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PERTURBATION ANALYSIS OF DEFLATION TECHNIQUE FOR
SYMMETRIC EIGENVALUE PROBLEM

HO-JONG JANG

ABSTRACT. The evaluation of a few of the smallest eigenpairs of large symmetric
eigenvalue problem is of great interest in many physical and engineering applications.
A deflation-preconditioned conjugate gradient(PCG) scheme for a such problem has
been shown to be very efficient. In the present paper we provide the numerical
stability of a deflation-PCG with partial shifts.

1. INTRODUCTION

In this paper, we are concerned with the perturbation analysis of the deflation-
PCG scheme with partial shifts for computing a few of the smallest eigenvalues and
their corresponding eigenvectors of the generalized eigenvalue problem. The partial
eigenanalysis of large sparse symmetric matrices is a common task in many scientific
applications, e.g. structural mechanics [1], hydrodynamics [5], and plasma physics [12].

Several techniques have been developed for the solution of the partial eigenproblem,
including subspace iteration [1], Lanczos scheme [3], and multigrid [8]. A precondi-
tioned conjugate gradient(PCG) method based on the optimization of successive de-
flated Rayleigh quotients also works well for such a problem [5,7,12], and proves to
be competitive with respect to other more commonly used schemes, in particular with
respect to the Lanczos algorithm when the dimension of the eigenproblem is large [6].

Two different types of deflation techniques, which employ a PCG method to min-
imized the Rayleigh quotient, are typically used for computing a few of the smallest
eigenpairs. Those are deflation-PCG with partial shifts [5,13,14] and an orthogonal
deflation-PCG [7].

In [13], Schwartz proposed the numerical stability of the deflation-PCG with partial
shifts. Here we continue this study for general updating procedures.

2. MINIMIZATION OF RAYLEIGH QUOTIENTS VIA PCG SCHEME

Consider the generalized eigenvalue problem

(1) Az = \Buz,
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where A and B are large sparse symmetric positive definite matrices of dimension n.
Let
O< A <A<~ <\,
be the eigenvalues (1), and let z1, 29, - , 2, be the corresponding eigenvectors, which
satisfy
AZZ' = )\iBZi, ZiTBZi = 1, 1= 1,2, e, M.
The eigenvectors of (1) are the stationary points of the Rayleigh quotient

T Az
(2) R(z) = 2TBz’
and the gradient of R(z) is given by
2
g(x) = m[Ax — R(z)Bx].
For an iterate 2(®), the gradient of R(z*)),
2
VR(z®) = ¢®) = g2y = —= | 42® — R(z®)Bz®) | |
(@) = g = (o) = —r (e ) B2

is used to fix the direction of descent p**1) in which R(z) is minimized. These directions
of descent are defined by

p(l) — _g(O)7 p(k+1) — _g(k) + 5(k)p(’f)7 k=1,2,---,
T
g(k) g(k)
g1 g(k=1)
2(®) is written as

(k+1)

where ﬂ(k) = [11]. The subsequent iterate x along ple+1) through

) = o) 4 QDD =0 1, ...
where a¥*1) is obtained by minimizing R(z**1) [9],
20T 420 4 oqE+ Dk gz (k) ¢ (U D)Z (k)T gy (k1)
2®T Br®) 1 20+ pk+1)T Bak) 1 okt )2kt 1) T Bpy(k+1)”

The performance of the CG scheme can be improved by using a preconditioner [2,4].
The idea behind the PCG is to apply the “regular” CG scheme to the transformed
system

R(w(k+1)) _

AF = \B#z,
where A = C~'AC™!, B = C™'BC™!, % = Cz, and C is nonsingular symmetric
matrix. By substituting z = C~1% into (2), we obtain
i'ctAc~'s  iTAz
FTC-1BC1i ~ iTB3’
where the matrices A and B are symmetric positive definite. The transformation (3)

leaves the stationary values of (2) unchanged, which are eigenvalues of (1), while the
corresponding stationary points are obtained from z; = Cz;, j =1,2,--- ,n.

(3) R(z) =
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3. PERTURBATION ANALYSIS OF HIGHER EIGENVALUE COMPUTATION

3.1. Deflation-PCG with partial shifts. In most applications not only the smallest
but some of the smallest stationary values of the Rayleigh quotient are wanted. The
PCG scheme in §2 can be modified using a deflation based on a partial shift of the
spectrum, so that the next higher eigenvalues can be computed by essentially the same
process.

When the first » — 1 eigenpairs are approximately known, the next eigenpair (A, z,)
could be obtained by minimizing the Rayleigh quotient R(z) of the modified eigenprob-
lem A,z = A\Bz, where A, is defined by

r—1

(4) Ar = A+ ow(Bz)(Bx)T,
k=1
with oy is the shift that satisfies o, > 0 and Ay + o > A, k=1,2,--- ,r — 1.
It is clear that the eigenvalues and eigenvectors of A,z = ABx satisfy, because of the
B-orthonormality of the z;,

r—1
Az = Azj+20k(sz)(sz)sz
k=1
(A\j+0)Bzj, j=1,2,---,r—1;
B AjBz;, j=rr+1,--- n.

The eigenpair (A, z,) could then be determined from the PCG in §2 by replacing A by
A,

In the proposed method we assume that the shifts o; are chosen properly. Some
ways of deterimining the shifts o; are reported in [14].

If the preconditioner M is kept fixed for minimizing the Rayleigh quotient of the
modified eigenproblem A,x = ABzx, the preconditioning effect is lost for increasing r
in general. Thus it is necessary to use an equivalent preconditioner for the matrix A,
that takes into account the deflation steps [13].

3.2. Numerical stability. In this section we present a numerical stability of the de-
flation process (4). We first cite the theorem in [10]. It provides a error bound on Ritz
value which approximates a eigenvalue of the symmetric eigenvalue problem.

LEMMA 3.1. Let A be a symmetric matriz with eigenpairs (N\;, z;). Let y be a 2-
normalized vector with 0 = y* Ay and residual v(y) = Ay — 0y. Let X be the eigenvalue
of A closest to 0, let z be its 2-normalized eigenvector, and let 1 = Z(y,z). Then

2
T U P L

where d = min [A\; — A\| over all A\; # A.
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The straightforward extention of Lemma 3.1, with the appropriate pair of vector
norms ||z||p = V2T Bz and |z| 5! = VaT B~1z, to the generalized eigenvalue problem
yields the following theorem [13].

THEOREM 3.2. Let A and B be symmetric matrices and B positive definite and
(\i, 2i) be the eigenpairs of Ax = ABz. Let x be a B-normalized vector with § = xT Ax
and the residual r(x) = Ax — 0Bx. Let \ be the eigenvalue of the matrix pair (A, B)
closest to 0, let z be its B-normalized eigenvector, and let v» = Z(x,z). Then
I () |I5-

d [0—-\N<—F—F2—
and |-\ < U

(5) \sinw\ _ Hr(xzi”Bl

where d = min |\; — A| over all \; # .

For the assumption that an approximation Z; of the eigenvector z; has been deter-
mined with a relative accuracy ¢, and being B-normalized, the approximations Z; can
be expressed as

n n
(6) 2= Wz + e Zci(k)zi with || Zci(k)zi lp=1 k=1,---,r—1.
i=1 i=1
ik itk
Here the coefficients ¢;,*) satisfy
n
Ck(k)2 + Ei(z Ci(k)Q) = Ck(k)Q + 5% =1 and ¢, ~1— %ei.
iZh

To make the statements below neatly, we define ¢ and ¢, as

(7) el =, max lex], le;| = max e
We now show the influence of the approximations Zx, k=1,--- ,7 — 1, to the next

higher eigenvalue ),.

THEOREM 3.3. Let (A, 2.) be the eigenpair of the matriz A, in (4), and let 2 be

the approximations of the eigenvectors zy, for k =1,--- ,r—1, as in (6). And let A
r—1

be the computed eigenvalue of A=A+ Zak(Bik)(Bék)T with the same shifts o, in

k=1
(4). Let e and ¢, be defined as in (7). Then
A 1 r—1
(8) [Ar = Ar| < d*SQCzZUI?’
" k=1



DEFLATION TECHNIQUE FOR SYMMETRIC EIGENVALUE PROBLEM
where d, = H;éin|)\7« — Ai| and \;s are all eigenvalues computed from A,.
1FET

Proof. We have

r—1
A, = A+ on(Bs)(Bz)"
k=1

= A—I—ZUk )sz—i—ech, Bzz)( k(k)BZk+6kZCj(k)BZj)T

i=1 j=1
ik J£k

= A+Zakck (Bz) sz)T

r—1 n
+ operet? |3 ™ {(Bzy)(Bz)T + (Bz)(Bay) T}
k=1

i=1
ik
r—1 n o n
+ Z OkEL Z Z ci(k)cj )(Bzz)(BzJ)T
k=1 i=1 j=1
i#k j£k
r—1
= A+ on(1-e?)(Ba)(Ba)"
k=1

r—1 n
+Y oneel” |3 W {(Bay) (B2i)T + (Bz)(Bai) T}
k=1

i=1
ik
r—1
+ Z ke’ Z Z C; BzZ (sz)
k=1 i=1 j=1
ik j4k

= A, +20k6k ZCZ {(Bz,)(B2)" + (B2)(Bzp) '} | + O(e?)
z;ﬁk
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Now, we get the Ritz value 6, = 2! A,z and the residual r(z) = A,z — 0Bz, by
applying Theorem 3.2 with A = A, and =z = z.. We first consider

Avzy = Az + Z OkEE Z ¢i'"™ {(B2)(Bz)" + (Bz)(Bzg)' | 2 + O(€?)

z;ék
r—1
= Arzp + Z O'kekcr(k) (sz) + 0(52)7
k=1

and get

r—1

0, =2"A2 = zTAz + er{Z opeper® (Bzi)} + O(e?)
k=1
= M\ +0().
We have
r(z) = Az — 6,Bz,
r—1
= Aqz + Z Jkekcr(k)(sz) — MBz, + 0(£?)
k=1
= Zakakcr (Bz) + O(e?)
and
r—1
||T(zr)|’2B—1 = Zakgkcr sz)}TB 1{2 OkELCr )(sz)}
k=1
= de2€k2cr(k)2.
k=1
Now from (5), it follows that
r—1
) . 1
|>\r - >\r| ”T(Z T”B L = d Zak‘ 5k; CT k ? S (1745207%]6_10-]%’

where d, = min|\, — . O
i#£r
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In [13] they considered the bounds of 5%, k > 2, based only on the A, while the
bound we obtained in (8) concerns for general updating procedure. Furthermore, we

only need to focus on the bouncAi of S\T, which is the smallest eigenvalue of Ar, rather
than the bounds of eigenvalues A, k > 2, of Ay as in [13].
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