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NEW CONVERGENCE CONDITIONS OF SECANT METHODS VIA
ALPHA THEORY

S. KIM

ABSTRACT. Recent theoretical analysis of numerical methods for solving nonlinear
systems of equations is represented by alpha theory of Newton method developed
Smale et al. The theory was extended to Secant method by providing convergence
conditions by Yakoubsohn which the Secant method is treated as an operator de-
fined for analytical functions. We use Secant methods as an iterative scheme with
approximations, which results in new convergence conditions. We compare the two
conditions and show that the new conditions represent the features of Secant method
in a more precise way.

1. INTRODUCTION

We consider solving nonlinear systems of algebraic equations

(1) f(z) =0,

where f : EF — F with E and F two Euclidean spaces or more generally two Banach
spaces. It is a classical problem with applications in many branches of engineering.
Computationally popular numerical methods for (1) are Newton and Secant methods.
The theoretical aspects of the methods have been dealt recently with Alpha theory
[1]. Alpha theory for Newton method on solving (1) was developed by Smale et al and
Yakoubsohn extended the theory to Secant type method in [5, 6].

The conventional convergence analysis of Newton method can be described as follows.
Newton method defined as

Ny(z) =2 — (f'(x)) "' f(2),

is considered to be an interation based on the map from R to itself, where f'(x) is the
derivative of f at x. The convergence rate of Newton method is g-quadratic convergence
[2, 4], i.e., Newton method converges quadratically if an initial guess zg is in an open set
N(r,€) about a root r and there exists r € R"™, v, > 0, such that N(r,v) C D, with
D domain, f(r) =0, f'(r)~! exists with || f'(r)~! ||< 3, and f’ Lipschitz continuous
in a region containing xg, where f is assumed to be continuously differentiable.
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On the other hand, in Alpha theory,

L 1/(k—1)
B(5,2) = 1) (@), alf,e) = B(F,2) sup| LE D@
k>2 k!
and -
1o \—1 £(k) N
(5. = sup | L)
k>2 .

were introduced to verify the convergence of Newton method on a starting point where
f is an analytic system of equations. They computed a ball centered at a root £ of f
that contains only approximate zeros, showed that Ny is a contraction map in a ball,
and evaluated a neighborhood for a point x in the ball of contraction. The value of the
universal constant alpha for Newton method is approximately 0.16. Alpha theory gives
the size of the basin of attraction around the zeros in terms of the invariant v(f, z). It
is a strong result in the sense that the convergence does not depend on initial guesses,
but a(f,z) a number characterized by f and x.

Similar approach for theoretical analysis of Secant methods was made using Alpha
theory in [6]. Basically, Secant method is an iterative scheme as Newton method with
two given initial guesses for a root. The method reduces cost of computation f’(x) by
approximating, which can be very expensive operation. The g-superlinear convergence
analysis of Secant method proved by [2] assumes a weak regularity for f. Yakoubsohn
in [6] assumes that f : F — F' is an analytic function and showed that Secant mapping
defined as

(2) St(y,2) =y — ([, 2l /) ' f(y) = 2 — ([y, 21 )~ f(2)

where

k X
ly,2]f = D@, gyt

is a contraction map and Sy maps B(xo, %) into B(¢, %) with a contraction

constant less than or equal to 1/2 under the given conditions.

The aim of this paper is to analyze the conditions for Secant method given by
Yakoubsohn and give a new condition for contraction and robust alpha theorem. The
new condition is derived from the fact that Secant method uses an approximation to
the Jacobian of Newton method in practice, which was not considered in [6]. Wide use
of Secant method also comes from its effectiveness as Newton method in obtaining a
solution. In particular, the distance between x and y is very small, i.e., || x — y ||= €,

[y, z]f = Df(x) + O(e),

then the iterates produced from Secant map is nearly same as those of Newton method
given the same initial point. In this case, a similar value of a universal constant to
Newton method can be expected if a universal constant for Secant method is found and
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a contraction constant with which Secant map is a contractive map to be determined
near that of Newton method.

The values of w that satisfies the conditions are in the range of 0 < u < 0.08
approximately with varying o from 0 approximately to 0.008. Larger values of o does
not satisfy the conditions. This range of values of v and « are very small compared to
Newton method. This computation of v does not show the property of Secant method
well in the sense that an approximation is used in the iterative framework and it can be
very accurate as we choose € very small. Therefore, it provides us room to improve the
universal constant and the contraction constant of Secant method in [6] to represent
its theoretical properties.

In Section 2, we define the approximate zero for Secant iteration as Newton and show
convergence of Secant method using a constant. Section 3 includes Newton method’s
contraction theorem to observe the valid range of a, which provides a basis for Se-
cant method’s contraction theorem. In section 4, we describe Yakoubsohn’s results
and discuss values with figures. The conditions are examined and a new condition is
derived. We show Yakoubshon’s condition and the proposed condition with Figures
and compare. Section 4 is devoted to concluding discussion.

2. BASIC ANALYSIS

The fact that Secant method involves less amount of work in computation of f’
gives an edge over Newton method. The availability of f’ and the degree of difficulty
of computing f’ determine work involved in each iteration. However, Secant method
generally has a slower convergence rate than Newton method. The constant « indicates
the rate of convergence of Secant method and the convergence of Secant method is

(3) |20 — 7] < Klanq —r|®

for some constant K [2].

We use the techniques of [1] to derive a convergence region on a given input for
Secant method. But the main difference is the speed of convergence reflected on the
constant K. To observe the difference clearly the definition of approximate zeros in
Newton method for two initial guesses is given as follows.

Definition 2.1. Let A, = A\p—1 + A1, Ao = A1 =1 and A = 1+T\/5 If, for given xg
and x1, xip1 = S¢(xs, x5-1) is defined for ¢ > 2 and there is a z, such that f(z.) =0
with

1 Ai—1
(@) -l < (3) lw-al

then, x( is an approximate zero of f and x, is called as the associated zero.

Let (=)
/ -1 £(k) h

Y = (f,a) = sup | LB 7@

k>2 k!
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U = ’Y(fvxﬂw —.CL“,
and

1)1 ) () (o — ) (D)
R A G IR )

The concept of approximate zeros and the convergence criteria by Smale is based on
the series F to converge with the radius of convergence u < 1 — ?

Lemma 2.2. [1] Ifu<1-— Y2 then

(a)
F@) @) =1+ B
where |E| < ﬁ -1<1
(b) )
F@ e s
Lemma 2.3. For some 0y, € (xp—1,%n) and u, = y(f,r) (0 — 1),
6) 1671 )| <A =
Proof.
— )\ (k=2)
Flom) = £+ £ —w+2f =)
1)L _ . f'(r)” 1f (7") _ ) (k-2)
Fr) = () ; (k—2)! (1n )
INWW%HSEF uy ™
B 1
(1 —uy)?

Lemma 2.4. Let f(r) = 0, and u, = max(y(f,r)|nn — 7|, Y(f,7)|Cn — 7]), for some
Ny Cn € (T, Tp_1), and V(u,) =1 — 4u, +2u2. We also let

Y
20 (1) (1 — uy)

Cp =

Then,

157 (@n, 2n1) =7l < enllzn = rl[len-1 =]

(6) 1SF (2, 1) = 7l < g™ llam — vl
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Proof. From Secant iteration (2),

Sf(xn,xn—l) -r = ( xn 1)] 1(xn - xn—l)) f(xn) -T
= [f(wn) f(xn 1)]71[f($n)($n—1 =) = f(@n-1)(@n —1)]
= (f(xn) f(xn 1)) 1(.1?” - xn—l)('rn - 5571—1)71
(7) [f (@) (zn — )" = flan1)(@n1 =) (@0 — ) (@n1 —7)
= G ) — 1) s — ),
for some G, M € (T, Tp—1). NOW,
’Sf(xm Tp-1) =71 = 9 \f’((n)_lf”(%)(!)«“n =) (Tp-1 — T)‘

= % |F1(G) T ) () () (0 — ) (01 — 7))

< LIPG) W) 0] @ = )@ = 1))

(om0 =11 < 5 £ 0] (s ) 1on = )anes = 1)

By Lemma 2.2 and 2.3,

R Y 2 (e [ R

1
< _ L
We let for k=1,---, S’J?(:Ul,xo) = S¢(zg, Tp—1).

St(x1,m0) < colwy — 7l — 7|

where ug = y|zg — r|. We assume that we are given initial guesses xg,x; such that
|21 — 7| < |20 — |- Let Ay = Au1 + An2, Ao = A1 = 1 and A = 155, Then,

|S]2c(:c0,x1) — 7| < Elzg — 7,
|S% (w0, 1) — 7] < o g — e

From |xp4q — 1] = |S’;(CL“07»’U1) -,

IA

o — 7"\’\’““03’““,

1
A Ak+1

—|zg — | ey,

Co

Ak+1

dy ™

Co\iﬁkﬂ - 7“|

IN

|Tg1 — 7

)
€0
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where dy = cp|lzg — r|. It follows that

1§ (z1,20) — | < eploy — My — Nz — 7|

1-X
Ak Ak—1
< o4 dy
< colzp =71t | ——
(&) Co

= |op— T’)\(CO))\—ldg\k+l_>\>\k.

Since Ap41 — A\, — 0 as n — oo, we show that (6) follows from (8):
For k =0, (6) is trivial. By induction, we assume for k£ > 1 that

|55 (@1, 20) — 7| < (colzo — r|)* ! |zo — 7.

Using (8), we have

Apo1—1

S@1,@0) =1l < co | (colao = v} wo — 1] [(colao — P} fo 71

= (colwo — r)™+ |z — 7,

which holds for x,, and x,_1.

Theorem 2.5. Let u = y(f,2)|z — r| and p(u) = zgr5= — 3 = 0- Suppose that
f(r) =0 and f'(r)~! ewists. If

for

T—1r < ——7—
| s 22U (u)(1 —u)
and u is less than the small root y of p(u), then = is an approximate zero of f with
associate zero r.

Proof. We need to show that ¢, < % from the definition 2.1 of the approximate zero.
From Lemma 2.4, if u < y, then m <3

3. CONVERGENCE OF NEWTON MAPS

In this section, we first describe Newton contraction theorem and robust « theorem.
The theorems include conditions on u and « to satisfy. We show the conditions in the
theorems with Figures to describe the valid range of the values. The range is used in
the next section to be compared to that of Secant methods.

Theorem 3.1. (N-Gamma theorem) [1] Suppose that f(£) = 0 and that D f(€)~1 eists.

It
lo—g < 2oYT

2v(f,€)’

then x is an approximate zero of f with associated zero &, i.e., the sequence

xo =, Tpr1 = Ne(zr), k>0
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is well defined and satisfies

1

2k —1
lo-cls (3)  Na-gl k20

Theorem 3.2. (N-Contraction theorem) [1] Let x € E and u > 0 such that the two
conditions hold:

1.
_ 2a(f,z) +u

U(u)?

c < 1,

2.
a(f,z) + cu < u.

Then Ny is a contraction map of the ball B (s, ﬁ) into itself with contraction con-

stant c. Hence there is a unique root £ of f in B (a:, m> and for ally € B <a:, %)
tend to § under iteration of Ny.

The left graph of Fig 1. shows the graph of 20‘&,{% — 1 in the variables o and u, To

satisfy the condition 1 in Theorem 3.2, ¢ — 1 should be negative. Therefore, the range
of values that hold the condition 1 is approximately 0 < u < 1. The right graph of Fig
1. shows a(f, )+ cu—wu in Theorem 3.2. The condition 2 requires a(f, z) +cu—u < 0,
therefore, approximately 0 < « < 0.015 satisfies the condition 2. Figure 2 indicates
the range of the values for u satisfying the conditions 1 and 2 simultaneously, which is
approximately 0 < u < 0.1.

4. SECANT ITERATION

We describe Yakoubsohn'’s results and show the conditions in his contraction theorem
with Figures.
Secant iteration is defined in [6] as
Sf(wna xn—l) = Tp-1— A(.CCn, xn—l)ilf(xn—l)

where

A(an, xn—l) - Z kagjn_l)(xn - xn—l)kia

k>1
and the secant operator A satisfies

f(l'n) - f(xnfl) = A(l'mmnfl)(xn - xnfl)a
If A~! is available, then
Ail(xnaxn—l)(f(xn) - f(xn—l)) = Tpn — Tn-1,

It is basically the same map as (2). The following theorems are derived using the
definition of the Secant map.
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Condition (2) with u

Newton Condition (2) with u

FI1GURE 1. Newton Condition 1 and 2 with

Theorem 4.1. (S-Contraction) Let xog € E and ug > 0 such that
U (up)(1 —ug) — 4ug > 0.

Suppose
1.
o (a(f,z0) + uo)(1 — up)? Up
W 0) (1 — o) — 2u0) (W (u0) (1 — o) — dug) (W (ug)(1 — o) — wig) .
2.
(1 —ug)?a(f, x) + u8(3 — 2uyg) “u
W(uo) =0
Then,

2
1. Sy maps B (aco, %) into B (mo, %)
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FIGURE 2. Newton Condition 1 and 2 with u

2. Sy is a contraction map with contraction constant c.
3. There is a unique root & of f such that

uo
x9— & ||I< .
A D
Theorem 4.2. (S Robust o Theorem) Let ug, g be two positive numbers such that
(a)-
o (a0 + uo)(1 — up)? N g _1
O (W) (1 — uo) — 2u0) (W (uo) (1 — uo) — dug)  (¥(uo)(L — ug) — ug) 2
(b).
(1 —up)?a(f, zo) + ud(3 — 2up)
S Ug.
U (uo)
(¢)-
1 3—V7
<u0 + (070} > - - < \f
1—co U(22)(1 - 12%) 2
(d)-
! L
U(128)(1 - 12%5) 200

If a(f,z0) < ag then there is a root £ such that

uo 3— \ﬁ
B ty) < 8 (‘”UO’ N7, s)) |

ug ; ug ; :
Moreover, Sy maps B (xo, 'y(f,:vo)) ito B (5, 7(]35)) with contraction constant less than
or equal to 1/2.
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We now describe a contraction theorem with a new contraction constance, different
from Thoerem 4.2. The contraction constant shown here provides larger range of values
than Theorem 4.2, which represents the features of Secant maps. Secant contraction
theorem and S robust « algorithm in [6] and the assumptions used in the theorems are
also shown in Figures. The ranges of values valid for the theorems are examined and
compared.

We show that Secant method is a contraction mapping based on the following lemma.

Lemma 4.3. ([6] p.8. ) Let z,y,z1,y1 € E andu=~(f,z) ||z —y |,w1 =v(f, ) |
x—z1 |, vi =~(f,z) | y—u1 |l,v=~(f,z) || z —vy1 || . Assume that u,ui,v, and
v1 < 1. Then,

Ul + v, — ul(vl —l—u)

1. | D@ s walf = 2l IS T= 53— —wi = a)
B u1 +v —uv
2 DS (o mlf ~ DI I S
Moreover if  2(1 —up)(1 —v)—1> 0 then
B (1= ug)(1 =)
30 el DI@) IS g s g

In view of Lemma 4.3, it follows
I ([, 2] /)~ f@) = (22 ) f @) | < | (22l )" Df () || Df ()~ [y, 2] = [z,2]) f(2) | -
I (ly, 2] )" Df (@) [[I| Df ()~ f (=) ||
1
1
= ma(fax) lz—yl .

From the definition of Secant map with A(y,z) = [y, z]f,
(9) S(y, ) =y — Ay, 2) " f(y),

where

k
Ay =3 2Ly
E>1
Since S(y, x) takes two variable z and y as input, S(z,y) can be considered as a map
from 2n-dimensional space E to an n-dimensional space F. Hence, we consider S(z,y)
itself a function.
Notice that if we let u=~(f,z) ||y —z || and v =y(f,y) || x — y ||, then,

I [y, 2lH) " @) | = | (ly,2l£) " Df (@) Il Df(2)~ f(2) |

B/, )
. T
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and

| ([, y15) "D f () Il DF @) f() |
B(f.y)
- (1-2v)%

We show S(y, x) is a contractive map by differentiating S(y, z) with respect to y and
x.

I (1)~ ) |

Lemma 4.4. Let Bnx(f,y) =| Df(y)~'f(y) || be the Newton step at y, and u =
v(f,x) || € —y ||. Then, the partial derivatives of Secant map with respect to x and y

are
oy (1 —2u)?
35(@/, z) a(f,y)
|| < 4t
Proof. Using (2), the equation (9) can be written as
(11) ANy, 2)(f(y) — fla) =y —=.
Let e; denote a unit vector with 1 in jth position, for j = 1,...,n. In view of (11),
—S(y+eih,z)+ Sy, =z 1 _ _
kel D) 25t Ly g egh— Ay + o) f(y+ egh) —y+ Ale) ™ ()]
1 _ _
= Slyteh— Ay +eh) " fy+eh) —y + Alw,y) " f(v)

+A(z,y + ¢jh) 7 f(2) = Alw,y + eh) T (@)
—Az,y) 7 f(2) + Az, y) " f(2)]

(o5t =y = egh) + (5~ 2) + [Aw.0) ™ — Ay + )7 ()

— ;1z ([A(z, y¥ ' — A(z,y + ejh) ' f(2))

It can be shown from (10) that || S(x,y)—S(z,79) ||< ?lﬁ(gq’jgfy(f, ) ||y—9 |, withu=

v(f;z) || x —y ||, we have

S(.T,y + ejh) - S(.’E,y) (A_l(xa y) - A(JE, Y+ ejh)_l)f(x)

Jimy h = i h
< MVU,%)
a(f,z)

= (1—2u)?
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The partial derivative of S(z,y) with respect to z is obtained as follows.
Sy, + ejh) = Sy, x) = y + A(x + ejh, y)‘lf( )~y — Az, ) f(y)

Using || S(z,y) = S(3,9) |< 2B Fp) [z =2 ll, o=y 2=y,
i Szt eh) = Sy,x) (AN @+eihy) — A y) ) (y)
h—0 h h—0 h
- (1—20)2
a(f,y)
— (1—2v)?

We present a new contraction theorem as follows.
Theorem 4.5. (Contraction) Let Bn(f,y) =| Df(y)~'f(y) || be the Newton step at

offr) _ . alfy) _

R T Pl e G T
we let ¢ = max(cy, c2) and

(1 — up)2ap + ud(3 — up)
U (uo)

2
then Secant iteration Sy maps B <:v0, %) into B (xo, 7(}’“‘;0)). Sy is a contraction

mapping with constant c.

Proof. From Lemma 4.4 and Lemma 2.2 in [6], the proof is straight to show that Sy is
a contraction mapping with c.

The robust « theorem using the contraction constants in theorem 4.5 is derived as
follows.

Theorem 4.6. Let ug and ag be two real positive numbers such that

(a)
200 — v, 1—202 1—ug 1
cv s e (PUENCO L0 A0 () ) < 3
(b)
(1 — up)?p + u3(3 — 2uy) <y
U (ug) =
(¢)

o) 1 37
<u0+1_60> (‘I’(lf(éo)(l_ﬁio)) = 2 ’
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Condition (2) with u

FIGURE 3. Common condition (b) with «

! 1
‘11(1220)(1 - 13%0) o 260.

If a(f,z0) < g, then there is a root ¥ such that

Uuo 3 — \/?
? (xo’ Y/, xo)) <P (mo’ 2v(f, ‘If)> '

And, Sy maps B (:L‘o, %) into B (930, %) with a constant less than or equal to

29(
1/2.

Proof. The result follows from Lemma 4.4, similarly to Theorem 1.2 in [6] with different
c.

We now compare the constant c in Theorem 4.6 with Theorem 4.2. The convergence
Theorem 4.1 and Theorem 4.2 require assumptions on the size of u. Each condition is
described in Fig. 4 and Fig. 5.

The figures show the function values of

(a(f,20) + uo)(1 — up)? n ug
(W (uo)(1 = uo) — 2u) (¥ (uo)(1 — uo) —4uo) ~ (¥(uo)(1 — uo) — uo)
(1 —uo)a(f, w0) + ug(3 — 2ug)
g = — Uo
W (uo)
The values of f and g less than 0 correspond to valid o and wu.
Figure 3 shows the common condition (b) in 4.2 and 4.6. The valid range of values
for v is 0 < 0.15 for both cases approximately.

(d)

-1
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Condition (1) with u

“.
\\\\\‘“\\\\
\\\\\ W
\ n;..m x‘"“g\\.‘\\

i
\ \\\““\\
\ R

§ ‘\\\‘

alpha

Condition (2) with u

005

alpha

FIGURE 4. Yakoubsohn’s condition (a) and New condition (a) with u

The range of « from the condition (a) of Theorem 4.2 is shown in the left side and
the condition (a) of Theorem 4.6 in the right side of Figure 4 and 5. The function
values less than zero are valid for the condition (a). The possible range of values of «
for the condition (a) is 0 < o < 0.177. Yakoubsohn’s condition (a) reduces the valid
range of a to 0 < a < 0.008. Therefore, the range of « is very small compared to
that of Newton method. On the other hand, as shown in Figure 5, the condition (a)
in Theorem 4.6 maintains the valid range of the values for . And, the range is closer
to that of Newton map. Considering the fact that Secant iteration resembles Newton
method, it is reasonable to expect a behaves like that of Newton.

5. CONCLUDING DISCUSSIONS

We have presented a new condition for contraction theorem for Secant method.
The conditions are derived from the observation that Secant method approximates the
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Condition (1) and (2) with u

Condition (1) with u

0.05—

0.045

0 0.02 004 006 0.08 01 0.12 0.14 016 018 0 0.05 0.1 0.15 02 0.25 03 0.35

FIGURE 5. Yakoubsohn’s condition (a) and (b), and New condition (a)
and (b) with

Jacobian in Newton’s map, therefore, in a very close approximation, the behavior of
the algorithm can be expected to be similar to that of Newton’s method. We have
shown that new conditions can be derived using the properties of Secant map, and also
in the Figures that the proposed conditions have better representation of the features
of Secant maps.
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