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MAX-NORM ERROR ESTIMATES FOR FINITE ELEMENT
METHODS FOR NONLINEAR SOBOLEV EQUATIONS

SO-HSIANG CHOU AND QIAN LI

ABSTRACT. We consider the finite element method applied to nonlinear Sobolev
equation with smooth data and demonstrate for arbitrary order (k > 2) finite el-
ement spaces the optimal rate of convergence in Loo W'*°(Q) and Loo(Leo(Q))
(quasi—optimal for k& = 1). In other words, the nonlinear Sobolev equation can be
approximated equally well as its linear counterpart. Furthermore, we also obtain su-
perconvergence results in Lo, (W°°(Q)) for the difference between the approximate
solution and the generalized elliptic projection of the exact solution.

1. INTRODUCTION
Consider the nonlinear Sobolev equation on a bounded smooth domain Q C R?
w = V-{a(z,u)Vus + b(z,u)Vu} + f(z,u), (x,t) € Q x [0,T],

u(x,0) uo(z), x €,
(1.1)

u(z,t) = 0, (x,t) € 0Q x [0,T7,

where u; = du/0t, the functions a, b, f,uy are smooth enough for the ensuing analysis
to be valid, and the function a(x,u) is bounded below and above:

(1.2) 0<ax <a(z,u) <M, reQueR.

Since we shall show that the approximate solution is uniformly convergent to the exact
solution of (1.1), assumption (1.2) needs hold only in a neighborhood of the exact
solution. Problems of form (1.1) arise in many physical applications such as the flow
of fluids through fissured rock [2] and dispersive waves [3]. For more detail the reader
is referred to [1, 5] and the references therein.

We shall use W"P(Q) to denote the usual Sobolev spaces and || - ||, the corre-
sponding norms. When p = 2 we write H™(2) for W™P(Q) with || - |2 = || - [|m, and
|- llo2 =1 -] Let X be a Banach space with norm || - || x. For ¢ : [0,7] — X, define

T
617, = | oIt 1<p< oo, [6llaco = sup [é(6)]x.
0 0<t<T
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We use (-,-) to denote Lo () or Ly(2)? inner product. The symbol C will be used as a
generic constant independent of the triangulation mesh gauge h and may have different
values at different places.

Let Sy, be a finite-dimensional subspace of C HE(Q)NW1°°(€2) such that the following
standard approximation and inverse properties hold:

op thllo—xllp < Clidllph™s ¢ € Hy(Q)NW™,

.
Xlgsh{\|¢ X

(1.3) 1<r<k+1, 2<p<o,
and
(1.4) IXlloce < CImA"? x|, X € Sh.

Throughout the paper we shall refer to the integer k as the order of the approximation
space.
Problem (1.1) has the following semidiscrete approximation:
Find U(-,t) € Sp,t € [0,T] such that
(Ue.x) + (aU)VU: +bU)VU, Vx) = (f(U);x); X € Sh,
(1.5)
U(O) = Rpu, x €€,
where a(U) = a(z,U),b(U) = b(z,U), f(U) = f(z,U),U(0) = U(z,0) and Ry, is the
generalized elliptic projection operator satisfying Rpu(-,t) € Sp,t € [0, T] such that for
all x € Sy,
(1.6)

(a(u)V(u — Rpu) —|—/0 [b(u(T)) — ay(u(r))u(7)]V(u(T) — Rpu(r))dr, Vx> =0.

Differentiating (1.6) leads to

(1.7) (a(u)V(u — Rpu)r + b(u)V(u — Rpu), V) =0, X € Sh,
and now setting t = 0 gives
(1.8) (a(u(0))V(u(0) — Ryu(0)), Vx) = 0.

Note that (1.7)-(1.8) is equivalent to (1.6). From (1.8), it is clear that Ry, is the general-
ization of the usual elliptic projector [16] associated with the error analysis of parabolic
problems. The projector R was first introduced in [4, 11] for integrodifferential equa-
tions to unify and obtain optimal error analysis of the associated Galerkin method. In
this context, the partial derivative term a,, is not needed. Although the Sobolev equa-
tion (1.1) cannot be put into the general integrodifferential form studied in [4, 9, 11],
Lin et al. [14, 15] introduced (1.6) above by including the partial derivative term.
Galerkin finite element methods for the linear and nonlinear Sobolev equations have
been studied in [1, 5, 6, 10, 14, 15]. See also [4, 7, 11] for closely related integrodiffer-
ential equations. In [1, 10, 11] some optimal order H' and Ly estimates were shown
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in special cases. In addition, One can find in [15] the quasi-optimal order L., estimate
for the linear element for (1.1). Some extensive results in one dimension case can be
found in [12]. Up to now it is unclear if the higher order elements possess optimal
Lo estimate for (1.1). We show in this paper that the answer is positive and demon-
strate the optimal rate of convergence in Lo (W1°(2)) and Lo (Loo(£2)) for arbitrary
order (k > 2) finite element spaces. (Of course for k = 1 one still has quasi-optimal.)
In other words, the nonlinear Sobolev equation can be approximated equally well as
its linear counterpart. Furthermore, we also obtain superconvergence results in the
Loo(WH%°(£2)) norm for the approximate spaces. The rest of this paper is organized as
follows. In section 2 we derive some preliminary lemmas. In section 3 we demonstrate
the main results of this paper. Max-norm error estimates in W1*°(Q) and L., and
superconvergence are given in Thms 3.1, 3.2 and 3.3 respectively. The main tool we
used is the Green’s functions method.

2. PRELIMINARY LEMMAS

In the remaining section we shall use u,U and Rpu to denote, respectively, the
solutions of (1.1), (1.5), and (1.6). Let

U:U—Rhua ¢E=U — Ryu.
The following lemma is contained in [4]

Lemma 2.1. Assume that u,us, uye € L1(H¥T1(Q)). Then
In@I -+ [Ine (1 + e (2]
(2.1)
2 . .
du Lol
k+1 ou ou
< OB Sl Ol + | 15 Pl

The above lemma combined with the inverse properties and the interpolation theory
give at once the following lemma.

Lemma 2.2. Assume that u,us, uy € L1(HF¥TH(Q)). Then
2 .
oI
(2.2) > 55 Fnull oo ) < €.
j=0
Applying Lemmas 2.1 and 2.2, we can prove the superconvergence estimates of £ and
ft in Hl.

Lemma 2.3. If u(0),u:(0) € H*Y(Q),u,us,usy € Lo(H*T1(Q)) then the following
superconvergence result holds:

(2.3) @)l + (@)l < CRM.
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Proof. From (1.1), (1.5) and (1.7),

& x) + (a(U)VE&, Vx) + (b(U)VE V)
= (fU) = f(w) =m, x) — ((a(U) — a(u))VRyug, V)
(2.4) —(((6(U) = b(w))VRyu, Vx), X € Sh.
Differentiate the above with respect to ¢ to obtain

(s x)  + (a(U)V&t,VX)+%(au(U))UtV£t,VX)

= (Fu0)V~ Fulwue — mur) ~ 3 (auU)VVE, TX)
~(@(0)Vs = au(w)u) VR, V) = (a(U) = a(w))V Ryur, V)
~((BulU)U: = bu)ue)V R, 9) = (O(U) = b(u))V Ratr, V)
—(bu(U)U:VE, Vx) = (0(U)VE;, V)
(25) = Il+...—|—Ig

Set x = & in (2.5) and proceed to estimate I;’s. First note that the left hand-side of
(2.5)

(&) + (a(U)VEa, V&) + 3 (auU)VVE, VE)
= S SlIElP + (@), V&)
It is easy to estimate I;’s using (2.1) and (2.2):

1L = ((fuU)E&+m) + (fuU) = fulw))us — ne, &)
< Ol + [l + 1€l + Il + el
< O 1 |lg)l? + ||,

Bl = 1L (au(U)(& + Raw) VE, VE)

2

< CUléN Lo Loy + 1 RRU Lo (Lo @) VE?
< Cl€ (b)) + DIVEIP,
3] = [(au(U)(& +me) + (au(U) = (au(w)))VRpur, V&)
< C(IVRhutl| o (noo () + 1) (€N + 1l + [1E17 + [Inl]* + [[VE:]7]
< CIRHP2 4 [El + 11617,
Similarly,

|1y + Is + I + I3
17|

CP**2 4 1€)? + |l 3],
C1€el o (Lo () + DIIVEI + [1VEN].

IN N
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Substitute the above into (2.5) to obtain
d

o L&l + @)V, ve)

(2.6) < Ol pae (Lo + DI 4 IENT + N1l 1T]:
From the inverse property (1.4) and the known estimate of & (see [14])

&l Lo (L)) < ChTHIE Lo (1a(0)) < CRF < C
and hence from (2.6)

EMIE = (&I + V&P
(2.7) < C|[&(0)]7 + n2+2 +-j/ NE)IE + 16 () B)dr|

0
Since U(0) = Rpu(0) then £(0) = 0. Hence set ¢ = 0 in (2.4) to obtain that for all
X € Sh
(£:(0),x) a(Rru(0))VE(0), Vx) = —(n:(0), x)
[f(Rpu(0)) = f(u(0)], x) = ([a(Rpu(0)) — a(u(0)]VRyu(0), V)
—([b(Rn(u(0)) = b(w(0)]V Ryut(0), V).
Set x = &(0) and use ab < ea® + 1-b? to derive
1€0)IF < Cllne(0)]1* + [In(0)[1”] + el & (0)1IF
and so that by Lemma 2.1
(2.8) 1€:(0)[[1 < CR**1.

On the other hand,
t
(2.9) IWMESQW&MPSCAHMﬂﬁW

Add (2.9) to (2.7) and use (2.8) to obtain

€O + llg@)I1E SC[h%“Jr/ (T + lle(r)[7) dr).

~—~

+
+

t
0

Now applying the Gronwall’s inequality completes the proof of (2.3). O

We will use the Green’s function method [17, 18] to derive max-norm error estimates.
Let us introduce a discrete delta function: for a fixed z in €2, define the discrete delta
function 6" € S}, by

(5Q7X) :X(Z)7 X € Sh-

If w=w(z) € WH*(Q) then a(w) € WH*(Q). Given a z € Q, a function G? € Sy, is
called a discrete Green’s function if

(2.10) (a(w)VGE,Vx) = x(2) = (00,X), X € Sh.
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A function G € H}(€) is called a pre-Green’s function if
(2.11) (a(w)VG?, Vo) = (07,v) = Pyu(z), v e HNQ),

where Py, : Ly(Q) — S, is the Ly projection. A function G, € W, () is called a
Green’s function if

(2.12) (a(w)VGy, Vv) = v(z2), v e W (Q),

Where]%—kl%:l, 1<p<2.
We shall also need the discrete Green’s functions associated with the max-norm

estimates of the partial derivatives. Given a fixed unit vector e, we define the directional
derivative D, . of F': Q — R as

F(z+te) - F
(2.13) D, F = lim (2 + et) (2),

In this paper, the direction vector e will be taken as one of the unit coordinate
vectors, i.e., e = e; = (1,0)! or e = ey = (0,1), and so when there is no danger of
confusion, we will simply write D, . = 0,. It is easy to see that

9x(a(w)VGL, Vx) = (a(w)V,GE, Vx), X € S
and
9.(0%,x) = (0:60,x), X € Sh.
Thus from (2.10) we have
(a(w)VI.G2,VX) = (9:02,X), X € S

(Note that the above equation is valid only for z in the interior of elements.) Alterna-
tively, one can simply define OZGZ = Dz,eG}; as the function Ghi (here e = ¢;,i =1, or
2) satisfying the equation

(a(w)Vgi, i VX) = 5—x(2) X € Sh-

&Ti

This is done in [13]. In other words, in terms of our notation 9,G? = g7 .. Similar
comments can be made about 9,G% once one interprets (2.13) in the weak sense. Hence

(a(w)V0,G%, Vv) = P,o,v(z), v e HY(Q),
(2.14)
(a(w)V(9:G% - 9:G1),Vx) =0, X €S

The following lemma is contained in [18] (see also [13]; bearing the above notation
convention in mind).
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Lemma 2.4. The following properties hold:

1Galy + G211 +110:G% — 8:G%||11 + hl[9:Gill21 < C,
(2.15)
10.G%|lii < C|lnh|.

The next lemma concerns the stability of Ry,.

Lemma 2.5. Suppose that v,v; € H}(Q) N WL(Q) N Ly (W°°(Q)). Then the gener-
alized elliptic projection of (1.7) has the following stability property:

(2.16) |[Rhve(t)

1,00 < C[l[0(0)

t
1o+ ()] 100 + / 0e(7) |00 ]
0

Proof.
Set w = v in the definition of the Green’s function and let ( = v — Rpv. From (2.14);
and (214)2

Ppo.Gi(z,t) = (a(v)V(, VO.GY)
(a(0) V¢, V(9.6 = 8:G1)) + (b(v) V¢, V(8.6 — 8.GL))
—(b(v)V¢, VO.GY)
= (a(v)Vu, V(0.G: — 9.GM)) + (b(v)V (v — Pyv), V(8.G: — 3.G"))
+(b(v) VP, V(0.6 — 9.GL)) — (b(v)V Pu(, V.G
(2.17) —(b(w)V(v = Pp),V0,G%) = Q1+ ...+ Q5.

[

v
Use (2.15); to obtain

Q1] < Ollvl[1,60]10:G% — 0:G2 11 < Cllue(2)

1,00

From the property of P, and bounds of the form (1.2) for b(v) and its derivative, we
have

Q2 < Cllo(t) = Pho(t)]]1,00]10:G7% — 0:G2 |11

< Cllo@®ll,e0 SC[HU(O)HLOO"‘”/O ve(T)d|1,00],

N

IN

t
Qs ClPuC()]h,00/10:G% = 8.G2 11,1 < Cl[PaC(0)] 1,00 +/0 1PRGe(T)][1,00d7]-




32 SO-HSIANG CHOU AND QIAN LI

For Q4 use Green’s identity, (2.14)1, and (2.15)2 to obtain

Q4] = \(a(v)v(%PhO,VﬁzGi)—(a(v)PhCV(Z((Z))),V@GEN
b(z,v(z,t)) B (alw b(v) .

< ClPC()1,00(1 + 110G ]1,1)

t
scmmﬂmmw+AHmMﬂmmmy

Use v — Py for the  in Q)4 to have

Q5] < Cl[v(0) = Pyv(0)

¢
l,oo+/ [Jve(T) = Prve(7)]1,00d7]
0

t
1m+/HMﬂ
0

[1BRo()][1,00 < Cll[0(#)]]1,00 +/0 [[o(T)[l1,00] dT

< Cfllv(0)]

l,ood7]~

By Thm. 1 of [14],

and so that
(2.18) [1Ph¢(0)[11,00 < [Prv(0)]]1,00 + [[RRV(0)]]1,00 < C|(0)]]1,00-

Substitute the estimates for Q;—Q5 into (2.17) and combine (2.18) to derive

1,00 < C[l[0(0)

t t
[1Pnce () 1,oo+\|vt(t)\|1,oo+/0 !\Ut(T)\Il,oodT+/0 PGt (T)11,00d7]-

Use Gronwall’s inequality to obtain

(2.19) [|Pre(t)

1,00 < C[l[0(0)

t
oo+ r®lloe + [ Nl oo
0
Hence by the triangle inequality and the stability of P, we have
[Rrve()ll1,00 < |[PaGe(®)]|1,00 + [[Prve()|]1,00
< PG @)]]1,00 + [[ve(0)]]1,00-

Combining this with (2.19) completes the proof. O
We now show the max-norm estimates of 7.

Lemma 2.6. Suppose that u(0) € WF120 y(t), uy(t) € WrEHLo(Q) N Ly (WkH12(Q)).
Then the following estimates hold. For k > 1,

(2:20) [0 + [Ime(®)l]1,00

t
< Chk[llﬂ(0)1|k+1,oo+HUt(t)HkH,ooJr/O e ()] |-41,00d7],
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(2.21)  [In(®)llo,c0 + [1m:(®)]]0,00

t
< ChFt! |lnh|r||u(0)||k+l7oo+||u(t)||k:+1,oo+Hut(t)||k+17oo+/ 1wt (T)] k41,0007 |
0

r=1,ifk=17=01ifk > 2.
Proof.

Let ITpu be the usual interpolant of w in Sp,. By Lemma 2.5 and the interpolation
property we have

l|ur — Hpug||1,00 + || R (ue — Tpug)||
Hut - HhUtHLoo

171,00 <
<

+C[[|u(0) — Ipu(0)||1,00 + [Jut(t) — Mpur(t)[1,00 + /0 [[ut () — Tpue(7)]|1,00d7]

t
(222) < CR*[Ju(0)]lk+1,00 + e ()] k41,00 +/0 [t (T |k 1,00d7]-

Observe that

(2.23) [In(#)|lr.00 < 1In(0)

t
oo + / () lodr 7= 0,1.
0

Noting that when t = 0, the generalized elliptic projection operator Ry, is the same
as the Ritz projection operator, we have

(2.24) [17(0)[]1,00 < CR*[J(0)] 541,00
and
(2.25) 7(0)lo.0e < CHE 10 B [[(O) 4100

Combining (2.22), (2.24), with (2.23), we derive the assertion (2.20).

As for the second assertion of the theorem, the case of k¥ = 1 has been demonstrated
in [14]. Let us show the case k > 2. Set w = u in the definitions of G, and G? to
obtain from (1.7)

(a(u) Vi, VG)

(a(w) Vi, V(Gz = G2)) + (b(u) Vi, V(G — GL))
—(b(w)V(u — Pyu), VG;) — (b(u)V Py, VG.)
(2.26) = Ji+Jo+ J3+ Js.

m(z,t) =
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Use (2.15) and the property of P}, to get

/1] Cllmell1,e0llGz = G211 < Chl|ne

< 1,005

1ol < Clinllel|G: — GE11 < Ch|nl|1,00,

sl = \<a<u>v<f$<u—m>>,mz>—<a<u><u—Phu>v<Z§3>,vez>r
- \Zﬁjj;w—m)mu—Phuuo,ooHqum

Cllu — Prullo,oo (1 +1|Gz|[1,1) < Cllu — Prullo,c0
CR" () |41,00-

[VARVAN

Substitute Pyn for u — Pyu in the above inequality and use (2.23) to obtain

t
[Jal < Cl[Ean(t)l]0,00 < [Inll0,00 < Cln(0)]l0,00 +/O |7 (7)]0,0007]-
Substituting the estimates for J;—Jy into (2.26) to derive
(2.27)

17 () 0,00 < CLAMFH[u(t) 41,00 HI7(0) Jo,c0 Al [1(2) 1,oo+||77t(t)H1,oo]+/0 [[7:(T)ll0,00dT}-

Finally the proof is complete by applying the Gronwall’s inequality to (2.27) and com-
bining (2.20), (2.25), and the property of Pj. O

3. MAIN THEOREM

In this section, we will employ lemmas given in the previous section to derive the
main theorems of this paper. Our first result deals with the error estimates of U —
in Whee,

Theorem 3.1. Suppose that u,u; € Loo(WFtL®(Q)),uy € Lo(H*1(Q)) then the
following estimate holds
(3.1) U = ullp sy + (U = @)l Lo wroe(ay) < CRE.
Proof.
JFrom the inverse property, (2.2) and (2.3) we derive
U Lowiee)y < RrUll L wioo )y + El Lo (oo )
< |Raul| g wioo @) + N Lo (@)
< J[Ruullp wre(q)) + ChF < C
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Since U € Loo(WH*(Q)), a(U) € Loo(Wh(2)). We can set w = U in the definition
of the Green’s function and derive from (2.14); and (2.4) that

azft(za t) = (a(U)V&t, vasz)
(FU) = fu) = & =, 0:G7) = ((a(U) — a(u))V Ryur, VO.G7)
(3.2)
—((b(U) = b(w))VRpu, VI.GZ) — (b(U)VE, VO.GY)

Estimate the above equation by (2.1)-(2.3), imbedding theorem, and (2.15); to obtain

116!
(3.3)

oo < CUIVERl L (Loc(e) + DN + [0l + & + [0l [1]10-GZ 11

IN

Ch*110.G%|a1 < ChE

On the other hand,

(3-4) 1€()

t
oo < /0 16(7) | 100

Combining (3.3), (3.4), and (2.20) completes the proof. O
Our next theorem is to derive the max-norm estimates of U — u in L.

Theorem 3.2. Suppose the hypotheses of Thm. 8.1 hold. Then

WU =l )y + U =il ma@) < CR Ik,
(3.5)
F=1ifk=1,7=0ifk>2

Proof.
(From (2.22) and the previous arguments, it suffices to show that
(3.6) 166l Lo (Lo (@) < CR*H I

Similar to (3.2), we have

§i(2,1) (a(U)VE&, VGY)
(fU) = fu) = & —m, G7) — ((a(U) — a(u))V Ryur, VGT)

—((b(U) = b(u))VRpu, VGT) — ((U)VE, VGT)
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and hence
1@ ooe < CUIEN+ nll + 18]+ Hmel) 1G22
T VRrut]| 1oy (Lo (@) + [IVRRU|| Loy (Lo (€))) ([[€]l0,00 + [7]0,00)[[GZ]]11
b(U) . b(U) .
H(e(W)T (A€ V6 = (@)Y (). 9%
. b(U)
< k+1 7 o P,
< O+ [elose + P )
+11€llo,00||GZ]]1,1]
t
< OO bl + [ 6o
0
Now applying the Gronwall’s inequality completes the proof. O

Finally we turn to the superconvergence.

Theorem 3.3. Suppose the hypotheses of Thm. 3.1 hold. Then the following super-
convergence results hold:

U = Rypullp iy + (U= Ruw)l|r wiee(ay < CRETIn b,
(3.7)
F=lifk=1,F=0ifk>2.
Proof. By (2.15), (2.16), and (3.4), we derive from (3.2) that
1&e@l0o < ClIEN+ [l + [1&l] + [l ) 10:GZ 11 + U = ullo,es|[0:GZ[1,1]

b(U) x
k+1 741 b(U) *
< CR™ | Inh"™" + |Phaz(m€)’ + 11811001 +[0:G7)|1.1]
< ORI h[™ 4 {[6()] 1,00 + | VE]] [0 A]

IN

t
QWWmW“+AHMﬂmwﬂ

where in the last step we have used Lemma 2.3. Applying the Gronwall’s inequality
completes the proof. [l
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