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RINGS WHOSE ADDITIVE
MAPPINGS ARE GENERATED BY
MULTIPLICATIVE AND RELATED RINGS

Yong Uk CHO

1. Introduction

In this paper, we will investigate the rings in which all the addi-
tive endomorphisms or only the left multiplication endomorphisms are
generated by ring endomorphisms. This 1s motivated by the work on
the Sullivan Problem, that is, characterize those rings in which every
additive endomorphism is a ring endomorphism, these rings are called
AE mings [12], (1], [5], [6], [7], [9], and the current investigation of
LSD-generated algebras {3] and SD-generated algebras 2]

Throughout this paper, R is an associative ring not necessarily
with unity, End(R,+) the ring of additive endomorphisms of R, and
End(R,+, ) the monoid of ring endomorphisms of R. For X C R,
we use gp(X) for the subgroup of {R,+) generated by X. Ior each
z € R, ,7 denotes the left multiplicative mapping (i.e., a > za,
for all @ € R). Observe that ,7 € End(R,+). LGE(R) is the set
{z € R{|,7 € gp(End(R,+,-))}. Note that LGE(R) is a subring of A.
Sometimes, we will use the notations: I(R) is the set of all idempo-
tents, N'(R) is the set of all nilpotents of R, and Endz(R) instead
of End(R,+), End(R) instead of End(R, +,-) and GE(R) instead of
gp < End{R, +,-) > . Clearly, GE(R) is a subring of Endz(R).

L(R) is the set {z € R | zab = zaxb}. (L(R), ) is a subsemi-
group of (R,-), and = € L(R) if and only if ,7 € End(R,+,-). Also
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L(R) C LGE(R) and L(R) contains all one-sided unities of R, the left
annihilators of R and all central idempotents.

We use RGE(R) and R(R) for the right sided analogs of LGE(R)
and L(R), respectively. We call that a ring R is an AGE ring (LGE
ring) if

Endz(R) = GE(R) (R = LGE(R)).

Similarly we can define the RGE ring (i.e.,R = RGE(R)).

Clearly, we see that every AE ring is AGE, LGE and RGE, but
not conversely from the following examples. Note if the left regular
representation of R into End(R,+) is surjective, then R is an AGE
ring.

R is called LSD (LSD-generated) if R = L(R) (R = gp(L(R))), and
also R is called RSD (RSD-generated) if R = R{R) (R = gp(R(R)))
(4] and {3]. R is called SD (SD-generated) if R = L{R)NR(R) (R =
gp{ L(R)NR(R)}) {2]. The classes of LSD, LSD-gemerated, SD amd SD-
generated rings are closed with respect to homomorphisms and direct
sums. Observe that the class of LGE rings contains both the class of
AGE rings and the class of LSD-generated rings. The class of AGE
rings is contained in the class of RGE rings.

2. A study on rings whose additive mappings are
generated by multiplicative and related rings

In the sequel, examples are provided to show that the classes of
LGE, AGE and LSD-generated rings are distinct. Although the class
of AE rings is a proper subclass of the class of SD rings, the class of

AGE rings is not contained in the class of SD-generated in the following
example.

EXAMPLE 2.1.

(1) Since the rings Z and Z,, are additively generated by 1, Endg(Z) =
Z,Endg (L) = Z,,, thus we see that Z and Z, are both AGE,
LSD-generated and SD-generated mings. However, Z and Zr,
are all not AE rings except the cases Z1 and Zo, because any
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nontringl on Z or Z, s an additwe endomorphism but which
s not a ming endomorphism.

(2) On the other hand, = € L(R) imphes =3 = z" for n > 3, then
L(S) = {0} for any nonzero proper subring S of 7.. Hence
any nonzero proper subring of Z 1s an AGE ring whach s not
LS5D-generated and SD-generated.

PROPOSITION 2.2. For every AGE ring R, and for any positive
wnteger n, we get that @), R, s an AGE ring, where R, & R.

PROOF. We prove the case for n = 2, that is, R R . Similarly,
we can prove for the case n > 2. We must show that

Endz(REP R) = GE(RE@P R).
Since Endgz(R @ R) = Maty(Endz(R)), we obtain that

.. { Endz(R) Endz(R)\ _(GE(R) GE(R)
Endz(RED R) = (Endg(}z) E?zdz(R)) - (GE(R) GE(R)) |

Let f € Endz{RE R) such that

_ (M fiz
I= (f21 fzz) » fuy € GE(R).
Then

fi=Y Nhe fra=3 Mhy, Far =) Mhu, foo = 3" Ache,
) 7 k t

where, A's € Z and h's € End(R). Thus f is expressed of the form
B By 0 0 h, 0 0 0 0
A I S G )+;Ak (1 0)+;At (5 o)
3 3

. h, O 0 h, 0 0 0 O . A
Since all (0 0) , (0 0 ) , (hk 0) and (0 ht) are ring en
O

domorphisms of R R. Hence REP R is an AGE ring.

From Example 2.1 and Proposition 2.2, there exist numerously many
examples of AGE rings and LSD-generated rings.
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LEMMA 2.3. For any surjective ming endomorphism h, E(R) and
R(R) are all mvarant subsermigroups under h.

PROPOSITION 2.4. Let R be a ming with unity. If R 1s an AGE ming
with § C End(R) such that Endz(R) = gp < S >, and each element
of S 15 onto, then R is an LSD-generated, moreover $D-generated.

PROOF. Let 2 € R. Consider a left translation mapping ¢, : B —
R by ¢.(a) = za for all @ € R, which is a group endomorphism. Since

R is an AGEF ring,
n
¢.’E = Z Ath_,

where A, € Z and h, € End(R) such that h, is onto, ¢ = 1,2,--- | n
Since 1 € R, ¢-(1) = 3.7 Ak, (1), that is, z = .7 Ak, (1) and since
1 € L{R)NR(R) by Lemma 2.3, h,(1) € L(R)NR(R). Hence R is
LSD—generated and RSD—gencrated, soc §D—gepemted. [

EXAMPLE 2.5.
(1) If S s an LSD-generated ming, then

(3 )

s also LSD-generated by the set

(8 2):(5 22 1)memeccon

(2) If S is an RSD-generated ming, then

=5 %)

is also RSD-generated by the set

G )5 92 3)rweveren
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w5 %)

. 0 0 10 0 1
s an LSD-generated ming with the generators: (0 1) . (0 1 ) , (O 1 ) ;

In particular,

and also an RSD-generated ring with the generators: ( é g) , ((1) ?
1

Z
and (0 (1}) , but which s not an SD-generated ring Clearly, ( 0 ;)

1s an SD-generated ring.
_ n Zn
(% %)

Swmilarly,
18 both LSD-generated and RSD-generated, hut which 1s 2

=

EXAMPLE 2 6 Let S be an LSD semagroup (v.e., zab = zaxd, for
all z,a,b € S). Then the semigroup ring K|[S], where K 15 Z or Ly,
15 an LSD-generated ring In particular, let S be a nonempty set and
define multiplication on S by st = t, for each s,t € S. Then Z[S] and
Z,(S) are LSD-generated rings. Furthermore 1if |S| = 2, then Zy(S] s
an LSD ring which s not an AGE ring.

EXAMPLE 2.7. Let R be a ring and X C R such that R = gp(X).

(1) If I 1s the 1deal generated by {azay — azy | a,z,y € X}, then
R/I 1s an LSD-generated ring.

(2) If J s the wdeal generated by {zbyb — zyb | b,z.y € X}, then
R/J 1s an RSD-generated ring.

PROPOSITION 2.8. Let Y C End(R,+,) and § C R such that
£(S) C gp(8), for each f € Y.

(1) If R s an LGE ring and for eachz € R, ;7 = 3, .; £ f., where
each f; € Y, then gp(S) s a left 1deal of R.

(2) If R s an AGE ring and Y = End(R, +, -}, then h(S) C gp(S),
for each h € End(R,+).
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PRroo¥. (1) Let z € Rand w € gp(S). Then w = 3", k;s;, where
each 'k, € Z and each s5; € S. Also there exist f, € Y such that

2T = Z:&f,.

el

Hence

zw=gr(w) =Y +fi(w) =Y (D kis)) =Y +kifi(s;) € gp($

el 1174 ieJ el gedg

Thus ¢p(S) is a left ideal of R.
(2) The proof of this part is similar to that of part (1). O

Proposition 2.8 can be used to show that R = F[z] is not an LGE
ting, where F is a field. Assume that 0 # f € End(R,+,-). Then
f(1) = 1 since R is an integral domain. By Proposition 2.8 (1), if R is
an LGE ring, then gp(U(R)) = R, where U{R) is the unit group of R.
This is a contradiction.

COROLLARY 2.9. Let S = I(R), N(R). Then we have the follourng
statements:

(1) If R and Y are as wn Proposition 2.8 (1), then gp(S) is a left
tdeal of R.

(2) If R and Y are as wn Proposition 2.8 (2), then h(S) C gp(S),
for each h € End(R, +).

Observe that Example 2.5 is an LSD-generated ring which is not an
AGE ring. To see this, let A : R — R be defined by

(3 (0 ).

Then h € End(R, +), but h((g [1])) ¢ N(R) = (
lary 2.9 (2), R is not an AGE ring.

0V

0 0 ) . By Corol-
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COROLLARY 2.10.

(1) If R s an LGE ring unth a mght unity, then R = gp(Z(R)).
(2) If R 15 a sumple AGE ring, then R = gp(N(R)).

It is immediate that the classes of LGE rings and LSD-generated
rings are closed with respect to direct sums.
Let Y C End(R,+,-) and let RY denote

{z € R|f(x) = z, for each f € Y}.

Observe that RY is a subring of R (when Y is a group acting as
automorphisms on R, then RY is called the fited ring under Y).

PROPOSITION 2. 11. Let X C LGE(R). For eachx € X, pick a rep-
resentation of ;7 =) ., k.f, such that k, € Z and f, € End(R, +,-).
Let Yp be-the set of f, wn this representation. Let ¥ = UgexYz. If
< X > 1s the subring generated by X, then RY 15 a left < X >-

module. If < X >= R, then RY 1s a left 1deal of R and R 1s an LGE
ring.

PROOF. Let z € X and s € RY. Then there exists a representation
of ;7 =), cr k.fu such that k, € Z and f, € Y. Hence

xs = ,7(s) = Zk,f,(s) = (Z k)s € RY.

el el

Since X generates R, then RY is a left ideal of R. O
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