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Introduction Several predictive models have been prepa-

_ red in the previous studies. Heiss (1) deve-

Calculation of the moisture transfer in a loped a shelf life predictive model by using
packaging system is essential to the shelf-life concepts of mass transfer. He developed a
of moisture sensitive food products packaged mathematical model describing the moisture
in polymeric packaging material. Experime- change of a packaged moisture sensitive pro-
ntal determination of the shelf life of mois- duct for constant temperature and humidity
ture sensitive food product requires a consi- based on the linearity of the moisture absor-
derable amount of time and money. Computer ption. Karel (2) reported a shelf life simula-
programs are needed to develop for estima- tion model based on Heiss’ model. Labuza et
ting the shelf life of packaged products. The al. (3) modified Karel’s model by lifting the
availability of many computer models is imp- assumption of the linear sorption isotherm
ortant not only in reducing cost and time in models. They combined non-linear sorption
the estimation of shelf life but also provides isotherm, such as Oswin isotherm, Kuhn iso-

a tool to optimize packaging design. therm, and Mizarahi isotherm and also cal-
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culated the shelf life when chemical reactions
with water occurred. Peppas et al (4) deve-
loped a model to account for the sensitivity
of both packaged dehydrated food and hydro-
phobic packaging materials to vapor sorption.
They started with the general Nernst-Plank’s
diffusion equation applicable to the transport
of penetrants through polymeric films. They
conjugated the equation with several non-li

Development of the computer program

near sorption isotherm which can be applied
to food in a various range of water activities,
such as the Langmuir, Halsey, B.E.T., Oswin
and Freundlich isotherm by using a nume-
rical method. Wang (5) has described a model
for predicting the shelf life of a moisture se-
nsitive product stored at a constant tempera-
ture and relative humidity condition. Lee(6)
upgraded Wang's model by introducing the

Product

Headspace
Plastic Material

Aluminum foil

External Packaging Headspace Product
Environment Material
X >y

Concentration: Cg

1. Development of mathematical model

Figure 1. Diagram of a packaged vitamin tablet in a blister package and symbols used for concentra-

tions of water

Cs The concentration of water vapor outside the package (constant).

Cre The concentration of absorbed water vapor on the outside surface of the package (Constant)

Cr The concentration of water vapor inside of the packaging material at 1 dL from outside layer of packaging
material (variable).

Cp The concentration of water vapor inside of the packaging material at 2 dL from outside layer of packaging
material (variable).

Cen The concentration of water vapor inside surface of the packaging material (variable).

Cey The concentration of diffused water vapor on the inside surface of the package (variable).

Cu The uniform concentration of water vapor in the headspace (variable).

Cru The concentration of absorbed water vapor on the surface of the product from headspace(variable).

Cra

The concentration of water vapor inside of the product at 1 dR from outside layer of product (variable).

Cke The concentration of diffused water vapor at the center of the product (variable).
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temperature of the package/environment sys-
tem as a variable. Another modification inc-
luded the use of the modified B.E.T. sorption
isotherm equation to fit the experimental so-
rption data of the product. In most cases, the
models were based on moisture transport th-
rough the packaging material at steady state
conditions and/or equilibrium moisture con-
tent of the product. However there is a need
for taking into consideration the unsteady
state transport of moisture, the more relai-
stic state especially with the availability of
high barrier polymeric structures.

The specific objective of this research was
to develop a computer program based on the
finite difference method to calculate the shelf
life of a moisture sensitive product during
storage and validate it by comparing the
analytical solutions which can be obtained in
two limiting cases.

A mathematical model was developed for
calculating the moisture content of a
packaged moisture sensitive vitamin tablet
based on the unsteady state mass transfer of
water through the package and the tablet by
applying a G.A.B. water sorption isotherm.
The finite difference method was developed
to solve the mathematical model. This mat-
hematical model contained a variety of va-
lues of the diffusion coefficient and solubility
of water in the packaging material, and the
diffusion coefficient of water in the tablet.

The mathematical model was developed
based on the following assumptions:

1) Water was transferred through the pol-
ymer packaging material and product
only by molecular diffusion.

2) The sorption isotherm of product is kn-
own, and the sorption of water in the

polymer follows Henry's Law.

3) The diffusion coefficients of the polymer
and product are known and depend on
temperature only.

4) The temperature and the relative humi-
dity outside the package are constant.

5) Sorption/desorption hysterysis in the pro-
duct is negligible.

6) The water vapor concentration in the he-
adspace surrounding the product is alw-
ays homogeneous.

7) Concentrations of water in the interface
between product, headspace, and packa-
ging material are all in thermodyna-

- mical equilibrium.

8) The product has simple geometry such
as a sphere and circular plate. In the la-
tter case, transfer of water occurred on-
ly through both circular faces and not
through the edge.

9) The G.A.B. sorption isotherm curve has
lineality from 3% moisture content to
4%.

Water vapor concentrations in the packa-
ging material(CPN t) at time t.

FC 1 éaC (1)

0x® Dyot

Fick’s law applied to a thickness dX of
packaging material located at a distance X
into the material can be written as follows:

where C is the concentration of water
(grams/ ml of packaging material), and D is
the diffusion coefficient for water in the
packaging material (Fig. 1).

Equation (1) is subject to the following

initial condition:at t=0, 0<x< L, C= Cip.



boundary condition:at t>0,
at x = 0, C = Cpg (constant)
at x = L, C = Cpx
where Cip, is initial concentration of water
in package (g/ml).
Applying the finite difference method to
eqn.(1), solution of eqn.(1) is

Cxrin = Q@ Croary + (1-2Q)C oy ¥ Q Cavary (2)
where Q = Dp At / (AL)%

Water concentrations at the internal sur-
face of the packaging material (Cen), the he-
adspace (Cu), and the surface of packaged
product (Cru) at time t)0

A mass balance of water around the pa-
ckaging headspace relates the concentrations
of diffusing water molecules at the internal
surface of the package (PKG) Cpn, the
headspace Cu, and at the surface of the
product Cgry at any time t>0. The headspace
mass balance is as follows:

acC oc oc (3)
(-DA 5)? Jexa ™ (_DAg)pmducl =Vau atH

where Vu is the volume of the headspace.
Equation (3) is subject to the following
initial Condition : at t = 0, Cu = Cu.=0.
Equation (3) can be cast into a finite diff-
erence solution, and the following expression
- is obtained:
Crposs =Cri T U Crni=-Corr ) pxe+ BOCrI-Crat ) producs
(4)

where
@ Do B = S D
The concentration on the internal surface
of the packaging material, Cpu, is obtained
directly from the headspace concentration
using Henry's Law.
Cpu=HpCx (5)
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The product surface concentration, Cru, is
obtained by using the G.A.B. sorption iso-
therm given.

AW - CH / Csat (6)
Since 1 gm of air occupies a volume of
V = nRT/p = 1.5829 T (7)

where n is 1g/(28.8 g/mol), R is 45.59 ml
atm/(mole ‘R), and p is 1 atm.

The concentration of water in air at satu-
ration (g/ml) is:

Csat = AH/1.5829T (8)

With given temperature and relative humi-
dity values of the storage conditions, the
absolute humidity, AH, obtained from a psy-
chrometric chart at adiabatic saturation tem-
perature is given in grams of moisture per a
gram of air.

Initially the headspace concentration, Cu, is
calculated using eqn.(4), and Csa is calcu-
lated by eqn.(8). After time>0, Av in G.B.A.
sorption isotherm is calculated by ean. (6).
Then Awi+s can be calculated by G.A.B.
sorption isotherm to calculate the moisture
content at the surface of product, M. where
M is in gm Hz0/100 gm dry product, a, b,
and c is G.A.B constant.

_ Awsn (9)
a( Awpar) +0( Ay ) * €
Therefore,
Cru = M Ws / (100 Vg) (10)

where Ws is dry weight of product, VR is
volume of product.

Water concentrations inside the plate sha-
ped product

Fick’s law applied to a thickness dy of
product located a distance y into the product
(Fig. 1) can be written as follows:

Where Dg is the diffusion coefficient for
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water in the product.
#C 1 aC (11)

5_\/2 Dr ot

Equation (11) is subject to the following
conditions:

initial condition att =0, 0 <r <R, C
= CrH.t=0

boundary condition : att > 0, r =0, C
= CgH

Applying the finite difference method to
eqn.(11), eqn.(12) is obtained,

Crirs=CCuyst(1-2G)C, +*GCrusy  (19)
where G = Dg At / (Ay)~.

For the plate-shape product, concentration
of water vapor at the center of the product
is the concentration of water vapor at
(U/2)th layer, therefore above scheme can be
used until the U/2 layer. The concentration
at center of the product is obtained from a
new boundary condition that the transfer
rate through the left layer is zero because
DR aC/dr = 0 at the center.

Therefore,

Cuz1 = Cuz (= Cre ) = Cuenr (13)
and Cru=Cr.u, Cri=Cru-1, Cre=Cru-2 =

Total water gain for a plate shaped pr-
oduct

Net gain at any time is the sum of average
concentrations of each layer times volumes,
which can be written as:

M.=(100/w )3 M, (14)

i=)

2. Development of computer program

The computer programs were written in
the FORTRAN language for the different ma-
thematical models developed. The computer
flow chart is shown in Figure 2.

The computer program simulated the co-
ncentration and amount of water in the vita-
min tablet during storage.

Input data for the computer program to
simulate the concentration and amount of
water in the vitamin tablet during storage
are shown in Table 1.

Input data of the computer program

As an application of the computer program,
the shelf-life of a multivitamin tablet with a
known sorption equilibrium isotherm is cal-
culated. The tablet was packed in a blister
package. The computer program analysis inc-
ludes the study of the following variables on
the shelf life of a moisture sensitive product,
diffusion coefficient and solubility constant of
the water in packaging material, and the
diffusion coefficient of water in the product.

1. External environmental conditions sur-

rounding the package

Since the sorption isotherm of the tablet
was previously determined at 28T (6), the
following conditions were selected: tempera-
ture (T) is 28T, external environment rela-
tive humidity of outside (RH) is 70 %, equi-
valent to an absolute humidity of outside
(AH) is 0.0243 gH0/g air.

2. Geometry and dimensions of packa-
ging and product

The surface area of packaging material
related to the diffusion of water is 7.54cm,
the inner volume of packaging material is 2.2
cif, and the thickness of the packaging mate-
rial is taken in 0.005cm. The area of the bli-
ster package exposed to the diffusion of wa-
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ter through the blister package does not take
into consideration the back of the blister ge-
nerally made of aluminum foil. With respect
to the tablet, it was assumed that the diffu-
sion phenomena takes place only through the
two circular faces but not through the side
area. The surface area (AR) and volume (VR)

of the circular plate shaped product are 5.67
crf and 1.42 o,

3. Diffusion coefficient (DP) and Henry’'s

constant (HP) of packaging material

In order to minimize computing time, rigid
polyvinylchloride (PVC) was selected as a
packaging material to run the program. The
diffusion coefficient and solubility of water in
rigid PVC was obtained from the Polymer
Handbook (7). The diffusion coefficient of
water (Dp) is 0.024 x 10-6cr/sec. and the
solubility of water (Sp) is 870 x 10-13cw
H:0/c PKG. Sp should be converted to

Table 1. Input parameters of computer program

Henry's law constant in (gH:O/cn polymer) /
(gHoO/cii Air). Henry’s constant (HP), of
rigid PVC 1s 93.28 (gH:0/cn PKG) /(gH20/cui
Air).

4. G.A.B. constants

G.A.B. constants obtained from the expe-
rimental moisture sorption equilibrium data
of the multivitamin tablet (M) measured by
Kirloskar (8) as a function of relative humi-
dity at 28C. a is -0.2425096, b is 0.0079882,
and ¢ is 0.003703545 at 28T.

5. Initial and critical moisture content

The initial moisture content was taken as
a 3 gH20/100g dry product, the critical moi-
sture content was considered 4 gH320/100g
dry product, and the dry mass of the product
was taken as 1.7g. These numbers were
selected to keep the computer time within a
reasonable range.

Componens Symbol Values
Outside temperature T 28T
Relative humidity RH 70%
Absolute humidity AH 0.0243 g HO/g Air
Diffusion coefficient of Rigid PVC Dp 0.24 x107cr/ sec
Henry’s constant Hp 93.28_g H,O/ar PKG
g H:O/ e Air
Thickness of PVC L 0.005cm
Surface area of PVC Ap 7.54 onf
Volume of blister package headspace Ve 2.2 ot
Number of shells for PVC N 60
Diffusion coefficient of tablet Dk 1x10° cn/sec
Initial moisture content of tablet M; 3 ¢ HO
100g dry weight of product
Critical moisture content of tablet MC 4 ¢ H,O
100g dry weight of product
Weight of tablet w 17 g
Thickness of tablet R 0.95 cm
G.AG. constant a -0.2511928
b 0.3379882
c 0.003707545

Number of shells for tablet U

60
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Input the parameters  [<&—
No
Check the parameters Correct the parameters
Yes

Calculate the water concentration in packaging material

Y

Calculate the water concentrations in headspace

Y

Calculate the water concentrations product

Y

Calculate the total water gain in the product

/meckthem'tiwl moisture

contents in the product

Yes

Calculate the shelf life

No

Figure 2. The flow chart of a computer program for obtaining a water concentration profile, and calcu-

lating shelf life

Calculation of the analytical solution

Two analytical solutions were developed to
compare with the accuracy of the computer
program developed only in two limiting cases.
One is for the limiting case when the
diffusion coefficient of water in the packaging

material is very large, the other for the
limiting case when the diffusion coefficient of
water in packaged product is very large.

1. Analytical solution of diffusion equ-
ation to calculate the concentration
of water in packaging material and the



total gain in the circular plate shaped
product in a limiting case (when the
diffusion coefficient of the packaging
material is very large).

The diffusion. equation of water in the pac-
kaging material was the same as the diffu-
sion equation of water in a circular plate
shaped product when they have same initial
and boundary conditions, therefore, the sol-
ution of equation (1) is the same as that of
eqn. (11). Equation (1) is subject to the fol-
lowing

attzo, Cx,t:CiP,

boundary condition : at x = 0, Cx1 = Cpe
and at x = L, Cxy = Cen

initial condition :

1). Analytical solution for concentration of
water in packaging material and the circular
shaped product

The separation variable technique:

The general solution can be obtained by
using a separation variable technique,

putting

Cer = X(x)T(t) (15)
applying eqn.(15) to eqn.(1) and rearrang-
ing,
Dp X'(x) T(t) = X(x) T'(t)

dividing X(x)T(t), and letting it be equal
to -A2 (dummy variable)

X (x)/X(x) = (1/Dp) T'(t)/T(t) = N
then,

X'(x)/X(x) = A2 (16)
(1/Dp) T'(t)/T(t) = -N an

so eqn.(16) becomes,
X'(x) + ¥ Xx =0 (18)

the general solution of eqn.(18) is
X(x) = Cisin A&x + Cz cos Ax  (19)
eqn.(17) becomes,
T'(t) + A4* Dp T(t) = 0 (20)
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the general solution of eqn.(20) is
T(t) = Cs exp (-* DP t) (21)
applying egs.(19) and (21) to eqn.(15), and
rearranging, Cx,t becomes
Cet = (Cq sin Ax + Cs cos Ax) exp (-A% Dp t)
(22)

Calculation of constants in the general
solution (eqn.(22)):
A) When A = 0,
from eqn.(18) and (20)
X(x) = Cs + C7 X, T(t) = Cs
therefore, the general solution of eqn.(22)
is
Cxt = Gy + Cro x (23)
applying boundary condition (at x =0, Cxt
= Cpg) to eqn. (23),
Cy = Cpe
therefore,
Cxt = Cpg + C0 X
applying Co=Cpg and boundary condition
(at x=L, C.t=Cpn) to eqn. (23),
Ceu = Cpe + Cio L
Cio = (Ceu - Cpe)/ L

therefore,
Cet = Cpg + (Cpu - Cpr) (x/ L)
B) Whenx # 0

o= (C.sindx +C 5008 Ax)exp(- 4* Drt)
A=1

therefore, in order to satisfy two con-
ditions (A =0, and M * (), Cx. becomes

Coy = Coe*(Cru=Cre) 7 + X (Cosin Ax+ €005 2)exp(- A" Dp )
Y]

(24)
In order to get constants C4 and Cs in eqn.

(24). applying boundary condition (at x = 0,
Cyt = Cpg) again to eqn. (24),
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> (25)
CPE:CPE+ZC5 exp( = A°Dpt)
=1
From eqn. (25) it was found out that Cs
must be zero to satisfy the boundary con-
dition.
Y Césin(ALYexp( = A?Dyt) =0 (26)
A=1
In order to get constant Cs; in eqn.(24),
applying Cs=0 and boundary condition(at x =
L, Cut = Cpn) again to eqn. (24), therefore, Cx.
becomes:

Cu=Cpe+{(Cen- CPE)L+Z(CnS1n—)eXP( E‘”TD—L)
(27)
CPi:CPE+(CPH'CPE)£+Z(CnSinﬂ)
L = L
(28)

o 4 ke o km £ x, . kmx
(C,sin — )(sin — )dx = | [C}' - Cps ~(Ces - Cre ) =] sin(—)ddx
Z,;! L L -j e L L

(29)
L . nmx f 1-005(2"7“) L
‘!C"( 51n2—L—)dx ZC,.}!.[ Jdx = Cas

(30)
Cu(5)= - [(C/ - Conpiostnm)- (CHZCEIOT) 1))

(31)

In order to get C, in eqn.(27), applying
eqn.(27) to initial condition (at t = 0, Cx1 =
Cp)

In order to find C, in eqn.(28). multiply
sin(k7x/L) and integrating from 0 to L.
(k=1,2.3,...)

When k = n, integration of right term in
eqn.(29) is 0, when k =
ft term in eqn.(29) is:

Rearranging eqn.(29),

rearranging

n, integration of le-

Zes|x| o 8 H 2 %(2002)

L t i X _ . nNax
C"(E):;[[[CP 'CPE’(CPE'CPH)Z]SlnT]dx

Here. sin (nn) = 0, cos (nm) = (-1)", re-
arranging,
Therefore, the unknown constant Cn In
eqn. (27) is
Co= o [-(C - Co) 1) +(CF -Cra)]
nr (32)
applying eqn.(32) to eqn.(27), rearranging,
and finally the analytical solution to cal-
culate water vapor concentration in the pro-
duct is obtained.
Therefore,

Cor = Cru+(Cru=Cr) 5 += Z/(cm CAILS+C, -Cre)] 2 sm(—-)exp( ﬂ&)

(33)

2) Analytical solution for total gain of water
in a circular-shaped product

L
M©)=[Cex) 4pdx
: (34)

Mass at any time, M(t), i

MO=Ar[Cre L+(Cru-Cr) = +—znc,,. SCHEI et e L scp(“ "")] sin "% )ds)

(35)
applying C(x,t) in eqn.(33) to eqn.(34)
where

L nme L
LYY L onmx " 2L
'!(sm I Jdx=[ ”cos 3 ]0

therefore,
o 1 2
Mm=A,ucm(—cﬂfi)-i,z/(cprc;)(—zf+c;-cn)11,exp(-"—’i¥)1
T n n
rearranging,

Cen
-1
My = ' g 1 2.2 ¢
M@ <1+ Ce _Cee IZ[(CPH_CP )(,1)"+C" ‘U—,exp('n ﬂ]DP i
» Cee Ces Crs 1 L

Ma 2
(36)
2. Analytical solution for limiting case

(when the diffusion coefficient of the
product is very large) for calculating
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the total gain of water taken up into
the circular-shaped tablet in the
blister package
Mass balance of package and product
system (Figure 1) will be given by

1 2
( Mass transfer ) - ( Mass transfer )
rate into rate into
package product
3

= rate of )
accumulation in
head space (37)

It is assumed that the concentration profile
inside the package reaches a steady state
quickly so that it is linear. By applying
Fick’s law and Henry's law,

Mass transfer rate into package :

oC Cp-C Cg-
DI’APEx—:DPAP(LL_ﬂ)zDPAPHP ELCH

(38)
where Cpg is Hp Ce and Cpy is Hp Ch.

It is assumed also that the G.A.B. sor-
ption isotherm curve has lineality from 3%
moisture content to 4%.

Therefore, the concentration of water in
the headspace (Cn) is

Ca=7ZCr t+F (38)
Ce-Cy,_DpArHpr m
= F.7

HeDp Ap( I ) I (Ce VR) (39)

where 7 and F is constant, Cr= m/Vg,
therefore, the mass transfer rate into the
package is

Mass transfer rate into product : dm/dt

dt Vg dt

(40)

d d
—(VuCy)=Vy—(ZCr+tE)=2Vy
dt dt

Mass rate of accumulation in headspace :

Applying eqn. (39), (40), and (41) to
eqn.(37), Mass balance of package and
product system (Figure 1) is

HPDPAP(C _F- Z_)_gf'l__ VH_d_ﬁ
L Ve dt Ve dt  (41)
rearranging
ifﬁJr HyDprApZ _ VrHpDpAp (Cz-F)
at " (VatZVa)LT (Va+ZVy)L (42)

its general solution is

m(t)sze('“’Mg
a

(43)
where
_ HpDprApZ
(Ve+ZVy)L
VaHpepDpAr
B RALLIL dat -F
a2yl C5Y
b/a = Vi (Ce-F)/Z
initial conditions are t=0, m(t)=m;,
mi=ks + b/a . km= mi-b/a mi= Ck x Vg,
i V ‘FV
m0= (€52 CEE2V8 jexprap+ (C22Vn wn

Applying initial conditions to eqn (44),
rearranging, therefore: eqn (44) is

Cn(l‘)—mV—(:)—[Cn' (CEZ F)]exp(-at)+(—C§-'Q
(45)

Therefore, CR(t) is

reat- = jepan=rcy- (€22

rearranging

w_ ZCR*F-Cs _ Cy-Ck
ZCrW)+F-Cy Cu(t)-Ce (46)
therefore, the shelf life of the circu-
lar-shaped product in a blister package in a
limiting case (when the diffusion coefficient
of the product is very large) is




70 SRR SIX| M8 M 2 2(2002)

f= (Vr+ZVy)L In CHI'CE
HPAPDPZ CH(I)‘CE (47)

Results and Discussions

1. The comparison between a finite di-
fference solution and analytical sol-
ution in limiting cases
In order to check the accuracy of the fi-

nite difference solutions, they were compared
to the analytical solutions in some limiting
cases. The analytical solutions of the diffu-
sion equations in the packaging material was
developed when the penetrant concentrations
of both sides of the packaging material are
constant. The analytical solutions of diffusion
equations of two different shaped products
were developed also for limiting cases. When
there is no package, the product is exposed
to the environment.

2. The comparison between finite di-
fference solution and analytical sol-
ution for water diffusion equation in
the packaging material

The analytical solution developed for a
diffusion equation, eqn.(1), in packaging
material in an unsteady state, when surface
concentrations of both side are constant.

Initial and boundary conditions are as

follows,

Initial condition : t = 0, 0<x<L, C = f(x)

Boundary condition : t>0, x=0, Cp=Ce,
x=L, Cp=Cpn

where Cpg is the water concentration of the
outside surface of the plane sheet (at x = 0 ),

Cpu is the water concentration of the inside

surface of the plane sheet (at x = L)

The analytical solution (eqn. (33)) and the
finite difference solution (eqn.(2)) for the
packaging
material were compared and the results are

water diffusion equation in

shown in Figure 3. Two different solutions
generated the equal output.

F’“a““ —8—F.0 —a— Bract —+—F.D+B(acl—e—F,D—0—B(m~*—F.DI

3

Concentration {mg/ml)
288 8 8 3

-
o

(-]

0 p-) 50 100 150 200 250 300
Time {sec)

Figure 3. Comparison between an analytical sol-
ution and the finite difference solution
for calculating water concentration in
packaging material

3. The comparison between the finite di-
fference solution and the analytical
solution for total gain of water in the
plate-shaped product for a limiting ca-
se (when the diffusion coefficient of
water of the packaging material is
very large) ‘

The analytical solution (eqn. (37)) and the
finite difference solution (eqn.(14)) for total
gain of water in the plate-shaped product
were compared and the results are shown in

Figure 4. Two different solutions generated

the equal output.

4. Analytical solution for the shelf life of
a package/product system (vitamin
tablet packaged in blister package)
in a limiting case when the diffusion
coefficient of the product is very
large
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Molsture gain (g/100g-dry product)

»
o
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@

0.57 1.06 146 1.83 229 269 3.18

Time (hrs)

Figure 4. Comparison between an analytical sol-
ution and the finite difference solution
for calculating total water gain in a pl-
ate-shaped product in a limiting case
{when the diffusion coefficient of water

in packaging material is very large)

In order to check the whole mathematical
model based on the finite difference solution
and computer program, one analytical solu-
tion for a limiting case, that is, when the
diffusion coefficient of a product is extremely
large. was developed and compared with the
finite different solution for packaged plate-
shaped products.

The analytical solutions fit very well with
the finite difference solutions of the circular
plate-shaped product, with three different
diffusion coefficients of water in packaging
material, in Figure 5. Therefore, in this lim-
iting case, the finite difference solution 1Is
very accurate.

In conclusion, the finite difference method
applied to the calculation of the shelf life is
an effective tool for packaging design in the
case of a moisture sensitive product. In limi-
ting cases, the calculated shelf life values
agreed well with the shelf life calculated
based on the analytical solutions. The per-
cent of error in the case of the circular plate
shaped tablet is 0.1%. For further study, the

mathematical model and computer program
can be verified by experimentation.
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Figure 5. Comparison between an analytical sol-
ution and the finite difference solution
for calculating shelf life in a packaged
plate-shaped product in a blister pac-
kage for a limiting case(when the dif-
fusion coefficient of water in a produ-

ct is very large)
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List of symbols

T Temperature of outside package (*R)

RHe  Relative humidity of outside package (%)

Aw Water activity

AH Absolute humidity at a given temperature (g
H20/g air)

De Water diffusion coefficient of polymer packa-
ging material (ev/sec)

D Water diffusion coefficient of vitamin tablet (or
/sec)

He Henry's law constant of polymer packaging mat-
erial (g H,0/ar PKG)/(g H20/o air)

L Thickness of polymer packaging material (cm)

Ap Surface area of polymer packaging material (cr')

Ar Surface area of product (ov)

Ve Inner volume of package (o)

Vr Inner volume of product (=)

Vu Volume of headspace (o)

Csa  Water concentration in air at saturation (g/o)

Cr Water concentration of polymer packaging ma-
terial (g/ov)

Coi Initial water concentration of polymer packa-
ging material (g/om)

Cri Water concentration of packaged product (g/ev)

Ca Initial water concentration of product (g/ar)

Cr(t) Water concentration of packaged product at
time (1) (g/ov)

Cu(t) Water concentration of headspace at time t (g/
ar)

N Number of divided layers of polymer packagi-
ng material thickness

CM(t) Total water gain for a plate shaped product (g
H0)

M({t) Total water gain for a plate shaped product (g

M(t)

Mri
M

Mc
Wi

To

ab,c

H.0)

Total water gain for a plate shaped product (g
H,0)

Moisture content of a layer in the vitamin tablet
[nitial moisture content of vitamin tablet (g H20
/ 100g dry Product)

Critical moisture content of vitamin tablet (g
H,O / 100g dry Product)

Dry weight of vitamin tablet (g)

Thickness of circular plate shape vitamin tablet
(em)

Temperature ("K)

G.A.B sorption isotherm constant of vitamin
tablet

Number of divided shells of vitamin tablet
Time



