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MININJECTIVE RINGS AND
QUASI FROBENIUS RINGS

Kang Joo MIN

ABSTRACT. A ring R is called right mininjective if every isomorphsim
between simple right ideals is given by left multiplication by an ele-
ment of R. In this paper we consider that the necessary and sufficient
condition for that Trivial extension of R by V, i.e. T(R,V) is min-
injective. We also study the split null extension R and S by V.

A ring R is called quasi Frobenius if it is left and right artinian
and left and right selfinjective ; equivalently if R has the ACC on
right and left annihilators and is right or left selfinjective. The class
of quasi Frobenius rings is one of the most interesting classes of non-
semisimple rings and it has been intensively investigated by many
authors. Throughout this paper all rings have unity and all modules
are unitary. The right and left annihilators of a subset X of a ring
R are denoted r(X) and [(X) respectively. We write J = J(R) for
the Jacobson radical of R and also P = P(R) for the prime radical of
R. If R is a ring, a right module My is called mininjective if for each
simple right ideal K of R, every R-morphism v : K — M extends to
R ; equivalently if v = m- is left multiplication by some element m
of M. Mininjective left modules are defined similarly. Clearly every
injective module is mininjective.

These rings were first introduced by Harada|2] who studied the

artinian case in [2] and [3]. We begin with several characterizations.
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PRroOPOSITION 1. The following conditions are equivalent for a ring
R :
(1) R is right mininjective.
(2) If kR is simple, k € R, then lr(k) = Rk.
(3) If kR is simple and r(k) C r(a), k,a € R, then Ra C Rk.
(4) If kR is simple and v : kR — R is R-linear, then v(k) € Rk.

Proof. (1) = (2) Given (1), let 0 # a € Ir(k). kr = 0 implies
r € r(k) and ar = 0. v : kR — R given by v(kr) = ar is a well defined
homomorphism. Since R is right mininjective, y(k) = ¢ - k = a. This
implies a € Rk. Clearly Rk C Ir(k). Thus Ir(k) = Rk.

(2) = (3) If (k) C r(a), k,a € R, then lr(k) 2 Ilr(a). This
REk D lr(a) 2 Ra.

(3) = (4) If kR is simple and v : kR — R is R-linear. Let v(k) = a.
Then kt = 0 implies at = 0. r(k) C r(a) = Ra C Rk. Thus a € Rk
and v(k) € Rk.

(4) = (1) Let v(k) € Rk where kR is simple. Let v(k) = ck. If ¢ :
kR — R is a homomorphism, define ¢ : R — R by ¢(k) = ¢(k) = ck.
@(r) = cr and @ extends . O

A ring is called right principally injective if each R-homomorphsim
aR — R, a € R, extends to Rg — Rp. Clearly, every such ring (and
hence every right selfinjective ring) is right mininjective.

If all minimal right ideals of a ring R are summands (for example,

if R has zero right socle), then R is right mininjective.

REMARK 1. Every polynomial ring R[z] is mininjective because
both socles are zero.

Indeed if K = kR[z] is simple where deg(k) = n, then K = Kz
So k € kR[z]z"™! and deg(k) > n + 1, a contradiction.
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REMARK 2. The ring Z of integers is a commutative, noetherian,
mininjective ring that is not artinian nor principally injective.
Indeed socZ = 0.

The right and the left socles of R are denoted S, = Soc(Rp) and
S; = Soc(grR) respectively.

REMARK 3. If S, is simple as a left ideal, then R is right min-
injective. In fact, if kR is simple and r(k) C r(a), k,a € R,a # 0,
then r(k) = r(a) because r(k) is maximal, so Ra is simple too. Hence

Ra = S, = Rk by hypothesis, and apply Proposition 1.

REMARK 4. A commutative local ring R is mininjective if and only
if Soc(R) is simple or zero.

For if Soc(R) # 0, let K and M be simple ideals. Then K = M
because R is local, so M = cK for ¢ € R because R is mininjective.

Hence M = K and Soc(R) is simple. The converse is by Remark 3.

Hence a commutative artinian ring is quasi Frobenius if and only

if it is mininjective.

REMARK 5. A direct product [[,.; R; of rings R; right mininjec-

tive if and only if R; is right mininjective for each i € I.

REMARK 6. Rutter[6] has an example of a two-sided artinian, right

principally injective ring which is not left mininjective.

REMARK 7. Camillo[1] has an example of a commutative, local,

semiprimary ring with J? = 0 which is not artinian.

The next result is half of the proof that mininjectivity is a Morita

invariant.
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PROPOSITION 2. If R is right mininjective, so is eRe for all e? =
e € R satisfying ReR = R.

Proof. Write S = eRe and let rg(k) C rg(a) where k,a € S and
kS is a simple right ideal of S. We claim first that kR is simple in
R. For if kr # 0,7 € R, then krReR # 0. So there is b € R such
that 0 # krbe = ke(ere) € kS. Hence k = krbeS C krR whence kR
is simple. Thus it suffices to show that rg(k) C rg(a) (Then a € Rk
by proposition 1, so a = ea € Sk.) So let kr = 0,r € R, and write
1=>3"" | aeb;, where a;,b; € R. Then k(era;e) = kra;e = 0 for each
i. So a(rase) = 0 by hypothesis. Hence ar = Y ., ara;eb; = 0 as
required. ([l

ProprosITION 3. Call a simple right ideal K of R “nice” if maps
K — Rp can be extended to R — R if dK # 0 is “nice”, d € R, then

K is “nice”.

Proof. The map o(x) = dz defines an isomorphism, o : K — dK.
Given v : K — Rp, we have yoo ! :dK — Rsoyoo ! =c,c€R
by hypothesis, and it follows that v = cd-. ([l

PROPOSITION 4. A ring R is right mininjective if and only if
M, (R) is right mininjective for all (some) n > 1 where M,(R) is

the ring of all n X n matrices over R.

Proof. If S = M, (R) is right mininjective, so is R = ej1Se1; by
hyopothesis 1.2, because Se;1S = S (here e;; denotes the matrix
unit). Coversely if R is right mininjective, let kS be a simple right
ideal of S. If row of i of k is nonzero, then ej;k # 0, so by proposition
3, we may assume that k& € e;1S. Again, if colum j of k is nonzero,

then l?;ejl # 0 so kS = l;:ele. Thus we may assume that k € ey1Seiq,
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so write k = [lg 8} is block form, k € R. The kR is simple so

Rk = Ir(k) by Proposition 1. But then

r(k) r(k) r(k)
_ k k k
7“5(/6’) = :
k k k
whence
Ir(k) 0 0 RE O 0
_ Ir(k) 0 --- 0 RE O 0
l?’s(k‘) = . . . . = .
Ir(k) 0 0 Rk O 0
= Sk
as required. O

While principal injectivity is not a Morita invariant, combining

Proposition 1 and 4 gives.

THEOREM 5. Right mininjectivity is a Morita invariant.

Trivial extensions are defined as follows. Given a ring R and a bi-
module Vg, the trivial extension of R by V is thering S = T'(R,V) =
RV with the usual addition and multiplication

(r+v)(r +0") =rr' + (1 +or') .

This is isomorphic to the ring of all matrices :j] where r € R

r

0

and v € V' and the usual matrix operations are used.
PROPOSITION 6. Let S =T(R,V). Then the followings hold :

(1) Every prime ideal P of S has the form P, @V, where Py is

a prime ideal of R.
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(2) Every primitive ideal P of S has the form Py @V, where P,
is a primitive ideal of R.
(3) Every maximal ideal M of S has the form M, @V, where

M is a maximal ideal of R.

0O v|[0 | [0 O 9 ~
Proof. [0 0] [0 0}—{0 0:|,SOV = 0. S/V = R.

From these (1), (2) and (3) follow. O

COROLLARY 7. Let S =T(R,V). Then the followings hold :

(1) The prime radical of S = P(R)@ V.
(2) The Jacobson radical of S = J(R)EP V.
(3) Every Brown McCary radical of S = B(R) @V

PROPOSITION 8. If S =T(R,V), then

Soc(Ss) = [Soc(Rr) N Ir(V)] @SOC(VR).

Proof. For convenience, write K = Soc(Rg) Nlg(V). If xS is
simple, x = rg + vg, then zV = SV = 0 since V' C J(S). Hence
ro € lr(V) and so xS = xR. It follows that roR and vy R are simple,
so Soc(Ss) C K @ Soc(Vgr).

Conversely, if vg R is simple, then vgR = vS is a simple right ideal
of S, so vy € Soc(Sg). To show that K C Soc(Sg), it suffices to
show that kS is simple for each k € K such that kR is simple(K is
R-semi-simple). If 0 # ks € kS, write x = ro + vg. Since kV = 0, we
have 0 # kx = krg, so kroR = kR. Thus k = krory = krr; € kxS as
required. 0]
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THEOREM 9. S = T(R,V) where R is a ring and V is an ideal of
R such that S, C V and Ir(V) = 0.

(1) S is right mininjective if and only if R is right mininjective.

(2) S is right artinian if and only if R is right artinian.

Proof. (1) If S is right mininjective and v : K — Rp is R-linear,
where K is a simple right ideal of R, then 0 + K is a simple right
ideal of S and we define ¥ : 0 + K — S by (0 + k) = 0 + (k).
Y (O+E)(r+v)) =790+kr) =04+~(k)r = (0+~(k))(r+v). This is
S-linear, so 7(c 4+ v)- by hypothesis. It follows that v = ¢, proving
that R is right mininjective.

Conversely, if R is right mininejctive, let v : T — S be S-linear,
where T' is a simple right ideal of S. T and +(T') are contained in
Soc(Ss) = 0+ Soc(Rg) by Proposition 7. Define 79 : vR — R by
vo(x) =y where v(0+ z) = 0+ y. Then ~q is R-linear, so v9 = ¢o by
hypothesis, where v = (¢o + 0)- .

(2) If S is right artinian, the same is true of R = S/(0 + V).
Conversely, if Rp is arinian, then Sg is artinian because Sp 2 RPV
as R-modules. But right ideals of S are right R-modules, and it follows
that Sg is artinian. O

THEOREM 10. Let S =T(R,V), where R is aring and V is an ideal
of R such that S} =S, CV C R. Thenlg(V) =0 and rg(V) = 0.

S is quasi Frobenius if and only if R is quasi Frobenius.

Proof. [4] shows that a ring is quasi-Frobenius if and only if it is
right artinian and right and left mininjective. By this and Theorem
8, the statement follows. O

If R and S are rings and Vg is a bimodule, the split null extensions
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R V]
0 S|

S

of R and S by V is the ring U = [ of all “matrices” {(7; v}

using matrix operations.

0

ProproSITION 11. Assume that U = k ‘g} is right mininjec-

tive. Then

(1) S is right mininjective.
(2) Ify: K — Vg where K C Vg and K is a simple S-submodule
of S, then v = c-, where c € R.

Proof. (1) If v: K — S, where K is a simple right ideal of S, then
T = [O 0 ] is a simple right ideal of V. 5 : T — V is S-linear if we

0 T
710 1 =10 i)

define
" Z} , whence v = s- .

0
(2) If v : K — Ug where K is a simple submodule of Ug. Then

7 : K — U is V-linear if we define
|0 z| _ [0 ()]
Tlo o] T lo o

Hence 7 = {(C) Z} , whence v = c- . 0J

Hence v =
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