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SOME RESULTS ON A NONUNIQUE FIXED POINT

Jinbiao Hao and Suk-Jin Lee

Abstract. In this paper, we obtain some nonunique fixed point the­
orems of single valued and multivalued maps in metric and generalized 
metric spaces, one of which generalized the corresponding results of
[5] and [6].

L GM그qd묘c垃cm

In [6], Pachpatte obtained some results on a nonunique fixed point 

complete metric spaces and introduced an inequality as follows;

min{剛&, 7切％ 以£,饥d(Tw, Ty\ [d(y, Ty)]2}

- min{涉(:e, T찌d(g, Ty),d(x, Ty'jd^y, Tx)} (LI)

W r • d(x,Tx)d{y,Ty)

for any x, y in X, where r is in (0,1).

In [5], Liu generalized the above result for single valued maps and 

introduced the following;

min{[d(Tz,幻/)]% d(w, y}d{Tx, Ty\d(x, y)d(y, Ty),

d(x,Tx)d(Tx,Ty),[d(y,Ty)]2}

一 min{d(x,Tx)d(y,Ty),d{x, Ty)d(y, Tx)}

W r • max(d(x, T硏d(y, Ty),d(x, Ty)d(y, Tx}}
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for any x, y in X、where r is in (0,1).

In the present paper, we obtain some results which generalize The­

orem 1 of [6] and Theorem 1 of [5]. Furthermore, we give an example 

to show that our result indeed generalizes Theorem 1 of [6]. By the 

way, we show the example in. [2] is false.

2. On a nonunique fixed point for single valued maps

Let (X, d) be a metric space and T a self map of X. T is called an 

orbitally continuous if limt Tntx 二二 u implies that lirr^ TTnix — Tu for 

each x in X, A metric space X is T-orbitally complete if every Cauchy 

sequence of the form {Tnix}t^i converges in X for x in X, Throughout 

this pape호 " denotes the set of nonnegative real numbers.

Theorem 2.1. Let (X, d) be a T-orbztally complete metric space 

andT an orbitally continuous self map of X. IfT satisfies the following 

condition

mm{[d(Tx, Ty')]2,d(x, y、)d，([Tx, Ty),d(x, y)d(y,Ty),

d(x, Tx)d(Tx,Ty), d(z, Tx)d(y, Ty\ d(g,邛)d(&, Tg), T?/)]2}

一 min{M(c, Tx)d(y, Ty),d(x, Ty)d{y, Tx)}

W r • max((/(x, y)d(Tx, Ty),d(x, y)d(y, Ty),d(x, Tx}d{Tx,Ty),

d(z, Tx)d(y, Ty\ d(z, Ty)d(y, Tx), d，(加 Tx)d(Thd«j, Tx)d(^y,Ty)

(2.1)

for any x, y m X, where r is zn (0,1).

Then T has a fixed point and for each x in X the sequence {Tnx}n^ 

converges to a fixed point ofT.

Proof. Let x be in X, We define a sequence {xn} by = Txn 

for n 0, where xq = x. If xn = xn+i for some n 0, then the 

assertion follows immediately. Therefore we assume that xn 尹 皿너」 
for each n > 0. Put dn = d(xn, xn+i) for n 0. By (2.1) we obtain

, dn山너t., d疽』n+l)衫疽爲+1, (d^+i) , (dn+i) }

—, d(xn, ^n+1)}

W t * ma，x{dndn+1, dndn.j-i^ dn, dndn-^x, 3桅+2)』(』、+고, ?

d(27n_pi, R；n+i)(爲+1, d(:En+l〉£n+l)dn+l}
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i.e.,
(rfn+i)2 = min((dn+i)2,dn(/n+1) W r • dndn+1

which implies that dn+i W 丁 - dn. It is easy to see that is

a Cauchy sequence. Since X is orbitally complete, there exists some 

u m X such that u = limn Tnx. By the T-orbitally continuity of 71, 

Tu = limn TTnx = u. This completes 난蛇 proof.

Remark 2.1. Theorem 2.1 extend Theorem 1 of [6] and Theorem 

1 of [51. The following example shows that Theorem 2.1 is a proper 

generalization of Theorem 1 of [6].

Example 2.1. Let X = (0,1,2, 3,4}, d(x, y) = for all y 

in X, y) = 0 if any only x — y and d(0,1) = 1, d(0, 2) = 2.5, 

d(0,3) = 1, d(0,4) = 1,涉(1,2) = 1.5, d(l, 3) = 2, d(l, 4) = 1? d(2,3)= 

2, d(2,4) = 1.5, d(3,4) = 1. Obviously, (X/) is a complete metric 

spac능 Now let T : X -t X、?0 = 1, Tl-=--0, T2 = 3, T3 = 2, T4 = 4. 

It is easy to verify that the conditions of Theorem 2.1 are satisfied for 

r = 0.3. But Theorem 1 of [6] is not applicable, because T doesn't 

satisfy (1.1) for re = 0, y = 1 and all r in (0,1).

Remark 2.2. In 1990, Ciric [2] gave an example to show that the 

corresponding results of Dhage [3], Mishra [4] and Pathak [7] are false. 

Unfortunately the example is false. In fact, through strictly examining 

the proofs of Dhage, Pathak and Mishra's results we assert that the 

result of [3], [4] and [7] are true.

Mishra [4], Dhage [3], Pathak [7] assume that T satisfies respectively 

the following conditions (A), (B) and (C).

mm{d(Tx, Ty\d(z, Tx),d(y, Ty),d(Tx, 7电),d® T电)} / 八

-min{d(a;, Ty), d(y, Tx}, d(a?, T2x), d(Ty, T2x)} W q - d(x,y)

for all x, y in X, where 0 W q < 1；

min{d(Tx, Ty), d{x,Tx), d(y, Ty)} + a • min(d(r, 7y), d(y,Tx)}

W q • d(z, y) + p- Tx)

(B) 
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for all x, y in X, where 0<p + g<l,aisa real number;

min{d(Tx,Ty), d(y, 호g)} + q • min{d(x, Tg'dQh Tx)}

W q - d{x^y) -\-p ■涉(3疽1次)+ r . d(w「Tg)

for all y in X, where a, p, q and r are numbers such that 0 r < 1, 

0<p + q + 2r<l.

The example of Ciric [이 is as follows:

Let M = (0,1,3} with the usual metric d(x^y) — jx — y\. Define 

난le mapping T by TO = 1, T1 — 3? T3 — 0. Ciric [2] claimed that T 

satisfies each of conditions (A), (B) and (C). We find 나lat T doesn't 

satisfy any one of (A), (B) and (C), because if T satisfies (A), taking 

⑦=0q/ = L we have from (A)

min{d(l,3), d(0,1), d(l, 3), d(l,3), d(l, 3)}

—min(d(0, 3)/(1, l),d(0,3),d(3,3))

W q - 4(0,1)

i.e., 1 W This contradicts the condition 0 W q V 1; if 7 satisfies (B), 

similarly we have 1 q + p < 1, which is a contradiction, too; if T 

satisfies (C), we have 2 W p + q + 3r. Since 0 < p + q + 2r < 1, it follows 

that 2 p + q + 3r < r + 1 < 2, which is impossible.

Theorem 2.2. Let (X/) be a T-orbitally complete metric space 

and T an orbitally continuous self map ofX. IfT satisfies the following 

condition

a^d(Tx, 7砌2 + a2d(x, g)d(7以,Ty) + a3d(x, y)d(y, Ty)

+ a^d{x, Tx)d(Tx, Ty) + a5d(x,Tx)d(y,Ty) + a6d(y, Ty)d(Tx, Ty)

+ a7[d(y, Ty)]2 一 min{d(© Tx)d(y, Ty),d(x, Ty~)d(y, Tx)}

W r • max{d(x, y)d(Tx, Ty), d(c, y)d(y, Tg), d(x, Tx)d(Tx, Ty)

,d(x,Tx)d(y,Ty), d(x, Ty")d(y, Tx),d(y, Tx)d(Tx, Ty),d(y, Tx)d(y, Ty 

(2-2)
7

for all Xj y tn X, where £ 어 V 1 and is m R+ for 2 = 1, 幼 … , 
i=i

7. Then T has a fixed point and the sequence (Tnrr}n^o converges to 

a fixed point of T for x %n X.
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Proof. Note that (2.2) implies (2.1). Theorem 2.2 follows imme­

diately from Theorem 2.1.

3. On a nonunique fixed point for multivalued maps

We recall that (X, d) is a generalized metric space if X is a set and 

d : X x X T U (oo} satisfies all the properties of being a metric for 

X besides that d may have ^infinite values”. An orbit of F at the point 

a; in X is a sequence {xn : xn E Fxn_x}, where xq = x. A multivalued 

map F on X is orbitally upper-semicontinuous ii xn u E X implies 

u € Fu, whenever {xn} is an orbit of F at each x in X. A space X is 

F-orbitally complete if every orbit of F at all x in X which is a Cauchy 

sequence, converges in X, Let A and B be nonempty subsets of X. 

Denote

D(A, B) = inf(d(a, 6) : a G A, b E B}

CL(X) — {A ： A C XyA is closed}

丿V(C，A) ~ {x E X : d(x, a) < s for some a € A}, e > 0

{
inf(^ > 0 : j4 C N(§ B) and B 으 N& A)},

if the infimum exists.

oo, otherwise.

Ciric [1] introduced the following inequality:

min{H(『E, Fy\D(x, Fx), D(y, Fy)}

一 Fy),D(y, Fx)} < q • d(z, y)

for all y in M and some q < 1. Motivated by it, we obtain the 

following results.

Theorem 3.1. Let (X, d) be a generalized metric space and F : 

X —> CL(X) an orbitally upper-sermconhnuous. If X is F-orbitally 
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complete and F satisfies the following condition

min([H(F2；, Fy)]2, d(x, y)H(Fx, Fg\d(w, g、)D(、击 Fy),

D(x, Fx)H{Fx, Fy),D(x, Fx)D(y, Fy),D(y, Fy}H{Fx, Fy), 

[D(y,Fy)]2}

— min{D(x, F찌£)(；, Fy),D(x, Fy)D(y, Fx)}

W r • max{d(c, y)d(Fz, Fy\ d(x, y、)D(y, Fy), D{x, Fx)D(Fx, Ft/),

D(x, Fx)D(y, Fy), D(x, Fy)D(y, Fx), D{y, Fx)H(Fx, Fy), 

D(y,Fx)D(y,Fy)}

(3.1)

for all x, y %n X, where r ts m (0,1).

Then F has a fixed point

Proof. Let a > 0 be a real number less than 1/2. We define a 

single valued map Z : X T X by letting Tx = y C Fx that satisfies

y) W r-a - D{xy Fx). (3.2)

Set dn — Dn = D(^xny Fxn^ and Hn = H(^F, FXn)

fbrn > 0. Now let's consider the following orbit of F at x in X : Xq = 

xn — Txn_i for 73 2 0. We may assume that xn-\ 尹 xn for any n 0, 

otherwise the result is obtained at once. It follows from xn C Fxn_\ 

that Dn W Hn)D(xn^Fxn^i) = 0 and Dn-\ W dn. By (3.1) we have

min{Hn，dn/Tn)dnDn, Dn—iHn<) Z?n_i79n)DnHn^ £々}

—min{Z)n—iZ為,£>(：%,—]” F D(^xn, F 事溢―i)}

W t , max{山J)(Fi・F工卩))dnDn)i)F⑦九),Dn-i・Dn?

Z)(xn_-i, Fxn)Z)(;rn)Fxn—±)Hnj D(xn, F고)I為}

which implies that

min{Z)M [為—1】為} = rn.in.{d^, dnDn^ Dn^xDn}

W r • max{dnZ>n, Dn_iDn} = r • dnDn



SOME RESULTS ON A NONUNIQUE FIXED POINT 49

and by (3.2)

min{r-2a • D^r~2a • Dn^Dn} W r~2a • dnDn W r~2a • dndn+1.

On using (3.2)

min{dn+】_, Wdn

Note that 0 < r1-2a < 1. If dn < dn+1, then

(扁(妇+1 ~ min{dn+i,(扁，서一1} w T * dndn-^x V ^n^n+l

a contradiction. Therefore dn+i < dn and

/+i = min{d，+i，dndn+l} W r1-2a • d%

i.e.,，너」W b - dni where b = r 2~a. This implies {xn}n^i is a Cauchy 

sequence. Since X is F-orbitally complete, there exists some point u 

in X such that lim„ xn = u. Thus the orbitally upper-semicontinuity 

of F implies u E Fu. This completes the proof.

Theorem 3.2. Let (X,d) be a generalized metric space and F : 

X T CL(X) an orbitally upper-semicontmuous. If X is F-orbitally 

complete and F satisfies the following condition

ai[H(Fx,F?/)]2 + a2d(x,y)H(Fx,Fy) + a3d(x,y)D(y,Fy)

+ a^D{x^ Fx)H(Fx^ Fy) + a^D(x^ Fx)D(y} Fy)

+ a6D(y, Fy)H(Fx, Fy) + a7[D(y, Fy)]2

-min{T)(z, Fx)D(y, Fy), D{x, Fg、)D(g, Fx)}

W r • max{d(:饥 y)D(Fx, Fy\d(x, y)D{y, Fy、),

D(r, Fx)D(g, Fg),D(H, Fy)D(y, Fw),D(g, Fx)H(Fx, Fy),

D{x, Fx)D{Fx, Fy), D(y, Fw)D(、g, Fy)}

(3-3)
7

for all x, y in X, where % V 1 and az is m for i = 1, 2, • • •, 7. 
z=i

Then F has a fixed point.

Proof. Since (3.3) implies (3.1), Theorem 3.2 follows immediately 

from Theorem 3.1.
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