz continuous, A : H 2H be rj-Lipschztz 

continuous, g : H T H be X-strongly monotone and a-Lipschitz con­

tinuous, and : H x H T RD (+oo} be such that for each fixed 

y E H, ©(•"/) is a proper convex lower semicontinuous function on H, 

g(H) A domd(f)(^y)丰(f>, and for each x^y^z € H,

II丿笋，찌(z)-丿笋，护(2)||《에:"―训.

Suppose there exists a constant p> Q such that

k = y + 2\/l — 2A + cr2, 

a > (1 — fc)?77 + y/k(P282 — t/272)(2 — fc),
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(3.6)

a + — 1)

/3252 — ?7272

\/[a + r)y(k — l)]2 — k(^262 — t/272)(2 — k) 

伊碎—於了2

pyt] < 1 — k.

Then the GSVMIP(NA)9O(2.l) has a solution fir*,u*,

Proof. By Theorem 3.1, it is sufficient to prove that the호e exist 

t* E u* E T(3；*), and v* e A(x*) such that (3.1) holds. Define a 

set valued mapping F : H 2H by

E(:E)= U"€T(x)Uwd4(z)[x 一 g(c) + J笋' 闵(g(찌 一 以v(z%))].

For arbitrary x^y E a E and b 6 F(y), there exist E T(a;), 

vi € U2 € T(g))and 总 £ A(y)-such that

a = x- g(x) + J笋 口)0(时 一 pN(ui,vi、)、),

b = y- g(g) + 丿救机 〃)(g(g) - pN(金,彩)).

By the assumption of(/)and Lemma 2.1 and 2.2, we have

||a - b\\ <\\x-y- (p(rr) - g(g))||

+ ||丿*(吐贝/ 一 ”弟如处))

-J笋 口)0(切一以V(庭,。2))||

+ 11丿笋闵(成饥-pN&,g)

-V，g)03)一 /应(％,。2))||

< 1出一，一 33) — g(3/))||

+ 1切(游-g(g) - p(、N&,如)-2V(u2,如))||

+ 에z ―训

< 2|g — g - (g(c) — g(g/))|]

+ \\x-y- p(N(ui,vi) 一 Ng 如))||

(3.7) + p\\N(u2, v2) 一 N(u2,如)|| + fi\\x 一 y\\.
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Since g : H H is A-strongly monotone and "Lipschitz continuous, 

他一g— (g(z) —g(g))||2

=1恤-y\\2 - 2 < g(c) — g(g), x-y>

+ Ik血)—g(g)||2

< l|z - y\\2 一 2시]:z; - y\\2 +(y2^x 一 ?/||2

(3.8) = (1 — 2A + cr2)||^ — 7/||2.

Using the 7-Lipschitz continuity of the operator N(、•) with respect to 

second argument and the 77-Lipschitz continuity of A, we have

|卩\「(02,。2)- N(U2,U1)|| < 7||^2 - 7시]

< 澎(4(，), /4(游)

(3.9) <的脸一이|.

Since JV(-7 -) is a-strongly nLanotone and 伊Lipschitz continuous with 

respect to the first argument,

\\x-y - p(N(、ui,如)-N&,如))||2

=\\x - y\\2 - 2p < N(u\ *) 一 N(u2, - y >

+ 口2|卩v(*“ 如)一 N(u2,如)||2

< |g — y\\2 - 如에：z; — y\\2 + p2^2||«i 一 *||2

< ||缶 — y\\2 — 2/0이- y\\2 + p2/32M(T(x),T(?/))2

(3.10) < (1 - 2pa + p2/3282')\\x - y\\2.

Combining (3.7), (3.8), (3.9), and (3.10), we get

10 - b\\ < {2\/l — 2A + cr2 + y/l — 2pa + p2^262

+ Pir)+(j.}\\x - y\\.

It follows that

M(F(x),F(t/)) < (2\/l-2A + o-2 +、J\ 一 2/oa + p아3W

+ p^T] + fj.}\\x - y\\

=[k + t(p) + pyr]]\\x - y\\

(3.11) = 이旧一训,
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where k = 2\/l — 2X + a2 + 払 t(p) = y/1 — 2pa + p2^3252, and 0 = 

k + t{p) + p*申 By the condition (3.6), we have 0 < 1： It follows from 

the condition (3.11) and Theorem 3.1 of Siddiqi and AnsaTi[l이 that F 

has a fixed point j?* E H. By the definition of F, there exist ”* E T(x*) 

and v* e A(x*) such that

g(广)=S)(g(z*)- 以V(/®)).

Therefore (x*,u*,v*) is a solution of the GSVMIP (N,T, A,g ()(2.1).

Theorem 3.3. Let A,g? and © satisfy all conditions m

Theorem 3.2. If the condition (3.6) is also satisfies, then the iterative 

sequences {纺}旗如{”曷篷洵，and {vn}^=o defined in the Algorithm 

3.1 strongly converge to u*, and , respectively, and (w*> u***) zs 

a solution of the GSVMIP(N, T,

Proof. By the Theorem 3.2, 난蛇 GSVMIP(A^, T, A, g, ^>)(2.1) has a 

solution (x*, tt*, t;*) From Theorem 3.1 we have € H, w* E T(x*),

E and for all n > 0,

z* = w* _ g(w*) + 丿笋")(g(c*) — pNW

=(1 - otn)x* + an(x* -g(x*) + J笋' 口*)(9(%*) - p7V(u*,u*))}

=(1 - M* + 0”眞* - g3*) + ”)。3*) - PN{u\ v*))}.

By the algorithm 3.1, using a similar argument as in the proof of The­

orem 3.2, we obtain

Ikn 一 c* 一(5(xn) 一 g(rr*))|| <- 2入 + °이品 一 a치|,

Ikn -x* - p(7V(un, v*) 一 N(S。*))||

< \/l - 2pa + p2fi262\\xn - a치I，

\\N(un,vn) 一 N(un,v*)\\ < y찌I如 一 :r*||,

IS - z* - (g(w) - S血*))II < \/l -2A + o-2||7/n 一 a치I，
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\\yn 一 C* 一 p(N(、Un」U*) 一 2V(U*,U*))||

< \/l~2pa + p2^282\\yn - a치I， 

\\N(un,v*) - N(un,vn)\\ < ^7]\\yn-x*\\.

Thus, by the Algorithm 3.1, the assumption of 饥 and Lemma 2.1 and 

2.2, we have

\\yn-X*\\

V (1 — 0n)||a：n — ^*|| + /3n\\xn — x* —(5(rrn) - 9(**))||

+ /시/饥 聂 (g(m - pN(g雨))

-J?N ")0(外)一以V02n雨))II

+ /시 |J笋 —以V(s雨))

-J辭，E(g(c*)- 以\@*,。*))||

< (1 - fin)\\xn - C*|| + 2卽扇—X* —(9(編)-9(3；*))||

+ 偽에：% — ：E*|| + 做品 一 C* - p(N(H，n&) 一 N(U*,O*))||

< (1 - 时临 - 9치| + 2)3n||xn -X* - (g(a；n) - £血*))||

+ 偽에編 - X*|| +/시|外 -X* - p(N(S"丿*) - N(U*,Z，*))II

+ /3np\\N(un,赤)一 N(un, 0*)11

< (1 - 月71)|品 — 0치I + 爲{2\/1 — 2人 + C「2 + (1

+ \/l- 2pa + p2^262 + p^Wxn - z*||

< (1 — 0n)Wxn - a치I + 이:S — :匚*||

(3 12)

< |扇 一 **||.

Similarly, we have

ll^n+i — £*||

< (1 -外)||編-x*\\ + an\\yn -x* - (gg - g(T*))||

+ <&|| J笋 g(gg 一 pN也m Vn})

一 J響 f)(g(K) 一 以V(z广,。*))||
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< (1 - an)|gn - X*\\ + an\\yn - x* - (、g(灿i) 一 g(c*))||

+ anil丿笋，yn\g(yn) 一 pN(U"n))

-J笋，z*)(g(gn) —以VS"n))ll

+ 제I J*’机 編) - pN(un,vn))

一 J響 x)(g(z*)-pAW很 *))11

< (1 - a：n)lkn - c*|| + 2an\\yn - x* - (g(yn) 一 g(c*))||

+ an\\yn -x* - p(N(u"*) - 7V(u*,v*))||

+ anp\\N(un, o*) - N(un, vn)||

V (1 - an)lh% — x*II + an[2\/l — 2A + cr2

+、J\ - 2pa + /必0站2 + s刑如-x*||

(3.13)

< (1 - %)||知 一 a치I + an0^yn 一 x*||.

It follows from (3.12) and (3.13) that

IBn+l - Z치I < (1 - an)\\xn 一 a?*|| + an0\\xn 一 0치I

= [1 — (1 — 0)an]|| 編 — 9치 I

1爲卩-(1-0)씨腿7치|.

Since 二odiverges and 1 —0 > 0, we have II^O[1 — (1 — 0)%] = 0. 

Hence the sequence {xn} strongly converges to x*. By (3.12), the 

sequence {yn} also strongly converges to x*. Since un G T(yn), u* G 

T(x*), and T is 凯Lipschitz continuous, we have

\\un~^\\<M(T(ynlT^))

T 0,

and hence the sequence {un} strongly converges to u*. Similarly, we 

can show that the sequence {&} stron많y converges to 曰*. This com­

pletes the proof.
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Theorem 3.4. Let TV, T, A, and g satisfy all conditions tn Theo­

rem 3.2, and(j)?(pn : H x H R\J (+oo}; n = 0,1,2广…，be such that 

for each fixed y E H, 지) and each y) are both proper convex 

lower semzcontznuous functions on H, g(H) A domd(j)(^ y)丰 如 and for 

each x}yyz E H and for all n >0,

II丿笋(，c)(z) - 丿笋( R)(，시 J||z - 训.

Assume 山板一* ||J?"'"(z)—璞机'')(之)|| = 0 for all 由 z G H} 

lim^T8 ||en|| = 0； and there exists a constant p > 0 such that the con­

dition (3.6) m Theorem 3.2 holds. Then the iterative sequences (xn}; 

(un}, and {f} defined m the Algorithm 3.3 strongly converge to x*? 
iz*, and v*? respectively^ and (a;*, u*, v*) is a solution of the GSVMlP 

(NWg() (2.1).

Proof. By Theorem 3.2, the GSVMIP(A^, T, A, g, ©)(2.1) has a so­

lution (x*,u*,w*) such that u* G T(a:*), v* €」4(z*), and

w* = z* — g(R*) + J笋 ”)(g(z*) - pN(u*,v*)、).

By setting /z(x*) = g(z*) — pN("」u*) and by using the Algorithm 3.3 

and the assumption of(/)and n = 0,1,2, • • ■, we obtain

||叫너项 一 x*||

< II編一⑦* 一（9（外）- g（z*））||

+ 旧笋（5）0（外）-®V（0"n））

+ ||丿笋站"）（9（站）-/那（3*,0*）） 

一妒M，站）（g（z*） 一河\「（/,。*））|| 

+ 11 丿笋顷）0（z*）*N（u*,。*）） 

一丿笋”）（g（：广）一団知广,。*））||

+ llen||
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< 이1% -X* - (g(:z；n) — g(**))||

+ ||xn -X* - p(N(un,vn) 一 N(u*,0*))||

+ 에如 一 c*|| + IIJ笋( 厂)(雄*)) — V 产勺(雄*))11

+ II이I

< 2||xn -x* - (g(g；n) - g(c*))||

+ ||xn -X* - p(N0, V*) 一 N(u*, 0*))||

+ 에Vn) 一 N(un, U*)|| + 세:En - X*||

+ II罗M 产"由*)) - 3(雄*))|| + II리I

< (^ + t(p) 十。沏 IBn - 2치|

+ II丿;机( ”)(雄*) - 環( ")(/伊))|| + II리I

(3.14)

= 에：Z：n — ：Z치 I + £ni

where k — ^ + 2\/l — 2A + a2, t(p) = \/l — 2pa + p2/3282, 0 = k + 

t(p) + P7?7, and en = || 丿笋顷)( 雄 *)) - 丿笋”)0(£*))|| + || 이 |. By 

the condition (3.6) in Theorem 3.2, we have 0 < 1. It follows from

(3.14) that

n

||^n+l — 3치I J 俨+'||窗 — x*|| +伊是T・

1=0

Since sn —> 0 by the assumption, it follows from Orgeta and Rheinboldt 

[8, p.338] that

lim ||a;n+1 -x*|| = 0, 
n-^0

and hence the sequence (xn} strongly converges to x*. Since un G 

꼬(%), vn € A(a?n), u* e T(矽) and v* E A(x*), we have

||& 一 u*|| < M(T(xn),T(^*)) < 이|外 - x*||,

II編 一 0*11 < M(A(xn),A(x*)) < T]\\xn-x*\\.

It follows that the sequences {un} and {揭} also strongly converge to 

u* and v*, respectively. This completes the proof.
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