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ABSTRACT. We prove the Hyers-Ulam-Rassias stability of the Jensen’s 
equation in Banach modules over a Banach algebra.

1. Introduction
Let Ei and E2 be Banach spaces, and f : —+ E2 八 mapping such

that f(tx) is continuous in t G R for each fixed x E E±. Assume that 

there exist constants e > 0 and p E [0,1) such that

||f(z -Hz) — WO —/(y)|| *(||<  + ||<)

for all x,y E Ei. Th.M. Rassias [7] showed that there exists a unique 

R-linear mapping T : Ei —우 E2 such that

wo-WO I 匕三브 11씨 I"

for all x E Ei.

The stability problems of functional equations have been investi­

gated in several papers ([2, 3, 4, 5]).

Throughout this paper, let B be a unital Banach algebra with norm 

I - I, and let and b®2 be left Banach B-modules with norms || - || 

and || • II，respectively.

We are going to prove the Hyers-Ulam-Rassias stability of the 

Jensen’s equation in Banach modules over a Banach algebra.

113



114 D. BOO AND W. PARK

THEOREM 1. Let f : bBi —> 日©2 be a mapping for which there 

exists a function (p : bBi \ {0} x bBi \ {0} —> [0, oc) such that

oo
石(⑦, y) = 리 3-兄(3匕, 3ky) < oo, 

k=Q

l|2이/(으^) — f(ax) — f(ay)|| < 錦、x,y)

for all a £ B(\a\ = 1) and all x,y E b^i \ {〔)}. If f(tx) is continuous 

in f E R for each fixed x E bBi , then there exists a unique B-linear 

mapping T : bBi —-> such that

11/(^) — /(0) — T(x)\\ < 후(오(⑦, -x) +(j(—⑦, 3a:))

for all x E b^>i \ {0}.

Proof. By [6, Theorem 1], it follows from the inequality of the 

statement for a = 1 that there exists a unique additive mapping 

T : ―斗 5©2 satisfying the condition given in the statement. The

additive mapping T given in the proof of [6, Theorem 1] is similar 

to the additive mapping T given in the proof of [7, Theorem]. By 

the same reasoning as the proof of [7, Theorem], it follows from the 

assumption that f(tx) is continuous in f G R for each fixed x E bBi 

that the additive mapping T : ^Bi —> b^>2 is R-linear.

By the assumption, for each a E B (|a| = 1),

\\2af(3x) — f(2ax) — f(4ax)\\ <(fi(2x,4x)
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for all x E bBi \ {0}. So

l|a/(3"z) - /(3"w)|| = ||a/(W) - |f(2 • 3—M 

소Ll

— }/(4.3"—1w) + |/(2.3—七이

+ |/(4.3—M —/(3"az)||

十 "||2/(3naa:) — /(2 - 3n~1ax) — /(4 - 3n~1ax)\\ 
己

1 1
<-(^(2 - 3—x:c,4.3—呂) + 후竹(2.3n"1aj：,4- 3n-1a:z：)

for all a 6 B (|a| = 1) and all x E b®i \ {0}. Thus 3-n||a/(3n2：) — 

jf(3na:z：)|| —> 0 as 7i —> oc for all a 6 B (|a| = 1) and all x E b®i \ {0}. 

Hence

T(ax) = lim 3“"/(3"a⑦) = lim 3”"a/(3"⑦) = aT(x) 
n—>oo n—>oo

for alldG」B(|a| = l) and all x G bBi \ {0}. Since T is R-linear and 

T(ax) = aT(x) for each element a E B (|a| = 1),

T(ax 十 by) = T(ax) + T(by)

=I이 =(5찌+1이 =(유)

= aT(x) + bT(y)

for all a,6 £ B \ {0} and all x^y E b®i. So the unique R-linear 

mapping T : b®i —> b®2 is a B-linear mapping, as desired. □

COROLLARY 1. Let p < 1 and f : bBi —> b®2 a mapping such 

that

0/(昔) — /(=) —/(w)|匕 ||< + ||< 
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for all a E B(\a\ = 1) and all x,y E pBi \ {0}. If f(tx) is continuous 

in t G R for each :fixed x G b®i , then there exists a unique B-linear 

mapping T : bBi —> b®2 such that

||/(z)—/(0) —T(z)|K 三⑤||<

for all x E s®i \ {0}.

Proof. Define〈、p : b®i \ {0} x bBi \ {0} --> [0,oo) by <p(x,y) = 

lh피lP + lh/llP and apply Theorem 1. □

THEOREM 2. Let B be a unital Banach *-algebra  over C, and 

the set of positive elements of B, Let f : b^>i ―스 B®2 be a mapping 

for which there exists a function (月 : b®i \ {0} x bBi \ {0} —> [0, oo) 

such that
OO

(?<X y) = 52 3-aV(3《z：, 3ky) < oo, 

k=0

l|2af(으&으) — /(▽) —/(ay)|| 으 Wm/)

for all a E B+(|a| = 1), a = i and all x,y E bBi \ {0}. If f(tx) is 

continuous in t G R for each fixed x 6 b®i? then there exists a unique 

B-linear mapping T : pBi —> 月邱么 satisfying the condition given in 

the statement of Theorem 1.

Proof. By the same reasoning as the proof of Theorem 1, there 

exists a unique R-linear mapping T : b®i —> b®2 such that the desired 

condition. By the same method as the proof of Theorem 1, one can 

show that

T(ax) = lim f(3nax) = lim 3~naf(3nx) = aT(x)

for all a E B+(|찌 = l),a = i and all x E bBi \ {0}. So

T(ar + by) =aT(x) + bT(y),

T(ix) =iT(x)
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for all a,b 6 \ {0} and all x^y G bBi. For any element a E B,

a — a\ +九2, where ai = 으g- and = 으구— are self-adjoint elements, 

furthermore, a — + 、where «i十, ai“, ⑴2 + , and

«2 — are positive elements (see [1, Lemma 38.8]). So

T(ax) =4『(«1十⑦ _ a^~x + 九波十⑦ — x)

=di十T(:r) — ai~T(x) 十 a^T^ix} — 아— 리⑦) 

=ai+T(；r) — ai~~T(x) + 九2十끄(⑦) 一 ia2~T(x) 

= («1+ - ar + ia才 — ia2~)T(x)

=aT(x)

for all a G B and all x E bBi . Hence

T(ax + by) = T(ax) 十 T(by) = aT(x) + bT(y)

for all a^b E B and all x,y E bBi.

Therefore, there exists a unique B-linear mapping T : bBi —> 日©2 

satisfying the condition given in the statement of Theorem 1. □

COROLLARY 2. Let El and E2 be complex Banach spaces. Let 

/ : 乃1 —> 乃2 be a mapping for which there exists a function(、p : 

Ei \ {0} x Ei \ {0} —> [0, 00) such that

00
Q(x,y) = 凡(3匕, 3幻) < oo,

k=0

l|2\f(-—버으) — /(M) — /CM/)|| < W三y)

for A = and all x,y E \ {0}. If f(tx) is continuous in t € R 

for each fixed x E Ei, then there exists a unique C-linear mapping 

T : Ex E2 such that

1
ILf(z) — /(0) — T(z)|| < —z) + 氣一Z,3z))

o
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for all x E Ei \ {〔)}.

Proof. Since C is a Banach algebra, the Banach spaces and 乃2 

are considered as Banach modules over C. By Theorem 2, there exists 

a unique C-linear mapping T : Ei -스 E2 satisfying the condition given 

in the statement. □

Remark 1. In Corollary 1 , when a E B(\a\ = 1) are replaced by 

a E B+(|이 = l),《z = i, the results do also hold.

THEOREM 3. Let f : —> 5B2 be a mapping for which there

exists a function (月 : b®i \ {0} x pBi \ {0} —> [0, oo) such that

00

W八 y) = 乞 3\?(3-&r,3"S) <(X), 

k=0

||2«/(흐으) 一 f(ax) — f(ay)\\ <〈p(x,y)

for all a E B(\a\ = 1) and all x,y E \ {0}. If f(tx) is continuous 

in t G R for each fixed x £ bBi, then there exists a unique B-linear 

mapping T : ―斗 bB2 such that

T — T — T.
11/(^) — /(0) — T(x)\\ <—) +(7(-g—，⑦) 

O O o

for all x E pBi \ {0}.

Proof. By [6, Theorem 6], it follows from the inequality of the 

statement for cz = 1 that there exists a unique additive mapping 

T : bBi —今 bB2 satisfying the condition given in the statement. The 

additive mapping T given in the proof of [6, Theorem 6] is similar 

to the additive mapping T given in the proof of [7, Theorem]. By 

the same reasoning as the proof of [7, Theorem], it follows from the 

assumption that f(tx) is continuous in f 6 R for each fixed x E bBi 

that the additive mapping T : —斗 b^>2 is R-linear.
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By the assumption, for each a E B (|a| = 1), ,

||2«/(3—1⑦) _ /(2 • 3~2ax) - /(4 - 3~2ax)\\ < 竹(2 • 3"2⑦,4 - 3”2rc)

for all x E b®i \ {0}. So

||af(3-"w) — /(3-"az)|| = ||a/(3""z) — |f(2 • r""1")

— |/(4 • 3-—xaz) + |/(2 • 3-—M

+ |/(4.3-—ia,)_/(3-"끼)||

+ |||2/(3-naz) — /(2 •『—七⑮ — f(4 •『"—aaOH

<-(^(2.3""—1 ⑦,4 • 3-—呂) + |(乃(2 .『―1=,4 -『―七⑦) 

for all x E bBi \ {0} and all a £ B (|a| = 1). Thus 3n||af(3“nrr) — 

jf(3—nar)|| —> 0 as n 3 oo for all x E b®i \{0} and all a € B (|a| = 1). 

Hence

T(ax) = lim 3"f(3“na⑦) = lim 3"/(3~"az) = aT(x)
' n-^oo V ' n-4-oo ' V

for all x £ pBi \{0} and allaGJ3(|a| = l). By the same reasoning as 

the proof of Theorem 1, the unique R-linear mapping T : bBi —-> 日邱흐 

is a B-linear mapping, as desired. □

COROLLARY 3. Let p > 1 and f : —> bB2 a mapping such

that

l|2시/(으票) 一 f((=) — fMW < II끼lp + lly|lp

for all a E B(\a\ = 1) and all x,y E jjBi \ {0}. If f(tx) is continuous 

in f 6 R for each fixed x E b®i , then there exists a unique B-linear 

mapping T : —斗 b^>2 such that

QP i Q
||/(,)—/(o)—t.hik j||시우

— o
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for all x G b®i .

Proof. The proof is similar to the proof of Corollary 1. □

THEOREM 4. Let B be a unital Banach 水-algebra over C. Let 

f : pIBi —> 3©2 be a mapping for which there exists a mapping 

(才 : b®i \ {0} x bBi \ {0} —> [0, oo) such that

oo
(W,J/) = 223*V(3 -S：,3-S) <(X), 

k=0

IIW(으三으) — f(ax) — /(切|| < 引、x,y)

for all a E B+(|a| = l),cz = i and all x^y E pBi \ {0}. If f(tx) is 

continuous in Z G R for each fixed x E bBi? then there exists a unique 

B-linear mapping T : 3 b^>2 satisfying the condition given in

the statement of Theorem 3.

Proof. The proof is similar to the proof of Theorem 2. □

COROLLARY 4. Let El and E2 be complex Banach spaces. Let 

f : Ei —今 E2 be a mapping for which there exists a function (什 : 

Ei \ {0} x Ei\ {0} —> [0, 00) such that

OO
W，y) = 523\?(3“애互, 3-旬) < OO, 

A=0

l|2\f(으&으) — f(Xx) - f(Xy)W < 中(X,y)

for A = l,i and all x,y E E±\ {0}. If f(tx) is continuous in t € R 

for each fixed x E then there exists a unique C-linear mapping 

T : Ei —스 E2 such that

— —
ll/Gr) — /(0) — T(x)\\ <^(-,—) + 列즈-,z)

o o o
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for all x E \ {0}.

Proof. The proof is similar to the proof of Corollary 2.

□

Remark 2. In Corollary 3, when a G B(\a\ = 1) are replaced by 

a € B+(|a| = l),a = i, the results do also hold.

Remark 3. When the second inequalities given in the statements of 

Theorem 1 and Theorem 3 are replaced by

||에(으〕으) 一 f(adx) — f(ady)\\ < 平(x,y) 
江

for nonnegative integers m and d、by similar methods to the proofs 

of Theorem 1 and Theorem 3, one can show that there exist unique 

R-linear mappings T : 日］Bi —今 satisfying the conditions given in 

the statements of Theorem l and Theorem 3, such that

amT(x) = T(adx)

for all a G B(|a| = 1) and all x E bBi.
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