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Abstract In this paper we discuss on the existence of general solution of
Partial Differential Equations
8w
- = F(z,w, —
1733 ( 8z
in the Sololev Space W1 (D), that is generalization of a first order Non-linear
Elliptic System of Partial Differential Equations
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1. Introduction

Suppose that D is a domain with fmlte area in the complex
plane and F' = F(z, w, ) G =G(z,w.w) € L,(D), 1 <p < cc,

and define the weakly smgular and Mrongly singular operators Tp
and []p:
Tpf(z) = —= f(€)d¢dn

nf( w‘*// (&)d¢dn
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that £ = ( +1n,z = x»%iy,gg:%;’;@ = f(z),g%f-(—zl = [1p f(2)
and if f € L,(D) then Tpf is bounded and Holder continuous,[1].
Tp maps the Banach space L,(D),1 < p < oo, into the Sobolev
space Wy ,(D) [1]. '

Furthermore, we assume that w € Wj,(D),1 < p < oo. is an
arbitrary solution of :

(1) AP O

We define a function ¢ as follow:

)+ Gz, w, w).

@) ) =w() - TolF(z,w, 9

on differentiating ¢ partially with respect to Z and z respectively,
we obtain the following:

{%if % — [F(z,w, %) + G(z,w,w)] = 0

)+ Gz, w, w))].

z

(3)
3t = 3 ~[olF(zw, §) + Gz w, )]

at least in the sobolev sense. Furthermore, since F(z,w, %%),
G(zw, W) € Ly(D),1 < p < oo, the following estimates hold:

|I¢pr < HU’HPD + |To(F + G)llp.p

n npD < n-~»|spu + HH F + G)|lpp-

It follows from the first equation in (3) and Weyls Lemmal]1] that
¢ is a holomorphic function in D, it belongs to the Sobolev Space
Wi p(D),1 < p < oo. Moreover, we deduce that, if w is a solution
of (1), then w necessarily is of the form:

w(z) = ¢(2) + Tp[F(z, w, %%) + G(z,w,w)

where ¢ is holomorphic in D. Furthermore

8w = +H %W, 5= +G( w, W)].
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We now suppose that (w, h) is a solution of the following system:

) { w(z) = @lz) +TplF(z.w, h) + G(z.w. w)]

h(z) = ¢'(2) +[]plFlz.w, h) + Gz . w. w)]

for a function ¢ € W1 ,(D),1 < p < 20, Sp < oo(Sp is the area of
D) and ¢ holomorphic in D. On differentiating the first equation
in (4) partially with respect to z and z we obtain:

{ 9w = 0+ F(z,w.h) + G(z,w, )
G = ¢ +[IplF (2. w, b) + G(z,w,w)] =

this shows that w is a solution to the given differential equation
(1). On substitution h = -—-— 2 in (3), we ohtain the following result:

THEOREM 1.1. A function w € Wy ,(D),1 < p < n0,5p < oo,
is a solution to the partial differential equation (1), if and only if
for a function ¢ € Wy ,(D) and holomorphic in D. (w, h) satisfies
the system (4).

2. Existence of a General Solution in W, (D)

We make the following assumptions:
I. The domain D has a finite area.
II. As a function of the variables z € D,w,w. h; F(z,w,h) +
G(z,w,w) is a continuous function of its variables.
III. The functions F(z,w,h) and G(z,w,w) satisfy a Lipschitz
condition of the form:

|F'(z,w,h) — F(z,w, iz)l < Lyjw — | + Lalh — hj
|G (2, w, W) — G(z,w,w)| < L3jw — |

almost everywhere in D; whereas the constant Lo is strictly less
than 1, Ly and L3 are arbitrary positive numbers.

IV. There exist w,h € L,(D),1 < p < oo, such that F(z.w. h).
G(z, w,w) € L,(D).



70 A. Mamourian and N. Taghizadeh

REMARK:. ’
The assumption (III) and (IV) guarantee F(z, w, h)+G(z, w, w)
€ Ly(D). whenever w.h € L,(D). In fact we then have

[F(z,w,h) + Gz, w,@)| < [F(z,w,h) — F(z.wp. ho)|
+ |Gz, w, @) — G(z, wg, W)
+ |F(z,wo, ho) + Gz, w. 1p)]
< (Ly + La}|lw — wo| + Lalh — hg|
+ | F(z, wo, ko) + Gz, wg, wo)|.

The function F(z,w,h) + G(z,w,w) is thus measurable and it
belongs to L,(D), since

1F(z,w, h) + G(2,w,®)|lp.p < (L1 + La)||w — wollp.p
+ Lo|lh — hollp,0
+ ||F (2, wq, ko) + G(z, wo, wo)||p.p-

We shall denote by J,(D) the set of pairs (w, h) for which w, h €
Ly(D),1 < p < o0, and define the norm by the relation

[1(w, W] = [[(w, B)llp.x = maz(Alfw|l,, ||hll,) A > 0.

The set J,(D) is then a Banach Space.
We shall now tackle the system (4) in J,(D),1 < p < co. For a
pair (w, h) € Jp(D) we define an operator L as follows:

L{w, h) = (W, H}):

{ W(z) = ¢(z) + Tp[F(z, w, h)"+ G(z,w, o))
H(z) = ¢'(z) + [|plF(z,w, h) + G(z, w, w)]

where ¢ is a fixed holomorphic function in D and it belongs to
Wip(D),1 < p < o0. On the strength of:
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THEOREM 2.1. If D is a domain of finite area Sp and f €
Ly(D).1 < p < oc. then Tpf € L,(D) as well. The following
estimate holds:

T fllp.p < B(D)fllp.o-
il

And the Calderon-Zygmund Theorem (see Basic Integral Opera-
tors) it follows that (W, H) € 3, (D); i.e. the operator L maps the
Banach space J,(D) into itself.
Suppose that (W, H), (W,MH ) are the images of two arbitrarily
chosen elements (W, H), (W, H) € J,(D) respectively:
W(z) = ¢(2) + Tp[F(z,w,h) + G(z, w, w)]
{ H(z) = ¢'(2) + [ p[F(z,w, h) + G(z,w, w)]
{ W(z) = (2) + Tp|F (2,1, h) + G(z, 0, @)
H(z) = ¢'(2) + [ p[F (2 w, h) + Gz, w, w))
It then follows that
MW ~ Wi, < M| Tpllpl|F(z,w, k) + Gz, w, ®)
~ [F(z,9,h) + G(z, @, 0)]|,
< AB(D)||F(z.w,h) + G(z,w. )
~ [F(z,,h) + G(z, b, {D)mp
< AB(D)[||F(z,w, h) — F(z,0, h)||
+ |Gz, w. w) — (,,,'w w)]|]
< AB(D)[Llfw — @[ + Lajlh — hl] + La||uw — ]
= AB(D)[(L1 + La)llw — ] + La||h — il
< B(D)[(L1 + Ls) + AL}l (w, h) — (i, )| [

because

[1(w, B) = (i, ) fp.x == 1[(w = i, b — )|

= maz(A|Jw — @], ||k - hl])
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if i
Allw — w]| = ||h = Al

then

AW = Wllpx < AB(D)[(L1 + Ls)|lw ~ @|| + La|lh — h|]
< AB(D)[(Ly + La)|jw = || + ALg|jw ~ 1b|]]
(5) = B(D)[A(Ly + L3) + AN Ly]|jw —~ ]|

on the other hand

B(D)[(L1 + L) + ALa}|l(w, h) = (0, h)||p,x =
(6) B(D)[ALy + L3) + ALyl lw — w)|.

Or, suppose that B
Allw — w|| < [k - hl|

then

MW = Wllpx < AB(D){(Ls + Lo 1k — Bl + Laflh - A
(7) = B(D)[(L1 + L3) + ALa]|[h — hi}.

On the other hand

B(D)[(L1 + Ls) + ALz]||(w, h) = (B, h)||p,x =
(8) B(D)[(Ly + L3) + AL)||h — h||.

consequently [from (5),(6),(7),(8)h
MW = Wil, < B(D)[(Ly + Ls) + ALl (w, h) = (i, )| |p,»

similarly

||H - H||, < A(D)[%’(Ll + La) + Lall{w, h) — (i@, h)]||px-
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This means that
(W, H) — (W.H)|| <[(L, + L3) + ALsJmax(B(D)

+ iA(D))H(w, h) — (ar, h)]].

Thus if
[(Ll + Lg) + )\Lz]ma»fﬁ(B(D) + *}A(D)) <1

then the operator L is contractive in J,(D) and, as such, there
exists a unique fixed element (w, h) of the operator L, which is
also a solution to (4):

{ w= ¢+ Tp[F(z.w, h)+ G(z,w,d)]
h=¢ +[IplF(z,w,h)+ Gz, w, w)].

The corresponding w is then, by theorem(1.1) a general solution
to the complex differential equation (1).
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