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A STARLIKENESS CONDITION ASSOCIATED 
WITH THE RUSCHEWEYH DERIVATIVE

Jian-Lin Li and H. M. Srivastava

Abstract Some Miller-Mocanu type arguments are used here m 
order to establish a general st ar likeness condition involving the fa
miliar Ruscheweyh derivative Relevant connections with the various 
known star likeness conditions are also indicated. This paper concludes 
with several remarks and observations in regard especially to the non
sharpness of the mam starlike condition presented here

1. Introduction

Let A denote the class of functions f normalized by

/(0) = //(0)-l = 0,

which are analytic in the open unit disk

IU := {z : z £ C and |히 < 1) .

Also let (7)denote the subclass of A consisting of functions which 

are starhke of order 7 in U (0 7 < 1). As usual, we have

S* ：= 5* (0) (1.1)
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for the class <S* of starlike functions in U. The general class <S* (7) can 

be characterized as follows:

叫卷｝>w (1-2)

(2 e U； f e A] 0 7 < 1).

The familiar Ruscheweyh derivative operator Dx t A—A oi order A 

is defined, in terms of the Hadamard product (or convolution), in the 

form (c/. [7])：

DXf (z) ：= ((二：)사] 丿 * f (z) (A E —1； zbU), (1.3) 

which readily implies that

/ n_1 . / 、\ (n)

= 沖"- 丁尸丿一 (neNo :=NU ｛아; (1.4)
TV

N being the set of positive integers. In fact, Ruscheweyh [7] made use 

of the derivative operator Dn in order to derive new criteria for univa

lence for functions in A. Subsequently, while considering a problem of 

Ruscheweyh and other related results (c/ [7]; see also [8]), Obradovic 

[6] established the following criteria for star likeness.

Theorem 1 (Obradovic [6, p. 229, Theorem 1이). Let f E 

a 銘 0, a + g M 0, and n € Nq. If

丝豊也 。으竺箜2 0 ________  1__________ 心),
加+“ ⑵ Dnf(2) < (2n + 3沪(2n + 4广' 八

(L5)

then f E <S*.

For special choices of n, a, and /3, Theorem 1 yields several criteria 

for starlikeness. Thus, as already observed by Obradovic [6, p. 229, 

Corollary 6], each of the following th호ee conditions:

闵〃(，시 a |心) /'"I Z3\
(2GU; a 之 0), (1.6)
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(农 U), (L7)

and 

implies that / E 5*.

Next, by applying Jack's lemma, Li and Srivastava [2] extended the 

conditions (1.6), (1.7), and (1.8), and some other related results, to the 

following form:

Theorem 2 (Li and Srivastava [2, p. 106, Theorem 3]). Let / E X, 

a 銘 0, q + 銘 0, and | 7 < 1. 1/

雄门当祟2,1 “)5 (zgJ), (1.9)

then f E S* (7).

The object of the present note is to make use of some Miller-Mocanu 

type arguments (c/ [4]) in order to establish a substantially more gen

eral result than Theorem 1. We also indicate the relevant connections 

of our main. result (Theorem 3 below) with the st ar likeness conditions 

asserted by (for example) Theorem 1 and Theorem 2. In the concluding 

section (Section 4), we present several remarks and observations deal

ing especially with the fact that our main st ar like condition. (Theorem 

3 below) is not sharp in general.

2. A Set of Lemmas

Let G C with fR(/z) > —1 and define

A (p, ：=A(P, ：= 피§ 伊(H ⑵) } 
z

(—g) Wp<i),

where

(2.1)
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Then it is known that (c/. [3, p. 88])

P (-91(M)p < 1) •

Moreover, in the case when 卩，is real and

p 錦 max {—时，

the value of A (p,卩)is given by (c/. [3, p. 88])

入 3,/z) = H (—1)=—— S+ l) 2一2(1“)---- 一 (2.3)

where 2-^1 denotes the Gauss hypergeometrie function.

The following results (given by Lemma 1 and Lemma 2) will be 

required in our present investigation.

Lemma 1 (Li et 시. [3, p. 88, Theorem 1]). If 

打 冬 S < 1 (n G N),

then

叫끟普}〉m 叫"AEiE"n
(2.4)

(z G U; p = (n + 1) 5 — n; n G N).

This result zs sharp.

Lemma 2. Let Cl be a set in the complex plane C. Suppose also that 

the function

$ ： C2 X U C

satisfies the following condition'.

中(拔(z C U; x^y ER and y | (1 4- - (2-5)

If p{z) is analytic in U with

p (0) = 1 and (z), zpf (z); z) € Q (z G U), (2.6)

then

으t{?(z)} > 0 (z 6 U).
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Remark 1. Lemma 2 is a simple consequence of much more general 

results considered in the work of Miller and Mocanu (c/., e.g, [4]).

3. The Main Result and Its Consequences

In order to state our main result (Theorem 3 below) as simply as 

possible, we begin by introducing the following definitions and nota

tions.

First of all, in terms of A (p,卩)given by (2.3), we let

71 A((72 _ & + ])枫一71 4~ fc, 71 — k _ ])+?! — k — 1

棚=Eand 队=------------口------------------

(3.1) 

(k G {0,1,2,... ,Ti — 1}； n G N).

Then it is easily observed that

-——~r~ —或+i < 1 (A; e {0,1,2,... , n — 1) ; n e N).
Tt K>

Next, for a 0, a + 0, and n € No, we set

O (n = O,a + 0 = O)

M (a,,0,n) := < (I) (i +쯔)" )(i +W：)2% =()；a +号 0)

(-2厂)S + l)"(n + 2)f (九尹 0),

(3 2) 

where

m ：=月 +伊 + 36a (a + 仞,
and we note that

""'끼 = 函项느-*广 心。; a 顼訂; 亦 N°).

(3-3)
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Theorem 3. Let f e A, a 0, a + /3 0, and neN0. If

烈多宀*-】"脸("，찌 (0J),

丄丿 J \^J 丄丿J \z)
(3-4) 

then / € 5* (5n), where 6n and M (a;/3, n) are defined by (3.1) and 

(3.2), respectively.

Proof. Suppose that

Dn+1f (z) ^p(z) + n

Dnf (^) n + 1
(n e No). (3.5)

Then the function p (z) is analytic in U with p (0) = 1. Also, from the 

known identity:

z{Dnf (z))' = (n + l) Dn+1/ (z) - n Dnf (z) (n e No), (3.6)

we have

(砂 1 / 祁'(z), 八
£E+i/(z) ~ n + 2 (、0(z) + n ⑵ + 丿' (3.7)

which yields

(Dn+2f(z) 、「〈。너勺W) Y

U次+"(z)丿[「万nf(z)—丄丿

= (n+l)"(n + 2广 \p ⑵-l]0 (日羿云 +，(砂 一 1)"

=(n + 1)-/3 (n + 2)-Q 鱼nS(z),zp，(z);z),

(3-8) 

where, for convenience,

饥(zi,Z2；z) := (zi - 1)"(一彳——卜 z「-l) . (3.9)
\zi+n )



A 乎꼬ARLIKENESS CONDITION 7

In view of (3.8), the hypothesis (3.4) of Theorem 3 is equivalent to 

$n(p(z), zpf (z); z) G (w : w e C and \w\ < R n)}

(neN0), (3.10)

where
R (a, 0)n) •= (n + 1)” (n + 2)a M (a, /3, n) (3.11) 

with M given by (3.2).

For z E x.y E R, and y | (1 + x2) , we find from (3.9) that

r/ 、2 / 、引。
I 乳 伽, y, 部 = (1 + :疗 [(W으系 -1) + 按 (1 - 弄系)

=：Gn(X , g),

(3.12) 

where

「/ x 2 / \2]a
& (丁，们=(1 + 丁沪[(部 -1) + 十 - 土) ] S3)

":=:产之 0； x,y ER-, ； W —；(1 + 7)) .

Since 3

:矿(為(t, y) < 0,
dy

it is easily seen from (3.13) that

Gn (丁, y、) M Gn (7, — W，)

=(1 ++ 工乌 + 1)"
\4 (t + n2) r + n2 J

= L (1 + 丁)어* ( 四迫으耳、)"
E T + nz J

=：Hn (r)

(3-14)
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and that

⑺=L (1 + T)gT

where

9t + (2n + 1)2\ 耳⑺ 
r + n2 丿 (r + n2)25

(3.15)

Fn (t) := 9 (a + g) t2 + g/ (2a + S) + (2n + I)2 月]t 

+ [(2n + I)2 n2 (a 4- /3) + (n - 1) (5n + 1) a].
(3.16)

In the case when n 7^ 0, we find from (3.16) that

耳(丁)之 0 (t 0; n € N) (3.17)

which, in coiijunction with (3.15), yields

当孩(7)约 0 (r 0; n € N), (3.18)
dr

so that

払⑺约 払 (0) = 4一" ( ⑵二 1)2) =(2쁘丄广 (3.19)

(丁 M 0; n G N).

Thus, from (3.12) and (3.14), we obtain

( / I 1 \ Q
w : w € C and |w| < ( —--- ) = H (a, 0, n)

(3.20)

Next, in the case when zz = 0)we observe from (3.16) with a+P 尹 0 

that
耳(丁)= 9 (a + /3) 丁2 + 街-a

=9 (a + 仞(丁 + 丁i) (r 一 r2),
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where

+ 36q (q + 们 + 6

18 (a + 们
and 丁2 =

、/俨 * 36。（。十 °、）一 &〉

18（a +仞 =

(a 约 0; a + 0〉0).

Thus, from (3.15) and (3.16) with n = 0, we have

/g\ Q / 2°\아月
乩⑺스 地s) =G丿 (1 + 瓦)

= [K(C",O)]2 (丁 之 0),

(3.21)

which, by virtue of (3.12) and (3.14), 아lows that

全)(3皿；；z) £ Qq ― . if G C and < R (q, /3,0)} 5 (3」22丿 

m being given, as before, with (3.2).

Finally, in the case when n — 0 and a + £ = 0, it is readily seen 

from (3.16) 나lat

H)(丁)=月("厂 + 1) = —a (丁 + 1) W 0 (a E 0； 了 M 0),

and (3.15) yields

£成)(赤0 CO),

so that

Ho (丁)M lim Ho ⑺=(：、) =[R(a,月,0)F (丁 M 0), (3.23)

which shows that (3.22) holds true in this case as well.

Thus, for t, ?/ 6 R and y W 一 * (1 + x2) , we have established the 

needed condition that

①n (zz, g； z) £ Qn = (w • w e C and |w| < R (ct,饥 n)} (n G No)

(3.24) 
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in all cases listed in (3.2). Therefore, in view of (3.10), we deduce from 

Lemma 2 that

叫끟料} = 坦处흑*〉¥ = 3。 心 5),
I Dnf (z) J n + 1 n + 1

(3.25) 

where 6q is defined by (3.1).

By applying Lemma 1, we find that, if

叫暮带}>或 (3.26)

(z G U; k 6 {0,1,2,... ,n — 1} ; n G N), 

then

叫芸3Z)}> 队 (3.27)

(z E U: fc e {0,1,2,... ,n — 1} ; n e_N),

where 房 is defined by (3.1). So, if we start with the hypothesis (3.25), 

we immediately obtain

叫亨剖5偌為序 5' 侣.28)

which implies that / E 5* (5n). This evidently completes the proof of 

Theorem 3

Remark 2. In view of the inequality (3.3), Theorem 3 provides a 

significant improvement over Theorem 1. Furthermore, by assigning 

suitable special values to the various parameters involved, we can de

duce several simpler consequences of Theorem 3. Thus, for example, 

we can show that the condition:

F帯I •时 T <G) E — a +、/#+34a冃

] _ a +<요 노 34q + 1 2

1+ I茹
(3.29)
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(z e U; a〉0) 

or, in particular, the condition: 

广⑵J(z)丿|<

(zEU)

스 2.2443697 …

(3.30)

implies that / G 5*.

Remark 3. In. the special case when n =。and a + /? = 0, both 

Theorem 3 and Theorem 1 yield the same result which does not seem 

to improve Theorem 2.

4. Concluding Remarks and Observations

Just as Obradovic5s starlikeness condition (1.5) given by Theorem 

1, our main star likeness condition (3.4) is not sharp in the general form 

in which it is stated (see Theorem 3). Thus it would seem to be an 

interesting open problem to determine the best possible constants in

volved in Theorem 3. It should also be mentioned in. this connection 

that, by applying a certain result of Ruscheweyh and Singh [9] involv

ing confluent hypergeometric functions, Li and Srivastava [2, p. 108, 

Theorem 5] obtained a partially sharp result of this type for functions 

f (z) to be starlike of order 7 in U (0 7 < 1).

In its limit case when a —> 0+, the starlikeness condition (3.29) 

readily yields

-1 < 1 (2 E U),
I zj” (z)

which indeed is a sharp result. Furthermore, in its special case when 

a = L the star likeness condition (3.29) was obtained by Miller and 

Mocanu [5], thereby improving several known results on this subject 

given by (among others) Singh and Singh [10] and Anisiu and Mocanu

[1] (see also [2]).
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Finally, it should be pointed out that both (3.2) and (3.29) hold 

true in the limit case when a —> 0+. For example, we find from (3.2) 

that

쁘婦 {M(Q,£,n)} = ；—J否 (nCNo； 们£0), (4.2)
a->o+ (n + 1)。

and the limit case of (3.29) when a 一> 0+ is already given by (4.1) 

above. The exceptional case when

a = /? = n = 0 (4.3)

is clearly excluded in each of the above 난iree theorems.
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