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M/G/1 Queueing Model for the Performance Estimation of AS/RS

Si Yeong Lim - Sun Hur - Moon Hwan Lee - Young Hae Lee

Department of Industrial Engineering, Hanyang University, Ansan

Most of the techniques for the performance estimation of unit-load AS/RS are a static model or computer
simulation. Especially, their models have been developed under the assumption that the Storage/Retrieval (S/R)
machine performs either single command(SC) or dual command(DC) only. In reality, depending on the
operating policy and the status of the system at a particular time, the S/R machine performs a SC or a DC, or
becomes idle. In order to resolve this weak point, we propose a stochastic model for the performance estimation
of unit-load AS/RS by using a M/G/1 queueing model with a single server and two queues. Server utilization,
expected numbers of waiting storage and retrieval commands and mean time spent in queue and system are

found.
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(1,5) 1 #of customers in storage queue

j: # of customers in retrieval queue
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s(x) : MBI 2 A} 7E9] pdf (probability density function)

S*(6) : A8l 21 7+2] LST (Laplace-Stieltjes transform)

No(d : A& ¢ o)A storage queued] A4 (&, A& w7
o %)

Ne(®) : A& ¢ oA retrieval queued] ARG (&, B2 H#
9 )

Si(D At Fe Mul Az FERSE

Qu(8) = Pr(Ny(8)=0,Np(D =0, Server idle)

Q = lim@o(2)

P {x,Ddx= Pr(Ng() =1, Ne(H)=j, Server busy,

x< S (D <x+dx), 4,7=0,1,2,-
P,-_,-(x)dx= }Ll’g P,-,;(x, t)dx
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0= = (A1 +2)Q+ Py 4(0) (1)
—<L p o)
=— (A + APy (1) + (A +1)Qs(x) ()
+(Py4(0)+ Py 1(0) + Py 1(0))s(x)
=L Py
=— (A + AP o(0) + A, Pimy o) ()
+ (Pig1,0€0) + Piyy 1 (0))s(x) =1
—4 P %)
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+(Py,j+1 (O + Py j41(0))s(x) izl
-4 p ()

=~ (A + AP, (O + 1 Piy () %
+/12P,-‘,-‘1(x)+Pl~+1,,~+1(0)s(x) 6,721
A A (D)~ (5)9] e Ao LSTE #35H4 ofaf o} 2o}
0 = —(A4+4)Q+ Py o(0) (6)
6P, (6)— Py (0)
=+ AP} o(8) — (A, + 1)@, S™ (& )
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_(PH-LQ(O)+P,‘+1'1(0))S‘(8), 2.2].
6P;.; (6)— Py 0)

= (A + )P L8 — AP ;- (8) )
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=P -1(0) = Pisy j+1(0)S™(O), 4,721
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P(z,w, 0 = Jg pr;,,-(e)z"u/

73(2, w, 0) = l:gtgPU(O)ziw"
P w,0) = 3P (O, 20

P(z,j,0) = ;Pi,j(O)zi, =0
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Sk
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Pt (2, w.0)
=[ A4 U0-D+2Q-w)—1]
(14)
[(1-2)P0, w,0)+ (1 —w)P(2,0,0)
—(1—=2)(1—w)Py 4 (0)]
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(3Y) & A128E o33} o] 73l B4} dual command
} single commandE ] A= o) Aile A7
X7} 2otar 71 &4} dual commands storage 9} retrieval o)
FAld] o] F0}2] 7] wj Fol| dual commandE F-3 3= AT G
A] storage command S -8 3} A|7tolglar AZbsted e ub
sltt. wietd AJB= storage®] single command % dual
commandE AH]A8tE A7 0] 99 A7kl gt retrieval single
commandE F3Fctn B & Ak =, AW+ storage
command (71 storage command”} single©]Z duale]Zd Ao]
A thH} retrieval single command ¥+ §3) 8}, o] 2 2 ¥
A= YR H(work conservation)e] AJHIEE storage
command7} ¥ A F+ loads o, =A,/x7} Tt

QT Al2®o A M7t idled 8-S o n] gt A7}
busy® 39 H o] 5 714 397} Sl

case 1. A]¥7} storage command & A H] A3 3%
case 2. ¥ 7} retrieval single command & M| A3h= A$

ol Aoz Yehie T 2o
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Pr(Server busy) = Pr(Server busy|case 1)Pr(case 1)

+ Pr(Server busy| case 2)Pr(case 2)
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= o1t o= 0102
=1-

3. AH)| A A 7he) 243}
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tel 37} Zoa 7HAEdt oM g E g o
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S Aulaske d Zele Aztoleta sk ¢, A%
2 22 t7|ed A% BB BE BHol P2

72t 9] quevert vHE FEE L T 2ol REY 4 Aok
o = Pr( storage queue is not empty)
= A,E(SS)
o = Pr( retrieval queue is not empty)
= A, E(RS)

4714 $5% RSt 47t A% W3 BE o] W A
Hl2e] 0.2 The s} 20| 2AMNE 4 Sl
S§S = p"Sp+(1—0")Ss 21)
RS=0'Sp+ (1-0")Ss 22)

FHol 71thgkE ka4 (23) R A (24)9) 2] A

E(SS) = p"E(Sp) + (1—0")E(Ss) 23)
E(RS) = p'E(Sp) + (1—0 )E(Ss) (24)

o159 BANE ol gelo] Aela A S $E BT

of thgt H AMul2A17F ( E(SS), E(RS))E 247 tha-3) 2

o 72 % Sl

E(SsH1+ A(E(Sp) — E(S9))}
1— A AA E(Sp) —E(Sy))’

E(Ss){(1+A(E(Sp) — E(S))
1= AL E(Sp) — E(So)}*

B(SS) = (25)

E(RS)= (26)

PRZEA W 0.2 ol g i #4232 REY
= 3tk

Var(SS) = (A, E(RS))*Var(Sp) )
‘ 27
+ (1= A, E(RS)) Var(Ss)

Var(RS) = (A, E(SS))*Var(Sp)
. (28)
+(1— A E(SS)*VarSs)

o139l AHE A4 (19), 20)% B9 B HASA
5% 2 A% 0] 3049 BF oY) DASE ARG &
ik,

4 A¥d=Y 22

2 @AM E A% - B30t 279 T3] 47 EY A
A Fokf HHE maH dYHHF o]FHH ) o Mujx
AZto] L MR sk 7)1 2¥ S o]835te AS/RSO
gt storage qugue9} retrieval queue2] tf 7] 1440l th 3} &
E B9 HEE FEIYT B3 gy Hy o] FHHS

M2l A Tto] MZ & 9o g 2ASE REE A
A3t

B A7X s of7) ¥ £Y =& A3 A5ty
ARENAE o] &3t AJEHo]dE 83t 48 =1L
AE Z3 49 e E5g (b)S WAAA 7FHEA storage
queue®} retrieval queue?] =HEo] FY (4,=2)3 A$9t
OE AL (L #+2)ZE FE3 48S st 49 3
B} 24 gk (b} SR 7| A7} 7 F8/57 = (sWs)E Y

SR/ o] (LH)E 33t bl dele Al 4
Z} t (=L/Sh)9']' tz)(zH/Sv)E}' 3]‘_'!7_, T=max (t» t,)= 7§9]§=_}
9 b=min(t/ T, t./ DE B35+ Zto]cHTompkins et al.,
1996). THebA SR 717} £ e B Faa
4 el Aol FAY A9 Fo) Bé(shape factonGte
b=1°] "tk X SR 7]A A H(loading) F 3%
(unloading) AJ7He R ¥ | vX|& JaFg A3 8l7] sty
13 Ut} single command®} dual command®] A{u]2
A|ZF 2 BAL2 Bozer and White(1984)e]] 8+ A1 A2 3
&3tgom, Aol Artghe 7] F48] A ZHwarm-up
period) 40004 7+ G4 7} At 3 1035] ¥ =3 3} uf 3] 20000
N AAEE 875 FPES 3t #3 Hgtolth
E L i =19 A3l g8l AT B A2H B
AL 1T AT EAE Y8t MuHlA ARt gig B X
AFEEZ 7HY3 3 Y= EA18 Lee(1997) Zdl 7}
Hla AFE 9% Aot SR 7|A 9] dUHH 3 o] 5
of th3k Mulx A)7ke] B ¥ = Bozer and White(1984)] ¢]3}
o ZFEE} old AZHEE o} AR dHHEREE whEE A
°F 484 Sk

<E 12X /28 A% 2 BEFHY =347 Y Azt
AL ojuiahy, be B FE Eygholth 181 7 45 A
=59 W it ulE Ztzte] RSl tig “o]EX)/AE
#lo] 4" S Uehi, Error (%)& A1 88 0] 4 g - o] ]|/
A EY ol o T AME % L3E “Lee (1997)9) Axl/A| ¢t
e 49”2 vehh et

<3 1>9] Error (%)o| 4] B vt} o] 712 Lee(1997)8) &
F 712 A9 7| ARt A Al B o) AR} g &
2ol & Ko|1 Stk o] B Ao A AAE MG/ B
< AEYolA AR Huge w Mujo]&EdAM Ho
1.5%, Ba 7|14 FAM = 58 % 18 Hg t7|AIZke
0.3~5.2%9] 2.2} HHE Holx glo] A|ote siro] ¢3S
LS =)

O <& 228} <# 3>& 4, + 4,20 3Fsol A Ha vj7)
%9} BF Y71AH] e MG/ BHe] o] g X9} Al B
gold 43 & vl Roltk. AF7 BE 9H o =3+E
o] h& Aol M= £ Aol A AAS s14A md 9
o|EX gt Al g ol A e Huf) HA7E0.1~8.6%2] 9.3} ¥
At Ao $o8 dHE Bk
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3 1. Lee(1997)9} A QHE M/G/1 model( 4, = 4,)S] AT} Bl

Parameters S/R Utilization Expected # of customres in queue Expected waiting time in system
Lee(1997) Akaiy Error (%) Lee(1997) Aty Error (%) Lee(1997) Aty Error (%)
12| b [(CI1RBAAE | (C1EANE | (Lee(1997) | (CIRAVAE |(CIBAAIE|  (Lee(1997Y | (OIEAVAIE |(|AVAIEH|  (Lee(1997Y
#oldghy | dleldgh Akeh ) #oldgh) ol gh AF3) #loldgh) ol d%h A tal)
10 1 0.26/0.26 0.263/0.260 0.0/1.1 0.04/0.02 | 0.0211/0.0202 100/4.4 1.78/1.58 1.6065/1.5497 12.6/0.3
10 0.6 0.22/0.22 0.222.0.220 0.0/0.9 0.03/0.02 | 0.0145/0.0145 50/0 1.42/1.30 1.3105/1.2739 9.2/2.8
10 02 0.20/0.20 0.200/0.198 0.0/1.0 0.02/0.02 | 0.0116/0.0113 0/4.5 1.25/1.17 1.1615/1.1282 6.8/2.9
5 I 0.50/0.51 0.507/0.501 1.9/1.1 0.20/0.11 0.1048/0.0991 81.8/5.7 2.45/1.96 1.992/1.8935 25.0/5.2
5 0.6 0.43/0.43 0.433/0.420 0.0/1.4 0.13/0.08 0.069/0.0659 62.5/4.7 1.84/1.55 1.5597/1.489 18.7/4.7
5 0.2 0.39/0.39 0.393/0.387 0.0/1.5 0.11/0.07 0.0539/0.052 57.1/3.6 1.58/1.38 1.3532/1.2984 14.4/4.2
23 1 0.86/0.88 0.878/0.881 2.2/0.3 1.68/0.87 | 0.8593/0.8139 93.1/5.5 5.82/3.77 3.7863/3.6243 54.3/5.2
25 0.6 0.76/0.78 0.781/0.780 2.5/0.1 0.87/0.48 0.4537/0.4289 81.2/5.7 3.48/2.48 2.4613/2.347 40.3/4.8
25 0.2 0.70/0.72 0.722/0.717 2.70.6 0.63/0.39 | 0.3248/0.3069 61.5/5.8 2.712.10 1.9810/1.8842 29.0/5.1

ARz BgetA Bgo e A2l FARE B EEF E3 BF AN BF BIA(444)
& B4 S 9 E 20 wega A9 A3 A ——— ——
NS e 3o 7128 AN vl 2 297k Parameters |PPcted Walling time in queve | Simulation
ATk T 2 Ao AN AT A2HY FYE ”
B7E A MG/ t7) ZY e ASRSS 4A tiet 2 7jE VA VA 95% CI | Simulaon) 3] | Diference) g
Aol ke 49 %7k A 4850 942 5 92 A b1
o 7 et

3 5 |0.891 0903 | 0.8981 | 0.9527 | —-0.0546| 6.0

X2 J—Tgﬁ'id'}r\‘oﬂtﬂﬁ'éﬂﬁlﬂ(ﬂl#ﬂz) 3 35 1.1 1.12 1.1132 | 1.1755 | -0.0623| 5.5
2 3.6 | 293296 | 2.9465 | 3.0825 | —-0.136 | 4.6

Expected number of customers in | Simulation :
Parameters queue : Q) A ota 1 2 3 | 3.432 3.467| 3.4495 | 3.6872 |-0.2377| 6.8
% 2 25 | 432 437 434 | 4.6266 | —0.2866| 6.6

/A4 /2| 95% CI |Simulation{ A ¢F|Y |Difference

Error

1.9 2 11087 10.98 | 10.9272 | 10.9487 | —0.0215| 0.1

b=1

b=0.6
5 [0.291 0.305| 0.2982 03176 | -0.0194| 6.5

5 10.551 0.559 | 0.5556 | .5779 |-0.0223| 4.0
3.5 [0.656 0.668 | 0.6616 | 0.7010 | —0.0394| 5.9
3.6 | 131 1.32 | 1.3158 | 1.3579 | —0.0421| 3.1

3.5 10363 0.379| 0.371 0.3918 | -0.0208| 5.6

36 | 1.4 1.542 | 14718 1.5426 | -0.0708| 4.8

3 | 168 1.77 | 1.7225 1.8436 | -0.1211| 7.0

BN PN W W

3 | 1.478 1.495| 1.4867 | 1.5287 | —0.042 | 2.8

25] 198 228 | 2.1288 23133 | ~0.1845| 8.6

B RN W W

25 | 1.67 1.68 | 1.6707 | 1.7588 | —0.0881] 5.2
1.9 2 | 513 637 | 5.7502 5.7625 | -0.0123]| 0.2

1.9 2 238 2.41 | 2.3927 | 2.5190 | —0.1263| 5.0

b=0.6

5 [0.181 0.188 | 0.1844 0.1926 | ~0.0082| 4.4

3

3 13502150224 | 0.2196 0.2337 1-0.0141; 6.4
2 | 3.6 [0.639 0675 0.6571 0.6789 | ~0.0218| 3.3
2
2

n&

A

3 10722 06| 0741 07644 | —0.0234] 3.1 Bozer,Y. A: and Cho, M S. (1998), Centralized WIP §torage and the
stochastic analysis of automated storage/retrieval system,
2.5 | 0.813 0.855| 0.8342 0.8794 | —0.0452| 5.4 INFORMS Meeting, Montreal, Canada, Apr. 26-29.
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