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Abstract This note consists of some efficient examples to support the
notion of enveloping semigroup compactification and also employ this notion
to obtain the universal reductive compactification.

1. Introduction

A semigroup S is called right reductive if for each a,b € S, from
at=>bt for every t € S, it follows that a = b. For example, all right
cancellative semigroups and semigroups with a right identity, are
right reductive. Throughout this article S will be a semitopologi-
cal semigroup.

By a semigroup compactification of S we mean a pair (¢, X),
where X is a compact Hausdorff right topological semigroup, and
¥ : 8§ — X is a continuous homomorphism with dense image
such that, for each s € S, the mapping z—(s)z : X—X is
continuous. The reader is referred to sections 3.1 and 3.3 of [1]
for the one-to-one correspondence between compactifications of §
and m-admissible subalgebras of C(S) (= the C*-algebra of all
bounded complex-valued continuous functions on §), and also for
a discussion of universal P-compactifications.
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Let (1, X) be a compactification of S, then the mapping o :
S x X— X, defined by o(s,x) = 1(s)z, is separately continu-
ous and so (S, X,0) is a flow. If £; denotes the enveloping semi-
group of the flow (8. X, o) (i.e., the pointwise closure of semigroup
{o(s,.) 1 s € S} in X¥) and the mapping o, : S—Y; is defined
by o1(s) = o(s,.) for all s € S, then ( by [1; 1.6.5] ) (01,%,) is a
compactification of S. It is easy to show that ¥, = {A; : z € X},
where A;(y) = zy for each y € X. If we define the mapping
By : X — Xy, Oo(x) = Ay, then 6y is a continuous homomor-
phism with the property that 6y 0 ¢ = a;. So (01, %) is a factor
of (¢, X). By definition, 6y is one-to-one, if and only if X is
right reductive. So we get the next, which is an extension of the
Lawson’s result [2; 2.4(ii)] :

PROPOSITION 1.1. Let (¢, X) be a compactification of S. Then
(01,%1) = (¥, X), if and only if X is right reductive.

2. Main Results

Let (¢, X) be a compactification of §. If X is not right reduc-
tive, (o1, 1) is a proper factor of (3, X). S0 we can continue this
process by induction. Let (o,,X,) be constructed . If ¥,, is not
right reductive, we define X, 4, as the envelpping semigroup of the
flow (S,Z,,0), where 0 : § x X,, —> I, is defined by o(s,z) =
on(s)z. Trivially, ¥pq = {A; 1z € 3,} and (0p41,5n41) Is a
new compactification of §, where g, : § — X, 41 is defined by
On+1(8) = a(s,.).

The method of arriving at ¥,, shows that ¥, is not right re-
ductive if and only if there exist x,y € X and #;,...t, € X such
that xtity...ty # ytity...ln and Tu U Uplny1 = YULUZ. . Uplpyl
for all uy,...un41 € X. So this process staps at the nth stage, if
X" — Xn+1 .

In the following we present an example (example 2.2) of a semi-
group compactification X of a semigroup 8 for which, for each n,
Ly is not right reductive. So we get an infinite lattice {(on, 2p)}
of compactifications ordered by (¢, £,) > (0p41, Lnt1)-

ExAMPLE 2.1. For a positive integer n, suppose «, is a real
number belonging to [1 — 5;7%;;31 — ?77%—;;17) and let S, =
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(1/2,1 — ap] C R with multiplication st = maxz{1/2,s.t}, where
st denotes the product of s and t in R . 5, is a compact Hausdorff
abelian topological semigroup. Set X, = §,, and let: : S,, — X,
be the identity map, so that (¢, X,,) is the identity compactifica-
tion of S,,. We show that for X,,. ¥, is not right reductive, but
Sn41 is right reductive. Since an, < 1 — g7y we can choose
a.b € X, such that mj}m < a,b<1—a,and a # b, Set
ti=ty=..=t, =1~aq,. Hencea.ti.....t, = a.(1—a,)" > 1/2
and baty .oty =bo(l—ay)™ > 1/2. Therefore

atl...tn =0 -t]_ LR tn % bl tl e w tn = btl“'tﬂ‘

But for every a,b € X, and t1, ..., tn, tny1 € Xp, we have auty.....
the1 < (1—an)™t?2 < 1/2and batye.atny < (1— )" < 1/2.
Therefore

at1...tn+1 = 1/2 = btl...tn+1,

which means that X, is not right reductive but ¥,,, is right
reductive.

ExAMPLE 2.2. Let S = Il,,enSm with the product topology
and product multiplication, where for each positive integer m,
Sm 18 the semigroup in example 2.1. S is a compact topological
semigroup. Much as in example 2.1., let (i, X) be the identity
compactification of S. We show that for X, for each n € N, X,
is not right reductive. Let n € N and A, B € X be such that the
nth coordinate of A and B is a,, and b, respectively and other
coordinates of A and B are equal to 1/2, and ay, b, belongs to
(srr=5y7 1 — an) and an # by,

Set Ty =Ty =...=T, = (1/2,1/2,...,1/2,1-a,,1/2,1/2...) €
X, i.e., the nth coordinate is 1 -- cr,; and the others are 1/2. Since
@n+ (1= 0ap)® > 1/2 and b, . (1 — @)™ > 1/2, we have:

ANT,..T, # BWT,...T,
But since ap, > 1 — 3 /(},H,,, for every Uy, Us,...,Upy1 € X we

have:

AUle...l»fn+] = (1/2) = BleLrg...Un_Q.l‘
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Set F = Npen Fr = [Nnen on(C(Xn)) (where * denotes the con-
jugate mapping). We show that F contains only constant func-
tions. Suppose f € F. For each positive integer n, f = 0%(gn).
for some g, € C(X,,). Saforeach s € § :

f(8) = gn(on(8)) = gn(bn_10 (771“1(3)) = ..
= gn(ln_10 On;.yg o...0#8p 0i(s)),

where 6, : ¥, — X, is defined by f;(z) = A,.
If s = (a1,a3, .., @n, Gpq1, --.), it is easy to show that

frn_106p_20..00p01(s8) =0p_106.20...068q01(s,),

where s, = (1/2,1/2,..,1/2,an,8n41,...} i8 in S. So f(s) =
£(sn)-

But s, — (1/2) and therefore f(s,) — f((1/2)). Hence
f(s) = f(sp) = f((1/2)), i.e., f is a constant function. Thus §%
is the trivial compactification, containing only the identity map.

REMARK 2.3. In general, we can use the notion of enveloping
compactification to present the universal reductive compactifica-
tion, whose existence is guaranteed by subdirect product metods
(see [1; 3.3.4]). Suppose (1, X) is the universal compactification
of §. If, for some n € N, X, is right reductive, then (0,,Z,)
is the universal reductive compactification of S. Otherwise, let
(1, X1) = Anen(0n, &pn) be the infimum of the lattice {(o,, L))}
( see [1; 3.3.22] ). If X, is not right reduetive, we continue this
process with (¢1, X1). By transfinite induetion, we obtain a well
ordered set {(04,X4)} of compactifications of S, so that, for each
B, if o is an immediate predecessor of 3, i.e. 8 = at, define a
campactification (og,g) of S, where L5 = {A; : z € £,}, and
og : 8 — Ypg is defined by og(s) = o(s,.). If B is a limit or-
dinal, we define (og,X3) by Aaep(a, La). The well ordered set
{(0a)Zq)} is similar to a unique ordinal number «g. Therefore
Na€ag(Tas Xa) must be the universal reductive compactification
of 5.
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