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Abstract A Nielsen number N(f: X ~ 4) is a homotopy invariant lower
bound for the number of fixed points on X - A where X is a compact con-
nected polyhedron and A is a connected subpolyhedron of X. This number
is extended to Nielsen type numbers NP, (f : X — A) of least period n and
Nén(f : X — A) of the nth iterate on X — A where the subpolyhedron A of
a compact connected polyhedron X is no longer path connected.

1. Introduction

The Nielsen number N(f) is a homotopy invariant lower bound
for the number of fixed points on a compact connected polyhedron
X for amap f: X — X. In [8], Nielsen fixed point theory was
extended to a map f : (X,A4) — (X, A) on a pair of polyhedra.
A Nielsen number N(f : X - A) was introduced in [7], which is
a homotopy invariant lower bound for the number of fixed points
on X — Aforamap f:(X,4) = (X, A).

A Nielsen type number of least period n, denoted by NP, (f),
is a lower bound for the number of periodic points for a map
f X — X, and a Nielsen type number of the nth iterate, de-
noted by N¢n(f), is lower bound for the number of fixed points
of the nth iterate f* : X — X. These Nielsen type numbers
were introduced in [6], and studied for the selfmaps of a path con-
nected compact ANR in [2,5] and for the selfmaps of a non-path
connected compact ANR in [3].
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The definition of the Nielsen number N(f : X — A) suggests
that the definitions of Nielsen type numbers on X — A of period n
for a map f : (X, A) = (X, A) have the structure of the following
formulae :

NP,(f: X ~ A) = NP,(f) ~ NP.(f.T)
Non(f: X = A) = Noo(f) — Non(f. F).

In this paper, X is a compact connected polyhedron and the
subpolyhedron A of X is no longer path connected, and f :
(X,A) - (X, A) is a given selfmap. We will define the Nielsen
type numbers NP,(f : X — A) and Né,(f : X — A) and prove
their some properties.

2. Preliminaries

Let f: X — X be a map of a compact connected polyhedron.
A point z € X is called a periodic point of period n if f*(z) = z.
We write Fiz(f") for the set of periodic points of a map f: X —
X. Let Po(f) = Fix(f") — | Fix(f™) denote the set of peri-

m<n
odic points of least period n. We denote the fundamental group of

X based at 2 by 7 := 7y (X, z9). Let w: I — X be a path from
zo to f(xo) and nw : I — X be a path from zy to f™(zg) defined
by nw = w+ f(w) + -+ f*"Hw). We define a homomorphism
P m = 7w by () = nw+ f*(a) — nw for € . We define
an equivalence relation ~ on 7 by @ ~ o' if there exists a 3 € n
such that o = g+ o — f*(3). The quotient set of this equva-
lence relation, denoted by Coker(1 — ™"} is the set of periodic
point classes of f™ and the element is denoted by [a]” for « € 7
({2],(5],[6]). The homomorphism f* : m — 7 induces an index pre-
serving function [f¥] : Coker(1— f™) — C'oker(1— f™¥) defined
by [f*]la]® = [fYa]™ (See [2], p.96 Corollary 1). Let I be the
smallest integer such that [f¥]'[a]™ = [a]™ for [a]® € Coker(1 —
). Then < [a]™ >= {[a]".[f*]|[a]™, - .[f*]"a]"} is called
the orbit (algebraic orbit) of [@]® € Coker(l — f™) and [ is
called the length of the orbit < [a]™ >. For m|n, a function
Ly = 14+ f™ + .. + fin=m)w . m 5 7 induces a func-
tion (L, ] : Coker(l — f™¥) — Coker(l — f**¥). We say that
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[a]" € Coker(1 — f™) is reducible to m if there exists a [3]™ €
Corker(1— f™") such that [Ly,, ,][3]™ = [a]™. The depth of [a]".
denoted by d([a]™). is the smallest positive integer m to which
[]™ is reducible. Let d be the depth of [¢]™ and [ be the length
of an orbit < [a]™ >.

We notice that d{n and I|d. and that the depth of any element
of an orbit < [a]® > is d. Now we can define the depth of the
orbit < [a]™ > by d(< [o]" >) = d([a]™) ([2]). [@]" is said to be
irreducible if d([a]™) = n.

Let O, (f) denote the set of all orbits and 1EQ,(f) denote the
set of all irreducible essential orbits in Coker(1— f™). The height
of IEO,(f), denoted by h{IEQ,(f)), is defined to be the sum of
the depths of all orbits in /EO,(f). The Nielsen type number of
least period n is defined by NP, (f) = h{IFO,(f)) ([2],[5].[6]).

Let X;(i = 1,2, - ,l) be components of a compact polyhedron
Xand f: X = X beamap. {Xy,X;, -+, X;} is called a f-cycle
in X if f(Xi) C Xigqpfori=1,2---,1-1and f(X;) C X;. We
call [ the length of the cycle, and denote the cycle by [X;]. We
define an equivalence relation ~ on J, = {1,2,--- .r} by i ~ j if
i = j or [X;] = [X,]. We denote the equivalence class of i € J, by
[i] and the set of equivalence classes of J, by c¢(f). Let ¢(i) be the
length of [X;]. We shall write the selfmap on X by fi°" : X; —
X for [X;] and k € [i]. The Nielsen type number of least period
n , NP,(f) is defined by

NP.(f)= 3 eld)NPue (i) ([3]).
[ilec(f)

3. The Nielsen type numbers on X — A

Let X be a compact connected polyheron and let A be a nonpath-
connected subpolyhedron of X. Let f: (X, A) — (X, A) be a map
f:X — X suchthat f(A) C Aand f = f|lA: A — A. We denote
the path component of A by A; and write f; = f|4; : A; = A,
for the restriction of f to A;. Let v : A — X be the inclusion. We
take a base point zy € Ay C X for a cycle [4,] and k € [¢]. Then
v induces a homomorphism v, : 71 (A, 2¢) — m1(X,20). Let w :
I — X be a path from z¢ to f(zy) and @ : I — A be a path from
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zo to f(xo). Then v, induces a function v, : Coker(1 — ﬁnm)

Coker(1 — f™) where "f;nw = (TC“))”;C“)"’ for any [i] € c(f)
and k € [i], and v, induces a function < v, >: Oy ) = 0.(f)-

DEFINITION 1. [a]* € Coker(1 — f™) is called a common n-
periodic point class of f and f if there exists an essential n-periodic
point class [@]" in Coker(1 — fi Y such that v, ([@") = [a]". It
is an irreducible, essential common n-periodic point class which is
itself irreducible and essential ([4]).

LEMMA 2. Let | = c(i) be the length of a f-cycle [A;] and k
be an integer in [i]. For the functions | f“”] Coker(l — f’“")

Coker(1— f™) and [fk ] Coker(1~ T “Y = Coker(1- T,
we have [f'*]v, “‘U...[flc 1.

Proof. Let lm = n. For any [@|" € Ca!cer(l - T ) we have
[l fa =[] llr=[f"a]™ and v [fi @) = wlfe @™

[f"”a)™. Hence we have the result.

PROPOSITION 3. Let [A;] be a f-cycle with the length c(i) =1
and k € [i]. If [@]" € Coker(1 — f™) is an irreducible, essential
common n-periodic point class of f and f, then [f*][a]" is an
irreducible, essential common n-periodic point class of f and 7.

Proof. The inclusion v : Ay — X is a morphism from fk
Ag — A to f': X — X (See [4], p.120). By Lemma 2, we have

w[F @ = [fefa] = [f*)e]". So [f*]la]" is common.
Since [f"*] is an index preserving bijection (See [3] Proposition
2.1), [f'][a]™ is essential. Since [|" is irreducible, by [2, Lemma
1.12] [f"][a]™ is irreducible.

Let IEO,(f, ) dengte the set of all irreducible, essential com-
mon n-orbits of f and f in Coker(1 — f*). By Proposition 3, we
define 3

NP,(f.f) = nx #(IEOx(f, f))
where the symbol # denote the cardinality.
Let EOn(f) denote the set of all essential n-orbits in Coker(1 —
™). We notice that for k € [1]
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IEO.(f, ) = IEO,(f) N (< vu > (EOL(f))
=IEO.(f)n( U [ EOn(F))
[il€e(f)
where n = c(i)m = Im. Let To(f : X — A) = IEO,(f) -

DEFINITION 4. NP,(f : X = A) = WTa(f : X — 4) =
NPn(f)”NPn(faf)-

THEOREM 5. (Homotopy invariance) If the maps f, g : (X, A)
— (X, A) are homotopic, then NP,(f : X -A) = NP, (g: X — A).

Proof. Let H: f ~g:(X,A) = (X, A) be a homotopy. Then
H induces a homotopy H™ : f" =~ g". We write H = H|A x I
for the restriction of H to A x I. Let nv = nw + H"(zy,—) be
a path from zg to g™(zg) and n¥v = nw + -H_n(IE(), —) be a path
from zg to g% (zo). Then H™ induces an index preserving bijection
H? : Coker(1 — f™) — Coker(1 — g™) such that the following
diagram is commutative :

{Lm,n] Y
Coker(1 — f™¥) —— Coker(l — f™¥) -—[—«~]—-—> Coker(1 — fnw)
(D1) H:"l H:‘l Hlll
l[‘rn,n] .‘JV}
Coker(1 — g"™*) ———— Coker(l —g™) ———— Coker(l — g"¥)

(See [1} Proposition 3.3 and [2] Proposition 2.2 ).

Let [A;] be a f-cycle with the length ¢(i) = . Let m = Is and
n = It for m|in. We put —f;:l = fo and gi' = go for any k € [i].
Then H induces a homotopy Hg : fo =~ o : Ax — Ak such that
the following diagrams (Ds) and (Dj3) are commutative :

N . [ -
Coker(1 - fo' ") —w—w—-i-» Coker(l — fg’w) ~«[-f—~—]~—> Coker{l — fot )
(D2) w2 it | st |

(Ls.] o 567

Coker(1 — §5°%) ————— Coker(l - G5'") ——— Coker(1l - gg'")
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and

oo

N Ho, -
Coker(1 - fo ") ——— Coker(1 - got®)
(D3) V*J" VvJv

n

s Coker(1 — g™)

Coker(1l — f™) -
(See [3] diagrams (6),(7)).

Since H} is an index preserving bijection and the diagram (D))
i1s commutative, H} induces a bijection <« H? >: IEO,(f) —
IEO,(g). So we have NP,(f) = NP,(g).

Since the diagrams (D;) and (D3) are commutative, H? in-
duces a bijection < HI >#: IEO,(f,f) — IEO,(g,5). So we
have NP,(f, f) = NP,{(9,7). Hence we get NP,(f : X — A) =
NP,(g: X — A).

THEOREM 6. (Commutativity) If f : (X, A) — (Y,B) and g :
(Y,B) = (X, A) are maps, then NP,(gof: X —A) = NP,(fog:
Y - B).

Proof. By ([6] III Theorem 3.4 (ii)), f induces an index preserv-
ing bijection f, : Coker(1 — (go f)™) — Coker(1 — (f o g)"f(®))
such that the following diagram 1s commutative :

Coker(1 — (g o f)™) s Coker(1 — (f Og)mf(w))
(Lol | n) |
Coker(1 — (g o f)™) s s Coker(l — (fo g)ﬂf(w))

[(9°f)‘”]l [(Fog)! ™) l
1

Coker(1 — (go f)™) > Coker(1 — (f o g)nftw))
where w is a path from zg to g o f(xg).
Then f, induces a bijection < f, >: IEO,(go f) - IEO,(f o
g). So we have NP,(go f) = NP,(fog).
By the similar argument in Theorem 5, we have NP, (go f,go
f) = NP,(fog,fog). Hence we get NP,(gof : X — A) =
NP, (fog:Y — B).
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THEOREM 7. (Homotopy type invariance) Let (X. A) and (Y. B)
have the same homotopy type. If f : (X, A) — (X.A) and
g : (Y.B) — (Y.B) are two self-maps. then NP, (f - X — A) =
NPB,(g:Y - B).

Proof. There is a homotopy equivalence k : (X, A) — (Y, B)
such that ho f ~ goh. Let k : (Y, B) -+ (X, A) be a homotopy
inverse of h. Then koh =~ 1x and hok =~ ly. So we get
(koh)of~ fand go(hok) >~ g. By Thoeremn 5 and Theorem
6. we have the following :

NP,(f) = NPy((koh)o f) = NPu((ho f)c k)

=NP,((goh)ok)= NP,(g)
and
NP,(f,f)=NP,((koh)o f.(koh)oJ)
= NP,((ho f)ok,(hof)ok)
= NP,((goh)ok,(Goh)ok) = NP,(g9.7).
Hence we have
NP, (f:X -A)=NP,(g:Y - B).

THEOREM 8. (Lower bound property) f: (X, A) — (X, A) has
at least NP,(f : X — A) n-periodic points on X — A.

Proof. Every orbit < [a]® > in T,.(f : X — A) is essential. By
([5] Proposition 2.1), < [a]* > contains at least d(< [a]" >) n-
periodic points. Hence f has at least M{(T,,(f : X~ A)) = NP,(f
X — A) n -periodic points on X — A.

EXAMPLE 9. Let X be a simply connected polyhedron and
f:(X,A) = (X, A) be a map. Then Coker(l — f**) contains
only one n-periodic point class and this class is reducible to 1. So
we have

(1)

NP(f: X - A)=N(f: X - A)
. { 1, lfN(]T) = 0 and L(f);éO

0. otherwise

(2) NP, (f: X—-A)=0 for n>1.
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We denote the set of all m-arbits of f : X — X by Opn(f)
and |J Trm(f: X — A) by Trju(f : X = A) for min.

min

DEFINITION 11. A finite subset § of Opy,(f) - < vy > (EOun

(f)) is called a set of n-representatives on X — A4 for f : (X — A) =
(X — A) if every essential orbit in Opn(f)— < vu > (EOmpmm(f))
is reducible to at least one element of S for m|n.

LEMMA 12. Let S be a set n- representatives on X — A for
fi(X,A) = (X, A). ThenT ;. (f: X~ A)CS.

Proof. Let < [a]™ > be an element of T,,,(f : X — A). Then
< [@]™ > is an irreducible, essential orbit. By definition 11, there
exists a < [B]" >€ § such that (L, nj(< [B]" >) =< [a]™ >.
Since < [a]™ > is irreducible, we have < [a]™ >=< [8]" >. So
we get < [a|™ >€ S.

DEFINITION 13. N¢,(f : X — A) = min{h(S) | Sis a set of
n —representatives on X — A for f: (X, A) - (X, A)} is called
the Nielsen type number for the nth iterate of f : (X, A) — (X, A).

Note that this definition implies that N@,(f : X — A) = 0 if
the empty set is a set of n-representatives for f : (X, 4) — (X, 4),
and that N¢,(f) = Né(f : X — ¢).

THEOREM 14, (Lower bound property) f : (X,A4) — (X, A)
has at least N¢,(f : X — A) periodic points on X — A of period
n.

Proof. Two elements z and y of Fiz(f"|X — A) belong to the
same orbit if and only if there is a nonnegative integer ¢ such that
y = f(x). Let p be the smallest integer of ¢ such that z = fP(x)
and R? = {r € X — A | z = fP(z)}. Then RP determines an
orbit < [a]? > for each p|n and p > d(< [a]f >). Let S C
Opin(f)— < v > (EOpln(f)) be a set of n-representatives on
X ~Afor f:(X,A) — (X, A) such that h(S) = N¢,(f : X — A).
Then we have

#(Fiz(fflX-A)= 3 px 3 d<[af>)

<[a}p>e8 <{a]P>€8
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= h(S) = Non(f: X — A).

THEOREM 15. Foramap f: (X, A) = (X. A), we have No,,(f :
X~ 4)> L NP (f: X - 4)
min
Proof. Let S be a set of n-representatives on X — A for a map
f i (X, 4) = (X, A) such that h(S) = Nou(f : X ~ A). By
Lemma 12, we have T, (f : X — A) ¢ S. So we get

Y NPL(f: X = A) = W(Tmpn(f : X — 4)) < 1(S)

min

= Noa(f : X — A).

THEOREM 16. Let f: (X, A) — (X, A) be a map such that X
and each component A; of A are Jiang spaces. Let c(i) = [ be
the length of a f-cycle [A;] and m|n with lim. If L(f™) # 0 and
L(Fe™) # 0 for each K € [i], then Tpyn(f : X — A) is a set of n
-representatives on X — A for f.

Proof. Let S be a set of n-representatives on X — A for f :
(X,A) - (X, A) such that h(S) = N¢,(f : X — A). Then we
have Tmln( f: X~ A) C S from Lemma 12. Each orbit < [o] >
in S is essential by the hypothesis. So there exists a < [3] >€ S
such that < [a] > reduces to < [#] >, and < [a] > is irreducible
(See [4], p.127). Hence we get < [a] »€ Tpyiu(f : X — A) and
S=Tpu(f: X - A).

THEOREM 17. T,,,(f : X — A) is a set of n-representatives on
X —Afor f:(X,A) — (X,A) ifand only if Ngn(f: X — A) =
3> NP, (f: X - A).

min

Proof. Let Tmin( f: X — A) be a set of n-representatives. By
Lemma 12 and Theorem 15, we have

(m!n(f X - A))<N¢n(f X —A) < h( mln(f X - A))

and

Non(f: X = A) = h(Tmpu(f : X ~ A)) = 3 _NPu(f: X - A).

min
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Conversely, assume that T,,,(f : X — A) is not a set of n-
representatives. Then we can choose a set S of n-representatives
such that A(S) = Noé,(f : X — A) and T".,;nln(f : X~ A) G Shby
Lemma 12. So we have Ng,(f: X — A) 2 S NP, (f: X - A).

min

This contradicts and the result follows.

EXAMPLE 18. Let X be the solid torus X = S! x D? and
let g : ST x {0} — S* x {0} be a map with deg(g) = 2. Then
we have Fiz(g?) = {e%™ x {0} | k = 0,1,2} and Coker(1 -
g*) = {[k]?> | k = 0,1,2}. Let S} be the boundary circle of the

2k 2
disk {e¥ ™} x D for k = 0,1,2 and A = kUO Si be a non-path

connected subspace of X. Let f : A — A be a map from each circle
to a circle and fi be the restriction of f to S} with deg(fx) = dj.
From g and f, we can extend to a map f : (X, 4) = (X, A). Now
we put [Ao] = {S}} and [A,] = {8}, 51}. Let fo: S§ — S} be the
identity and f; : S} — S} be amap with d; = 1, and f, : S} — S
be a map with dy = 3.

Then we will obtain the following :

i) Coker(1— f%) = {[0]*} = Z; and O;1(f) = {< [0]' >}, where
< [0]' > is essential and not common.

ii) Coker(1 — f2¥) = {{0%, [11%,[22} % Z and Oy(f) = {<
[0]? >, < [1)> >}, where < [0]® > is reducible, essential and not
common, and < [1]? > is irreducible, essential common.

iii) Coker(1 — f3) = {[0]°, (1%, [2)°, [3]%, [4°, [5]% [6]°} = Z,
and O3(f) = {< [0]® >, < [1]® >,< [3]® >}, where < [0]® >=
{[0]*} is reducible, essential and not common, and < [1}°® >=
{[1]3, [2]3, [4]*} and < [3]® >= {[38]3,]6]%, [5]°} are irreducible, es-
sential and not common.

iv) Coker(l — f%%) = {[j | j = 0,1,2, - ,62} & Zg; and
Os(f) = {< [jI® > | j =0,1,3,57,9,11,13,15,21, 23,27, 31},
where < [0]° >= {[0]°}, < [21]% >= {[21]%,[42]5}, < [9]® >=
{191° [18]°, [36]°}, < [27]° >= {[27]°, [54]°, [45]°}, < [1]° >= {[k]° |
k= 1,2,4,8,16,32}, < [3]® >= {[k]° | k = 3,6,12, 24,48, 33},
< [5]8 >= {[k]® | k = 5.10,20,40,17.34}, < [7]® >= {[k]° | k =
7,14.28,56,49,85}, < [11]® >= {[k]® | k = 11,22, 44, 25,50, 37},
< [13]8 >= {[k]® | k = 13,26,52.41,19, 38}, < [15]® >= {[k]® | k =
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15,30, 60,57, 51,39}, < [23]° >= {[k]® | k = 23. 46, 29. 58, 53, 43}
< [31]8 >= {[k]® | k = 31,62.61.59.55, 47}.
we obtain [Ly, ¢| for m|6 by
[Lig) =1+ 2+ 2%+ 2%+ 2% 4 25 = 63,
[Lagl = 1+2%+ 24 =21,
[Lg 6] =14 2% =9 and {Lg 6] =1,
and the depth of orbits by
d(< [0 >) =1, d(< [9]° >) = d(< [27]° >) = 3. d(< [21]°
) =2, d(< [K]° >) = 6 for k = 1,3.5,7,11. 15 15.23,31.
Also, since [La g](< [1]? ») =< [21 x 115 >=< [21]° >, we can
see that < [21]® > is common.
So < [0]® > is reducible, essential and not common. < [9]°
and < [27]® > are reducible,essential and not common. < [21]¢
is reducible, essential and common, < [k]® > (k =1,3,5.7,11, 13,
15,23, 31) are irreducible, essential and not common.
From i) ~ iv), we get NP, (f : X — A) and N¢,.(f : X — A)
for m|6 as the following:
(1) Since NP(f) = |1~ 2| = 1 and NPi(f,f) = 0, we have
NP(X - A) =
Since S = {< [0}1 >} is a set of 1-representatives, we have
Now(f: X — A) = h($) = 1. i
(2) Since NPg(f) Il 22 - |1 - 21 =2 and NPy(f, f) = 2,
we have NPy(f : X — A) = NPy (f) - NPy(f,F) = 0.
Since S = {< [0]! >} is a set of 2-representatives, we have
Nga(f : X — A) = h(S) = 1.
(3) Since NP3(f) =11 —23 |1~ 2| = 6 and NPs(f,f) =0,
we have NP3(X — A) = NP3(f) — NPs(f, f) = 6.
Also since S = {< [0]' >, < [1]® >, < [3]® >} is a set of
3-representatives, we have No3(f : X —A) = h(9) = 14+2x3 =7.
(4) NPs(f) =|1- 2% -1 - 2% — |1 - 22|+ |1 — 2| = 54 and
NPs(f, f) = 0 follow from iv). So we get NPs(f : X — A) = 54.
Also we obtain a set of 6-representatives
S={<[0] > < 1P > <33 > < [1]® >, < [3]® >, < [5]° >
(<7 >, < [11)8 >, < 188 >, < [15] >, < [23]° >, < [31]° >}
from iv). So we have Ngg(f : X — A) = 1+ 2 x 3 +9x6 =61
and can see Ngg(f : X ~A) = NP, (f: X - A)+ NP (f : X —A)
+NPy(f: X —A)+NPs(f: X —A)=1+0+6+54 =61
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