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A REMARK ON SOME INEQUALITIES
FOR THE SCHATTEN p-NORM
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Abstract For a closed densely defined linear operator 7' on a Hilbert
space H, let II denote the function which corresponds to T, the orthogonal
projection from H @ H onto the graph of T. We extend some ordinary norm
ineqralites comparing ||[TI(A) — II(B)|| and ||A — B|| to the Schatten p-norm
where A and B are bounded operators on H.

1. Introduction

Let H be a complex Hilbert space, CD(H) denote the faimnly
of closed densely defined linear operators on H, and B(H) the
bounded members of CD(H). Let Il denote the function which
assigns to each T"in C D(H) the orthogonal projection from HDH
onto the graph of T".

For 1 < p < o, a compact operator T is said to be in the

[» &
Schatten p-class Cp, if Y~ s;(T)? < oo, where $)(T) > s9(T) >
=1

- are the eigenvalues of the positive operator (T*T)Y/2. The

oC
Schatten p-norm of T is defined by ||T|, = (X s;(T)P)VP. 1t is
known that C), is an ideal in B(H). Moreover, HiH,, defines a norm
on C, which makes it a Banach space see[15] and [14].
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In [8] F. Kittaneh investigated quantitative estimates showing
the equivalence between the so-called gap metric and the ordi-
nary operator norm, and in fact obtained various norm inequalities
comparing |[II(A)—TI{B)||, ||A ~ B|| and some other related quan-
tities. Getting idea from his works, we extend some inequalities to
Schatten p-nrom. We begin with some well known lemmas, which
is needed to accomplish our goal. Before stating these lemmas,
we point out that the notations o(T) = {1+ T*T)~% and B(T) =
(1 + T*T)~/? are used, frequently, in this article. Recall that
0 < B(T) < 1,a(T) = TA(T) and AT} = (1 — a(T)*«(T)))'/?
(5] and [7]).

LEmMA 1. [13]If A € Cp(1 < p < o) and B, C are operators
in B(H) then
|CAB||p < ||C]] 1Al B]-

LEMMA 2. [3]or [9]. If A, B € B(H) are positive and A+ B >
C >0, then
CHA - B”p < “Az - an;h

forl1 <p < oo.

LEmMMA 3. [11]. If T' = (C D

and i— + % =1, then

(a) [IT1I5 = lA[lp + 1BIIE + ICIE + |ID]f for 2 < p < oo,

(b) IT|I5 < 1AlE + [|BIE + [ICI[E + [|DIIf for 1 < p <2,

(©) ITHIE < (AL +11DIB)? + (11 B]lk + |Cl15)4/P for 2 < p <

A B) is an operator in B(H & H)

oo

(d) 71§ > (HAIE+1I1DIE)? + (| Bl +IICIB)¥/*, for 1 < p <
2,
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(e) 2[|Tily 2 [|All + B + [|Clf1 + | D1
Note that part (e) is not brought in [11] but it can be proved
easily, using the same technique as the previous parts. The fol-

lowing lemma is also well known. However. we were unable to find
this exact statement any where in the literature.

LEMMA 4. If A, B € B(H) then
|A*A — B*B|lp < ||A - Blll|A + BJ|,
for 1 <p < 0.
Proof. If A~ B ¢ C,, we have nothing to prove Otherwise,
14°A= BBl = ||5(4~ B)'(A+ B) + 3(A+ B)"(4~ B,
< SllA - BllJi4 + Bl

+ ~;-HA + B|| ||A - B||p(Lemma 1)
= ||A = Bllp||A + Bi|.

2. Main Results

In this section we bring the extensions mentioned above.

THEOREM 1. If S,T € B(H), then for1 < p <2,
IT(S) = D) < 2lje(S) - () BlllaS) + (TP
+ (L+ 118(8) IBET) I adS) + (D))

and for 2 < p < oo,
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I(S) = ID)IIE < 27a(S) - a(T)ElllalS) + (T
+ (U 1308) BT lalS) + (D))

ge Lo 1 —
(where p T o= 1).

Proof. By [5, Remark, P.532]

C( BTE AT
) = (a(T)ﬂ(T) a(T)a(T)*) ’

where T' € B(H) for 1 < p < 2, by part (b) of Lemma 3,

ITL(S) — Il < 1B(S)? - B(T)*|Ip
+[18(8)a(8)" - B(T)a(T)*|[}
+ |[a(8)B(S) = a(T)B(T)II}
+ [la(S)a(S)* - a(T)a(T)"|I}
= {la(8) a(S) — a(T) «(T)|}
+2||a(S)A(S) - a(T)B(T)II5
+ [|e(§)e(8) - a(T)e(T)" ][}

Also, Lemma 4, implies that

a(S) (S) = a(T) T} < [la(S) = o T)|[}llex(S) + (T)| [P
and

a(S)a(5)* = a(T)a(T)|If < [ S) = A T)|Fl|ex(S) + (TP

Furthermore,
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1a(S)B(S) — TIBID)lp = [I5(a(S) = alT)(H(S) + HT))
(@(S) + a(T)(B(S) ~ BTy

((8) = a(T)(8(5) + BT

+ 5 lla(8) + T 118(S) - ATl (Lemma 1)

< JJa(8) - (Tl + 5 (11e($)
+a(MIIBESBE)™ ~ ST B

teqlla () — &)}y + S (B IBT(S)
+a(DIIA(S)™ = BT) ™, (Lemma 1)

< lla(8) - a(T)llp + 3(lla(S)

+ oD IA(S)™ = BT) ]y} (Lemma 2)

= [1a($) = (D) + (llx(S)
FaDIIBS)BS) ~ HPHT)]ly)

< fla($) = a(T)l + L UIBES) I IBT) 2 fla(s)
+ oD 1B(5)? ~ BTP1ly) (Lemma 1)

= J1a(8) = a(Dlly + 3 (18(S) 1] 1) I lla(S)
()] o) a(S) - a(T) o(T)})

< 1lo(8) = a(D)lly + (18S)HBT) 2 la(S)
+o(T)|PlJo(S) ~ a(T)]l,) (Lemma 2).



14 K. Hedayatian and F. Bahmani

Thus. we conclude that
[HI(S) = T} < 2/|a(S) — A T) 51| S) + (TP
£ 2ol S) = (T + }-Ilﬂ $)=20 18(r) |
la(S) + a(T)|Plla(S) - a(T)|,)?.
For 2 < p < oc, by part (¢) of Lemma 3, we have
ITI(S) =TT < (11B(S)? ~ BT
+ [Ja(S)a(S)* — aT)a(T)*|[5)1/P
+ ([la(S)B(S) — a(T)B(THIE
+ |18(S)e(S ) B(T)a(T)*|[2)4/
= (Jla(9)"a(S) = a(T)" A(T)|I}
+ e (S)ex( S) -f,,x(T)a T)*||a/®
+ 29| (8)B(S) - a(T)B(T)]I2.
Similar to the case 1 < p < 2
ITI(S) = (DI < (2[|e(S) — a(T)|Bax(8) + a(T)||P) 9/
+297[[|a(8) ~ a(T)lp + ~ IIﬂ( )7 B(T) 2]
lla(S) + a(T)|*|e( ) — a(T)Hp] :
Hence,
ITI(S) = I(T)|I < 2¢/P||a(S) — (T |Z[l1x(S) + x(T)] |
+ (U 188 2B 1] o) + (DI
as required.
THEOREM 2. If S, T € B(H). then

la(S) — a(T)llp < %HH(S) = TH(T)[p2IBS) ™ + B(T) ™|
+1B(S) A AT 721D,
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for1 < p < . and
|a(S) — (T)[]1 < —HH(S) =TT (2[|B(S)™" + B(T) ]
+ 11/“3(5)“2|i 18(T) ).

Proof. First. by [8, P.793] we know that |{(S)3(S)|| < § and
using parts (a ( ) and (d) of lemma 3. note that if 1 < p < x. then

1(S) = (D)l = [la(S)BSHBS) ™! = (TIBT)BT)
.<.-2~Ha(5) (S) = AT)BIDIpIIBES) ™+ BT) ]

+ Q;-ua(sw(S) +a(T)BT)||18(S) !
— A(T) ™"l (Lemmal)

() - (T NIpl1B(S)™H + B(T)~H|

BS)™H =BT

ITI(S) = TD)|Ipl1B(S) ™" + BT) 7]

18(8)™ = B(T) 7!l (Lemma 2)

IT(S) = TH(T)II,18(S) ™" + B(T) M|

1B(S)2(B(S)* = BTY)BT) ™,

ITI(S) = THT)[I,1B(S) ™ + B(T) ]
1B(S)™2INIBT) =211 11B(S)? ~ B(T)?|l, (Lemma 1)
ITL(S) = TH(T)|[118(S) ™1 + BT) Y|

SIS IBT) 21 In(S) - (D)l
(parts (a) and (d) of Lemma 3)

For the case p = 1, the proof is similar by using part (e) of Lemma
3.

RNgs

i
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THEOREM 3. If $.T € B(H) then for 1 < p < 2,

ITL(S) = TG < 2([S = TIBHIS + TP + (1 + %HS +T1*)7]

and for 2 < p < ¢,
ITI(S) ~ TU(D)IF < 24P\|S = T[S + TN+ (1 + HS+TH ).

Proof. In can be easily seen that
a(S)a(S) — a(T) o(T) = B(S)*(8*S — T*T)B(T)*
and
a(S)a(S)* — a(T)a(T)* = B(S*)*(SS* — TT*)B(T*)>.
Then for 1 < p < o0,
la(8)"a(S) = T)* Tl < [IB(S)|P[IS*S — T*T|,||B(T)]|?
<118°S — T*Tll, < IS = TllplIS + Tll, (Lemma 4)
and
le(S)a(8)* = aT)ex(T)*|]p < [IB(S"PIISS* — TT*|[pl|B(T™)]]?

<|IS8* = TT*|l, < || ~ TI,lIS + Tl. (Lemma 4)
also,

a(S)B(S) - a(T)BD)|p = [ISB(S)? ~ TAT)?l,
< Z|I(S = TYB(S)? + BIT))lp
SIS+ TYBE) - B,
”yw-Tmmﬁ)W+MMﬂW)
+hw+Twa2-mrﬂu

"‘I\Dr—a

<S=Tilp+ 5 Ilb+T|fll (S)*a(S) = aT)"(T)l,

<118 = Tllp + 3118 + TIPS = Tl
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For 1 < p < 2, by the proof of Theorem 1

ITI(S) = (D)} < le(S) (S) = a(T) ATl
+2[|e(5)B(S5) - )13( )M
+ [Ja(S)a(S)" -« ( Na(T) I3

So.
[III(S) — H(T)H < IS = TIBIS + TP+ 2(]1S = T|lp
+ 5 IIS+TH IS = Tlp)* + 1S = T|IpllS + TP
= 2)|S ~ TS + TIP + (1 + 5118+ TIP)7],

Also for 2 < p < oo, again by the proof of Theorem 1
ITI(S) — TID)|IF < [lla(8)*a(S) — a(T) (T}
+ [l S)ex(S)* — a(T)e(T)*[[F]7/7
+29/7||a(8)B(S) ~ a(T)B(THII3.
Therefore,
ITL(S) = TUT)|IZ < (2IS = TI[BIIS + T|[")4/?
£ 2028 = Tl + 511 + TIPS = T"

= 2909)|5 — TYIIS + TP + (14 118 + TI%)7.

as required.

THEOREM 4. If S,T € B(H), then we have

18 = Tlly < 5ITL(S) ~ TT)p(1A(S) 2 + A(T) )|
+IBS) I8,
for 1 < p < o0, and
1S =Ty < lIT(S) ~ DL (IAE) 2 + BT) 2|
B IBT) 2
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Proof. Note that T = o(T)3(T)3(T) ™2, and so
1S = Tllp = [|a(S)B(S)B(S) 2 = a(T)BT)B(T) 2|l

< SIH(S)B(S) — a(T)BTNB(S) 2 + BIT) )l

%WM&ﬁw%ﬂwﬂﬂWDWSYameYﬂm

-Ha(S)ﬁ — a(T)B(DRI1B(S) " + B(T) 2|

r—*+l\'>l»—*

o

+5 Ha(S)ﬁ(S) +a(TBMIIBES) ™2 = AT) Iy

< —;-unm T, 18(5) 2 + B(T)
+ 518872 = B,
1

SIS = TUT)l1A(S) ™ + B(T) |
+ SIBS)HB(S)? = BI)BT) ),
< SI(S) = D), 16(S) 2 + (7))
+ S I8S) AT N 18S)* - ATYl,
< SIT(S) = D)L I18() 2 + A(T) |

+ 3 18S) 2 1B ITE(S) - THT)

(the parts (a) and (d) of Lemma 3),
which completes the proof of the theorem for 1 < p < oc. Also
for p = 1, use a similar method and part (e) of Lemma 3.

THEOREM 5. IfS.T € B(H) and 1 < p < oo, then
e(1S]) = a(ITDll2p < la(S) ~ a(T)]5° la(S) + a(T)II57.

Proof. By Lemma 3 of [6] and Theorem 2.1 of [12] we see that
lle(|S]) = a(ITDl2p = |I |e(S)] = |e(T) |I2p

< [Ja(8) = a(T) 1357 |ee(S) + (T 117
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THEOREM 6. IfS.T € B(H). the
(1S = a(ITDlzp < IS = TI/2 1S + T2

where 1 < p < .

Proof. Lemma 3 [6] implies that

la(ISD = a(ITDl2p = || l(S)] = |a(T)] []2p
= [(a(8)*($)/? = (UT)*(T)) 7?2,
< ||a(S)*a(S) — a(T)”'a(T)HI},/2 [10, Corollary 2]
=[1B()*(§*S — T*T)B(T)*||,/?
< 1B 118*S = T*T|,/2||B(T)]|
< ||8*S - T*T}|,/?
<||S - T*T||]1,/2]|S +T||Y? (Lemma 4)

We recall that a real-valued continuous function f on [0, 00) is
said to be operator monotone if for any positive opeartor A, B €
B(H), the relation A < B implies that f(A4) < f(B). It is known
that f(t) = t" is operator monotone for 0 < r < 1, [1].

THEOREM 7. If A,B € B(H) are positive, then for any real-
valued continuous function f on [0,00) with f(0) = 0 and f?
operator monotaone, we have

la(F(A)) = a(f(B)llzp < If(JA — B])l2p,

for 1 < p < .

Proof. Since

f(A)" = f(A") and
B(S)2(8*S = T*T)B(T)? = a(S)*a(S) — a(T)* (T)
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we have

lla(f(A)) = alF(B)llzp = [IF(A)(1 + fF(A)})~1/2
- [(B)(1+ f(B)?) ’21;%
<A + f(A)?)71/2)2
— (f(B)(1+ f£(B)*)~"/*)?||1/2 [10, Corollary 2]
= |1+ F(A?) A - F(B (1 + f(B)?) )T
< (A2 = B2 (I + F(A4)H7Y)
= IB(f(A)*]| < 1)
< ||f(|A - BJ) 2||1/2 ([2, Theorem 1] applied tof?)
< |IF(14 = BDIIz)* 11 (1A = BD)Il3)® (by[28, P.254]
= [|f(JA = B|)|2p-

CoROLLARY 1. If A, B € B(H) are positive, then for any real
number 7,0 < r < 1, we have

la(A”) = a(B)l2p < || 4 = Bl ||2p,

for 1 < p < o0.
Proof. Put f(t) =t"(0 <r < }) and apply Theorem 7.

THEOREM 8. If A, B € B(H) are positive, then for any non-
negative operator monotone function f on [0,0c) with f(0) = 0
and 1 < p < 0o, we have

la(/(A)) = a(F (Bl < 17014 = BYI(1+ (F(5114 + BID?).

Proof. By Theorems 1 and 9 and [2, Theorem1] we have
Ha(f(A)) = a(f(B)llp < I1f(4) = F(B)IIx(1
+2IF(A) + FB)P)

<IF(A = Bl + I7(4) + JBIP).
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Since f is an operator monotone function. then it is concave [1.

P.26]. Thus
SU(A) + 7(B) <

and by [4, Theorem 2.3]
1
IF(5(A+ B)II < S 114 + Bil).

(A+ B)).

BO} —

Then
|lee(F(A)) — a(F(B)l, < IF(JA - B)|Ip(1

FUGIA+BI?).

COROLLARY 2. If A, B € B(H) are positive, then for any real
number 1,0 <r <1, and 1 < p < oo, we have

H4+BII2'

la(4”) = a(B")llp < Il 14 = B lp(1+ =27

Proof. Put f(t) =t"(0 < r < 1) in the preceding theorem.
Since ||T'||, = || |T| || for T € B(H), if r = 1 in the preceding
corollary, we have

lo4) = a(B)l, < 114 - Bly(1 + LALEEIE)
COROLLARY 3. If A,B € B(H), then
lle(JA]) = a(IB])|l2p < |4 - BJl3%|1A

1Al + 1B ]2

+ Bl (1 +

),
for 1 < p < 0.
Proof. Applying Corollary 2 to |A|, |B|, and 7 = 1 we have

LAl +1B]?
1

(A = a(IBDll2p < [ [+ 1Al = |B] | ]]2p(1 + )

< ||A- BllLMIA + Bl (1

LR

) [12, Theorem 2.1}

as required.
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COROLLARY 4. If A, B € B(H), then

lla(l4]) = a(iB])ll2p < [14 - Bll/?ll1A + BJ|'/2(1

B,

for1 <p < .

Proof. In the preceding Corollary we see that

|| 1Al + 1B} ]2
4

la(|AD = a(|BDl2p < I Al - [B] llap(1 + ).

But || | 4| = |B| ll2p < || |A]2—|B|?||3* (see[10, Corollary 2]), thus

by

Lemma 4, || |A| - |B| |l2p < |4~ Bl3/*|| A + B||"/2. Hence

lle(lA]) — (| B)llzp < 114 = Bll3/21A + BIIY2(1

AL+ IBLIR,

I
+ 1
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