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ENTROPY NUMBERS OF (R, W)-NUCLEAR
OPERATORS ACTING BETWEEN BANACH
SPACES OF CERTAIN WEAK TYPE

Hi JA SonG

ABSTRACT. We characterize (r, w)-nuclear operators acting from a
Banach space whose dual has weak type ¢ into a Banach space of
weak type p by the asymptotic behaviour of their entropy numbers.

1. Introduction

The theory of the so-called entropy numbers was introduced by A.
Pietsch [12]. Afterwards a lot of results concerning the behaviour of
entropy numbers of certain classes of operators were established (cf.
[4], [6], [10]). We only remind of diagonal operators acting between
Lorentz sequence spaces as well as embedding maps between Besov
function spaces.

B. Carl [4] characterized diagonal operators acting between Lorentz
sequence spaces by their entropy numbers.

In [5] B. Carl considered operators S : ¢, — X admitting a factor-

ization through ¢1, S : ¢, 2, lq Bx , where D is a diagonal operator
generated by a sequence belonging to a Lorentz sequence space and
B is an arbitrary bounded operator. He characterized these operators
in terms of their entropy numbers under the hypothesis that X is a
Banach space of type p. By using this result, he [6] showed that the
sequence of entropy numbers of r-nuclear operators acting from a Ba-
nach space L, into a Banach space L, belongs to the Lorentz sequence
space.

In [10] T. Kiihn dealt with operators 7" : X — ¢, factorizing through
b, T: X Zov, 2o

¢» Where B is an arbitrary bounded operator

Received November 7, 2000.
2000 Mathematics Subject Classification: 47B06.

Key words and phrases: entropy numbers, (r, w)-nuclear operators.
This research is supported by the Dongguk University research fund



84 Hi Ja Song

and D is a diagonal operator generated by a sequence belonging to
a Lorentz sequence space. He estimated the asymptotic behaviour of
the entropy numbers of these operators under the assumption that the
dual of a Banach space X has type p. And then he applied this result
to r-nuclear operators acting from a Banach space whose dual has type
q into a Banach space of type p.

In this paper we determine the “degree of compactness” of (r,w)-
nuclear operators acting from a Banach space whose dual has weak type
q into a Banach space of weak type p by means of entropy numbers.
Here, we present Defant and Junge’s approach [7].

2. Definitions and Notation

We present some of the definitions and notation to be used. Through-
out this paper X and Y denote Banach spaces.

Let (Ao, A1) be a couple of quasi-Banach spaces. We consider the
functional K (t,a, Ao, A1) = K(t,a) = inf{[lao|| o, + t|la1ll4, : a0 €
Ap,a1 € Aj,a=ap+ar1}on Ag+ 4. f0<O <land0<qg<oo
then the real interpolation space (Ao, A1)y, consists of all elements
a € Ag + A1 which have a finite quasi-norm

o0 1,9 gdityai
HCLH(AO,Al)e,q = |lallg.q = (fo [t7OK(t,a)]% ) if 0<q< oo,
sup, [tV K(t,a)] if ¢ =c0.

Notation. (1) The dual of a Banach space X is denoted by X*.
(2) For 1 < p < oo, the conjugate of p is denoted by p’, i.e.,

1/p+1/p' =1.
(3) The closed unit ball of a Banach space X is denoted by
Bx.

(4) B(X,Y) denotes the set of all bounded linear operators
from X into Y.
(5) F(X,Y) denotes the set of all finite rank operators from
X into Y.
(6) The dual operator of an operator 7" is denoted by T*.
(7) Vol(-) denotes the Lebesgue measure on R™.
For every operator T' € B(X,Y) the n-th outer entropy number
en(T) is defined to be the infimum of all € > 0 such that there are
elements vy, -+ ,y, € Y with ¢ < 2" ! and T(Bx) C UL {vi +eBy }.
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The n-th approximation number of T' € B(X,Y) is defined by
an(T) =inf{||T - L|| : L € F(X,Y), rank(L) < n}.
The n-th Gel’fand number of T' € B(X,Y') is defined by
cn(T) = inf{||TJ|| : codim(M) < n},
where J3 denotes the canonical injection from the subspace M into
X.
The n-th Kolmogorov number of 7' € B(X,Y") is defined by
dn(T) = inf{]|QN 7| : dim(N) < oo},
where QX denotes the canonical surjection from Y onto the quotient
space Y/N.
The n-th Weyl number of 7' € B(X,Y) is defined by
2n(T) = sup{a,(TU) : U € B(¢2, X), |U]| < 1}.
The n-th Grothendieck number of 7' € B(X,Y") is defined by
Pul(T) = supd | det((Ts, y?)[ "+ (e1)fy © Bx, (51— © By
The n-th volume number of T' € B(X,Y") is defined by
v (T) =
sup{ (YQULPN ™  c X, T(M) € N C Y, dimM = dim N = n}.
The n-th volume ratio number of 7' € B(X,Y) is defined by

Vol(Q ) (T'(B 1/n .
vr,(T) = sup{(%/(mx))) : N CY, codimN =n}.

For an operator U € B({y, X), we define
UU) = (fgn [U]? dyn(2)) ",
where 7, is the canonical Gaussian probability measure on R™.
For an operator V € B(X,¢3), we set
(V) =sup{|tr(VU)|: U € B(¢3,X), ¢{(U) <1}.

A Banach space X is called a weak type p space if there is a con-
stant C' such that for all n and all operators V € B(X,¢3), we have
supy kY7 ap(V) < C - ¢*(V). The smallest constant C for which this
holds will be denoted by wT,(X).

A Banach space X is called K-convex if there is a constant C' such
that for every n and every operator V € ¢*(X, /%), we have ((V*) <
C - ¢*(V). In this case, we define the K-convexity constant as K (X) =
inf C, where the infimum is taken over all constants C' satisfying the
above inequality.

If z = (&) is a bounded sequence then we put s,(z) = inf{c > 0:
card(i : || > o) < n}. (sn(z)) is called the non-increasing rearrange-
ment of x. Let 0 < r < oo and 0 < w < oco. Then the Lorentz sequence
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space {,,, consists of all sequences z = (§;) having a finite quasi-norm

o0 r—1/w w\/w .
| _{ (o [t s, (2)]) if 0<w < oo,

sup,, [nY/7 s, (2)] if w = oo.

For s € {e,a,c,d,z,v,vr}, an operator T € B(X,Y) is said to be of
s-type £y if (sn (T)) € {, . The set of these operators is denoted by
LE(X,Y). For T € £E),(X,Y), we define |T| L0 = [|(sn(T))]
[13].

Let 0 <7 <1land 0<w < oo. An operator T' € B(X,Y) is said to
be (r,w)-nuclear if it can be written in the form T' =Y .° mzf Qy;
with (2}) in Bx~, (y;) in By and (7;) € £,,,. The set of these operators
is denoted by T' € N, ,,(X,Y). For T € N, ,(X,Y), we define a quasi-
norm

r,w

(T) inf(Y°07, [pt/rl /g, v )1/w if 0<w < oo,
Vraw =
inf (sup,, [nY/"7,]) if w = oo,

where the infimum is taken over all (r, w)-nuclear representations such
that 4 > 7m >--- > 0.

3. Results

By using Carl’s proof [5] and the generalized Carl-Maurey inequal-
ity, we estimate the entropy quasi-norm of operators acting from /7"
into a Banach space of weak type p.

LEMMA 1. Let X be of weak type p, 1 <p <2, and S € B({T", X).
Then there exists a constant C' > 0 such that sup;<j.. k/seh(S) <
C||S||m/s= VP for s < p' and m =1,2,---

Proof. We invoke Carl-Maurey inequality [8] to infer that there ex-
ists a constant C' > 0 such that

sup k’l/sek(S) SCHSH sup k,l/s—l/p’ [1+1n(%)]1/p/
1<k<m 1<k<m

< Co||S||m* VP for s <.
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Now we estimate supy-,, k*/ex(S). Let I,, denote the identity op-
erator on ¢7". Using the multiplicativity of the entropy numbers we
obtain that

sup ke (S) = sup (m + k)Y* epmii(S)

k>m k>1
< sup (m+ k)l/s em(S) ex(Im) < emn(S)sup 21/8(m1/s + kl/s)ek([m)
k>1 k>1
< 2Msmse,,(S) + 21 %€, (S) sup kY %er(I,n).
k>1
Applying proposition 12.1.13 of [12] we derive that
s — s 1/s - —(k— mys\1/$
sup k'/%ep,(I,) < (Zek(jm)) / 54(2(2 (k=1)/2m) ) /
k21 k=1 k=1
1 21/2m
<4 (1 _ 2—3/2m)1/s <4 (28/2m _ 1)1/3
21/2m 21/sm1/s

4 <8 .
= (s/2m)V/s (In2)t/s T 7 (sIn2)l/s
It takes another appeal to Carl-Maurey inequality [8] to yield that

8'21/8
kl/s S) < . S 1/321/3 1 e
:;17]% ex(S) < em(S)m [ +(sln2)1/5
<y fsm1 s 1 2200 g1
< Cy||S]|m | +(sln2)1/3]_ 2 1S m )

Combining this with the above estimate we see that

sup  k'/%ei(S) < sup kY%er(S) + sup kY%er(S)
1<k<o0 1<k<m k>m

< Cs||S||ms=P fors <.
[

Applying this lemma and Carl’s proof [4], [5] we intend to charac-
terize operators of the form SD,, where D, : ¢, — {; is a diagonal
operator generated by a sequence belonging to a Lorentz sequence space
and S : /1 — X is an arbitrary operator with the image in a Banach
space of weak type p, in terms of entropy numbers.
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PROPOSITION 1. Let X be of weak typep, 1 <p <2, S € B({1,X)
and let D, € B(¢1,¢1) be a diagonal operator generated by a sequence
o = (0;) € byy, where 0 < r < oo and 0 < t < oo. Then SD, €

L)1, X) for 1/s =1/r +1/p.

Proof. First we shall show that if o € £, o then SD, € £ (¢1, X),
where 1/s = 1/r 4+ 1/p" ().
There is no loss in assuming that |oq| > [og| > -+ > 0. We define
canonical operators Jy, € B(f2*, 1) and Qy € B(fy,£2") by

Jk(fla"' 752’“) = (Oa 707517"' 752’“;0;"');
Qk(é.la"' 7€k7"') = (52’“7"' 7€2k+1—1)7

respectively, for k£ > 0. Let M}, € B(E%k,@k) be the operator defined
by Mg(n1,--+ ,nar) = (09k N1, -+, Ogk+1_1 Mox ) for k > 0. Then D, =
S ore o JMiQp and so SD, = > 72 o ST My Q. Taking account of the
fact that Egego admits an equivalent a-norm and using lemma 1 we
obtain

m—1 m—1
| Z ST MQr | £ || < Co (Z 1S Tk M@y | L[| *) M
k=0 k=0
m—1
< Co (Y 1Tk | LN 1M Qe *)M/®
k=0
m—1
< Co (Y 15Tk 1 LE% )1 loar )M
k=0
m—1
<O (Z “SJkHa gak(l/s—1/p") ‘U2k |a>1/a
k=0
m—1
< ”SH (Z 2ak(1/s—1/p) ’0.2k|oz)1/o¢ for s < p/.
k=0

We assume that 0 = (0;) € £, . Then we get
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m—1 me—1
IS ST MQy | L0 < Ca||S|| (3 20k (/51 /P gak/ry1/e
k=0 =0

< Cs |19l om(1/s—=1/p'=1/r) for 1/s > 1/r+1/p'.

This yields egm-—1( Z:()l ST MpQy) < Cy ||S||2-™A/m+1/P) 1n order
to estimate || Y po, ST MirQ | Ege(),oH we choose s such that 1/p’ <
1/s < 1/r + 1/p’. By arguing similarly as above, we establish the
following estimation

1Y STMeQr | LEL | < C5[|S]| (D 2080/ s=1/r=1/py1/e
k=m

k=m

S 05 HSH 2m(1/s—1/7=_1/p’) . (Z 2ak(1/5—1/r_1/p/))1/a
k=0
< Gy ||S]| 2 5=/,

This implies egm—1(3 o0, ST MpQr) < Cr S| 2-™/7+1/7) . From
the additivity of the entropy numbers it follows that

m—1 o)
e2m (SDg) < egm-1( Y STMpQr) + ezm—1( Y ST MpQx)
k=0 k=m

< Cs |5 27mA/m+/e0,

If n is a natural number we take m so that 2™ < n < 2™+l An
appeal to the monotonicity of the entropy numbers establishes that
en(SDy) < e3m(SD,) < Col|S|In=Y/7=1/?_ Hence SD, € L% (¢1, X)
for 1/s = 1/r +1/p’, which verifies (x).

Now we use real interpolation to derive the desired assertion. Given
r with 0 < r < oo we can find rg, 1 and 0 such that 0 < rg < r; <
00, 0<f<1land 1/r=(1-0)/ro+6/ri. We consider the operator
T transforming every sequence ¢ into the composition operator SD,.
By (%), T : 4y, 0o — ng?oo(ﬁl,X), where 1/s; = 1/r; +1/p', i = 0,1,
are both bounded linear operators. Since 1/r = (1 — 0)/rq + /71,
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theorem 5.3.1. of [1] tells us that (¢, o0, lry,00)0t = ¢rt. The well-
known interpolation formula concerning entropy ideals allows us to
obtain (L8001, X), L)oo (01, X)), C L (01, X), where 1/5s = (1-
0)/so+0/s1 =1/r+1/p". We appb; the interpolation theorem [1] to
deduce that 7 : ¢, ; — Egeg (¢1, X) is also bounded. This ends the proof
of the proposition. O

PROPOSITION 2. Let X be of weak typep, 1 <p <2, S € B({1,X)
and let D, € B({y, 1) be a diagonal operator generated by a sequence
o= (0;) € lyy, where 0 < r <00, 0<t<o0, 1 <qg<ooandl/r+
1/¢ > 1. Then SD, € Effg(ﬂq,X) provided that 1/s = 1/r+1/q—1/p.

Proof. The assumptions on ¢ and r guarantee that we can choose
ro and 71 such that 0 < rg, 71 < oo, 1/r = 1/rg + 1/r; and 1/r +
1/¢ > 1. Then we can split 0 = 7o pu with pp € £, o and 7 €

Uyt As a result the operator D, € B({,, 1) can be factorized with
D
diagonal operators D,, and D, as D, : £, —= {4 L, ¢y. Since 1/r >

max(1—1/g,0), we use a result of Carl [4] to see that D,, € £§f),oo(£q, 23]
for 1/s; = 1/ry +1/q — 1. An appeal to proposition 1 reveals that
SD, € ng%t(ﬁl,X) for 1/s9 = 1/ro + 1/p’. Using the multiplication
theorem for the entropy ideals we derive that SD, = SD.D,, € E(?’t o

S

L8 oo (bgs X) C L) (0g, X) for 1)s =1/s0 +1/s1 = 1/r +1/q¢ — 1/p.00

In the next proposition we describe the dual situation.

ProPOSITION 3. Let X* be of weak type p, 1 < p < 2, R €
B(X,lsx) and let D, € B({x,!,) be a diagonal operator generated
by a sequence o = (0;) € {4, where 1 < g < o0, 0 <1 < g < oo and

0 <t<oo. Then D,R € Eg?g(X,Eq) for1/s=1/r+1/q¢ —1/p.

Proof. We start with the case 1 < ¢ < co. For R € B(X,{ls),
we denote the restriction of R* to #; by S. Since X* is of weak
type p and 1/r 4+ 1/¢' > 1, it follows from proposition 2 that SD, €
Egeg (lg, X*) with 1/s =1/r+1/¢' —1/p. The K-convexity of ¢, en-
ables us to invoke a result due to Bourgain, Pajor,Szarek and Tomczak-
Jaegermann [2] to get that there exists a constant C' > 0 such that
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ID,RILE)| = [DeS*x | L] < |DeS* | L) < C[SDy | £4)].

Consequently D, R € EF:g(X, ly) for1/s=1/r+1/q¢ —1/p.

Now we deal with the case ¢ =1 or ¢ = co. Given r with 0 < r <
q < 0o, we choose rg, r1 and u such that 0 < rg, 11 < 00, 1 < u <
oo, 1/ro+1/u>1/q, 1/r1 > 1/uand 1/r = 1/ro+1/r1. Thus we split
o= porT with 7 € ¢, ; and pn € {,,) . and hence the operator D, &

B(ls,q) is factorized with diagonal operators D, and D, as D, :

D
loo 25 0, —5 ¢,. Since 1/ro > max(1/q — 1/u,0), we take account

of a result due to Carl [4] to conclude that D, € Eg?,oo(éu,éq) with
1/sg =1/rg + 1/u— 1/q. Applying the result of the preceding case to
the operator D, € B({x, ;) we have D, R € £gj?t(X, 0,) with 1/s1 =

1/r1 +1/u' — 1/p. The multiplication theorem for the entropy ideals
assures us that D,R = D,D;R € Egi),oo o ng)’t(X, l,) C £§?2(X,€q)
whenever 1/s =1/sg+1/s1 =1/r+1/¢" — 1/p. O

Propositions 2 and 3 permit us to give a description of (r, w)-nuclear
operators acting from a Banach space whose dual has weak type ¢ into
a Banach space of weak type p, 1 < p, ¢ < 2, in terms of their entropy
numbers.

THEOREM 1. Let X* be of weak type q and Y of weak type p,
1 <p,q<2 Then N,,(X,Y) C df?l,(X, Y) provided that 0 < r <
L,0<w<ocandl/s=1+1/r—1/p—1/q.

Proof. We divide the proof into two steps.
Step 1. The first step is to verify the following assertion : If R €
B(X,lx), Dy € B(f,!1) is a diagonal operator generated by a se-
quence o = (0;) € £, 0 <r < 1, and S € B(¢1,Y) then SD,R €
Cgi)«(X, Y)with1l/s=1+1/r—1/p—1/q.
Since 1/r = 1/2r + 1/2r, for 0 € ¢,, we split 0 = 7 o7 with 7 €

ls,.. Therefore the operator D, € B({,?1) admits a factorization
D, : l LN £l L, {1, where D, is a diagonal operator induced by
a sequence 7T € fo,.. Since Y is of weak type p and 1/2r +1/2 > 1,

we apply proposition 2 to deduce that SD. € Eg?%(fg, Y) for 1/sg =
1/2r +1/2—1/p. As X* is of weak type ¢ and 0 < 2r < 2, we invoke
proposition 3 to produce D, R € £ (X, ly) with 1/s7 =1/2r+1/2—

81,21‘
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1/q. The multiplication theorem for the entropy ideals informs us that
SD,R=SD.D.Re £, o', (X,v) C £iUX,Y) C £LE(X,Y)
with 1/s=1/so+1/s1=1+1/r—1/p—1/q.

Step 2. We improve the result of the preceding step by real inter-
polation. Given r with 0 < r < 1 we can find rg, 71 and 6 such
that 0 < rgp <7r; <1, 0 <@ < 1land 1l/r = (1—-06)/ro+06/r.
Let 7 be the operator transforming every sequence o into the com-
position operator SD,R. By Step 1, 7 : {,, — ng?oo(X, Y'), where
1/s; =1+1/r;—1/p—1/q, i = 0,1, are both bounded linear operators.
Since 1/r = (1—6)/ro+6/r1, we have ({y,, £r,)9.w = £rw With the help
of theorem 5.3.1. of [1]. The well-known interpolation formula con-

cerning entropy ideals asserts that (ﬁgz),oo(X,Y), ng),oo(X, Y))e w ©

ES}U(X,Y), where 1/s = (1 —0)/so+6/s1 = 1+1/r—1/p—1/q.
An appeal to the interpolation theorem [1] establishes that 7 : ¢, ,, —
52620 (X,Y) is also bounded.

Now we select any T € N, ,(X,Y). It is known that T can be
represented as T = SD,R, where R € B(X,lx), Dy € B(ls,?1)
is a diagonal operator generated by a sequence o = (0;) € ¢, ,, and
S € B(¢1,Y). This leads us to have that T = SD,R € ngq)u(X, Y).
This proves the desired inclusion. O]

Naturally the question arises : Does the above theorem remain valid
even when p = 2 or ¢ = 2 7 This is answered by the theorems stated
below. By applying a known fact concerning the relationship between
entropy numbers and Kolmogorov numbers, together with estimates for
the Kolmogorov numbers in terms of the Weyl numbers, we improve
proposition 2 in Banach spaces of weak type 2.

PROPOSITION 4. Let X be of weak type 2, S € B({1,X) and let
D, € B(¢4,¢1) be a diagonal operator generated by a sequence o =
(0;) € £y, where1 < g < oo, 0 <7 <min(2,q¢') and 0 < t < co. Then

SD, € £)(£y, X) with 1/s = 1/r +1/q — 1/2.

Proof. First we shall show that if o € £, then SD, € L% (£g, X),
where 1/s =1/r+1/q—1/2. (%)
Given r with 0 < r < min(2,q’), we can pick r; and ry such that
0<7r <2, 1/rg >max(1/2 —1/q,0) and 1/r = 1/ry + 1/r2. Hence
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for o € ¢,, we split 0 = 7o p with p € ¢,, and 7 € ¢,,. Accordingly
the operator D, € B({,4,¢1) can be factorized with diagonal operators
D, and D, as D, : {, Du, Uy L., 4. Since 1/ry > max(1/2 —1/q,0),
we invoke a result of Carl [4] to deduce that D, € £§§),r2 (£g,02) C
Egz)m(ﬁq, ly) for 1/s9 = 1/ra+1/q—1/2. Using a result due to Carl [3]
and making use of theorem 11.7.7. of [12] we get that ||SD- |£T?),oo|| <
Co |ISD+ | LY || = Co ||(SD,)* | L1 ]|. Since X is of weak type 2, it
follows that X is K-convex and hence X™* is K-convex. This enables
us to use a result of Pajor and Tomczak-Jaegermann [11] to see that

1S D7) | LI ol < CL K (X [[(SD7)* | L3l

71,00

< CL KXY ||SD, | LY |l
Now we estimate the volume numbers in terms of the Weyl num-
bers. Let H be an n-dimensional subspace of /5. By setting £ =
ran(SD;ig), where iy : H — /{5 is the natural injection, we have
dim F < n. Then Lewis’ theorem [14] asserts that there is an isomor-
phism u : £§ — E and an operator v : X — (% such that v|g = v~ ! and
{(u) = £*(v) < n'/2. Using Geiss’ theorem [9] and a result due to Pa-
jor and Tomczak-Jaegermann [14], together with the multiplicativity

of the volume numbers, we obtain the following :

U (SDrig) = vy (WSDrig) < vp(uw) vy (VSDrig)
<de,(u) (H ak(vSDTiH))l/n
k=1

<4Cyn Y2 p(u) n=V/mFY2) gup BVMAY2 g (0*(SDyig))
k

< 4CynWmHYD |y 28 | 1(SD)* | £ ||

71,00
< 4Cyn~ WMD) Ty (X) 05 () [[(SDS)T | £4) |
< 4Cyn VT wTy(X) |(SD,)* | L, |

This gives that ||SD; | L8| < 4Cs wTo(X) ||(SDy)* | £55]|. From
a result of Lubitz [13], we know that [|(SD,)* | LS| < C4 S| -
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at [|SD, | L] < CK(X*)2/m wTa(X) ||S]| - [|7]l,,, that is SD, €
Eff)’oo(ﬁg,X ). An appeal to the multiplication theorem for the en-
tropy ideals ensures that SD, = SD.D,, € L',(af),oo o Egz),oo(éq,X) -
5220(6(1,)() for1/s =1/r1+1/se = 1/r+1/q—1/2, which proves (x).

Next we apply real interpolation to derive the required assertion.
Given r with 0 < r < min(2, ¢’), we can select rg, 1 and 6 such that
0<ro<r; <min(2,¢), 0<f <land 1/r = (1—-6)/ro+6/r.
Let 7 be the operator assigning to every sequence o the composition
operator SD,. By (), T : {,, — ng?oo(ﬁq,X), where 1/s; = 1/r; +
1/q—1/2, i =0, 1, are both bounded linear operators. Since 1/r = (1—
0)/ro+0/r1, we have (€y,, ¢, )o+ = £r in view of theorem 5.3.1. of [1].
The well-known interpolation formula concerning entropy ideals tells
us that (ng))’oo(ﬁq,X), Eg?oo(ﬁq,X))e’t - Egiz(ﬁq,X), where 1/s =
(1—60)/so+0/s1 = 1/r+1/q—1/2. Applying the interpolation theorem
[1] we draw that 7 : ¢, ;, — Egeg (¢4, X) is also bounded. This completes
the proof of the proposition. O

17|71 00 < Ca||S]| - ||7|lr,- Combining the above inequalities we arrive

The following proposition shows a corresponding dual formulation
for a Banach space whose dual has weak type 2.

PROPOSITION 5. Let X* be of weak type 2, R € B(X,{~) and
let D, € B({s,{,) be a diagonal operator generated by a sequence
o= (0;) € by, where 1 < g < o0, 0 <r <min(2,q) and 0 < t < oo.
Then D,R € ngg(X,Eq) for1/s=1/r —1/q+1/2.

Proof. We proceed in the same way as in the proof of proposition
3. We first deal with the case 1 < ¢ < oo. For R € B(X, /),
we define R*|,, = S € B({1,X*). As X* is of weak type 2 and
0 < r < min(2,q), we summon up proposition 4 to conclude that
SD, € L) (ty, X*) with 1/s = 1/r + 1/¢' — 1/2. Since £y is K-
convex, we use a result due to Bourgain, Pajor, Szarek and Tomczak-
Jaegermann [2]| to obtain that there exists a constant C' > 0 such that

ID-RILE = DS |x | LGN < 1Da8*| LS < CISDs| L]
This implies D, R € £.%)(X,€,) for 1/s =1/r —1/q + 1/2.

Next we treat the case ¢ = 1 or ¢ = co. Given r with 0 < r <
min(2,q), we find rg, r1 and u such that 0 < rg < o0, 1 < u <
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00, 0 < ry < min(2,u), 1/ro+1/u > 1/q and 1/r = 1/rq + 1/r1.
Therefore we split ¢ = po7 with 7 € £, and p € £, o and so

the operator D, € B({x,{,) is factorized with diagonal operators D,

and D, as D, : { RENYS L, ¢,. Since 1/r¢g > max(1/q — 1/u,0),

we invoke a result of Carl [4] to infer that D, € £g§),oo(€u,€q) with
1/sg =1/rg+ 1/u — 1/q. Applying the result of the preceding case to
the operator D, € B(loo,?,) we get D R € ng)’t(X,ﬁu) with 1/s1 =

1/r1 —1/u+1/2. Thanks to the multiplication theorem for the entropy
ideals, we have D, R = DD, R € L)oo 0 LL7,(X, £,) € L) (X, £,) for
1/s=1/sg+1/s1 =1/r—1/q+ 1/2. O

We are now in a position to extend theorem 1 to the case p = 2 or
q=2.

THEOREM 2. Let X* be of weak type 2 and Y of weak type p,
1 < p <2 Then N, ,(X,Y) C LEL(X,Y) provided that 0 < r <
I, 0<w<oocandl/s=1/2+1/r—1/p.

Proof. We divide the proof into two steps.
Step 1. The first step is to verify the following assertion : If R €
B(X,¢x), Dy € B({,?1) is a diagonal operator generated by a se-
quence 0 = (0;) € £, 0 <7 < 1, and S € B(¢1,Y) then SD,R €
LENX,Y) with 1/s =1/2+ 1/r — 1/p.
Since 1/r = 1/2r + 1/2r, for 0 € ¢,, we split 0 = 7 o7 with 7 €
l5,.. Consequently the operator D, € B({s,¢1) admits a factorization

Dyl Do, ly L, {1, where D, is a diagonal operator generated by
a sequence T € ly.. As Y is of weak type p and 1/2r +1/2 > 1, it
follows from proposition 2 that SD, € ' (l2,Y) for 1/s1 =1/2r +

S1,2r
1/2 —1/p. Since X* is of weak type 2 and 0 < 2r < min(2,2), we
have DR € Céi)(X, l3) by way of proposition 5. Appealing to the
multiplication theorem for the entropy ideals we derive that SD,R =
SD.D.Re L9, orl(X,Y)C £iUX, V) C L% (X,Y) with 1/s =

81,21
1/s1+1/2r=1/2+1/r —1/p.
Step 2. We improve the result of the preceding step by real interpo-
lation. Given r with 0 < r < 1 we can select rg, 71 and 6 such that

0O<ro<r <1 0<O<land1l/r=(1—-6)/rg+0/ri. We



96 Hi Ja Song

consider the operator 7 transforming every sequence o into the com-
position operator SD,R. By step 1, 7 : {,, — ng?oo(X, Y), where
1/s; = 1/2+1/r; — 1/p, i = 0,1, are both bounded linear opera-
tors. Applying the interpolation formulas given in the proof of theo-
rem 1 we deduce that 7 : ¢, ,, — ﬁgil,(X ,Y') is also bounded, where
1/s=(1-0)/so+0/s1=1/24+1/r —1/p.

Now we take any T € N, ,(X,Y). It is known that T' can be
represented as T = SD,R, where R € B(X,lx), Dy € B(ls,?1)
is a diagonal operator generated by a sequence o = (0;) € ¢, ,, and
S € B(¢1,Y). This allows us to have that T'= SD,R € Lé??u(X, Y).
This proves the required inclusion. 0

THEOREM 3. Let X* be of weak type q, 1 < ¢ < 2, and Y of weak
type 2. Then N, ,(X,Y) C Egi)u(X, Y)forO<r<1, 0<w< oo and
1/s=1/24+1/r—1/q.

Proof. Suppose that R € B(X,{), D, € B({x,?1) is a diagonal
operator generated by a sequence ¢ = (0;) € 4., 0 < r < 1, and
S € B(41,Y). Since 1/r = 1/2r+1/2r, for o € {,., we split o = ToT with

T € lo,. As aresult the operator D, € B({,¢1) admits a factorization

D, : fy L, Uy L, ¢y, where D, is a diagonal operator induced

by a sequence 7 € f3,.. Since Y is of weak type 2 and 0 < 2r <
min(2,2), we have SD, € 55? (£2,Y") with the aid of proposition 4.
Since X* is of weak type ¢ and 0 < 2r < 2, an appeal to proposition
3 reveals that D, R € £ (X,4s) for 1/s1 = 1/2r +1/2 —1/q. We

apply the multiplication iﬁzgrem for the entropy ideals to produce that
SD,R = SD,D,R € LY o £, (X,Y) C £I(X,Y) C £ (X, Y)
with 1/s =1/2r+1/s;1 =1/2+1/r —1/q. The required inclusion can
be carried out by arguing exactly as in the second part of the proof of
theorem 2. O

THEOREM 4. Let X* be of weak type 2 and Y of weak type 2. Then
New(X,Y) C LE(X,Y) where 0 < r < 1 and 0 < w < 0.

Proof. Assume that R € B(X,{s), D, € B({x,¥1) is a diagonal
operator generated by a sequence o0 = (0;) € 4., 0 < r < 1, and
S € B(¢1,Y). Since 1/r =1/2r +1/2r, for 0 € £, we split c = 70T
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with 7 € #5,.. Accordingly the operator D, € B({s,¢1) admits a
factorization D, : £ Lo, 4 LN {1, where D, is a diagonal operator
generated by a sequence 7 € fo,.. Since Y is of weak type 2 and 0 <
2r < min(2,2), it follows from proposition 4 that SD, € Egi) (£2,Y).
As X* is of weak type 2 and 0 < 2r < min(2,2), proposition 5 steps
in to assure that D, R € Lgi) (X, ¢3). Application of the multiplication
theorem for the entropy ideals leads to SD,R = SD,.D.R € £§f? o
£x,v) c £9X,Y) € £ (X,Y). The remaining assertions are
established by arguing exactly as in the second part of the proof of
theorem 2. 0
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