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ON THE HYERS—ULAM—RASSIAS STABILITY OF
THE JENSEN’S EQUATION IN BANACH MODULES

DEOK-HOON Boo* AND WON-GIL PARK**

ABSTRACT. We prove the Hyers-Ulam-Rassias stability of the Jensen’s
equation in Banach modules over a Banach algebra.

1. Introduction

Let E; and E; be Banach spaces, and f : E; — E; a mapping such
that f(tz) is continuous in ¢t € R for each fixed € E,. Assume that
there exist constants € > 0 and p € [0, 1) such that

1f(z +y) — f(e) = FW)Il < e(ll]” +1lyl1")
for all z,y € E;. Th.M. Rassias [7] showed that there exists a unique
R-linear mapping T : E; — E3 such that

2¢
1) - T@I < 5=

11

for all z € E;.

The stability problems of functional equations have been investi-
gated in several papers ([2, 3, 4, 5]).

Throughout this paper, let B be a unital Banach algebra with norm
|- ], and let gB; and B, be left Banach B-modules with norms || - ||
and || - ||, respectively.

We are going to prove the Hyers-Ulam-Rassias stability of the

Jensen’s equation in Banach modules over a Banach algebra.
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THEOREM 1. Let f : gB; — B, be a mapping for which there
exists a function ¢ : By \ {0} x gB; \ {0} — [0, 00) such that

Pz,y) =) 3% (3%, 3%y) < oo,
k=0

120 (S22 - f(az) - Fay)l| < ()

for all a € B(la| = 1) and all z,y € gB; \ {0}. If f(tz) is continuous
int € R for each fixed + € gB,, then there exists a unique B-linear

mapping T : pB; — By such that

1f(z) = £(0) = T(z)|| < Z(&(z, —z) + $(—=,3))

W =

for all z € gB; \ {0}.

Proof. By [6, Theorem 1], it follows from the inequality of the
statement for @ = 1 that there exists a unique additive mapping
T : pB;y — pB, satisfying the condition given in the statement. The
additive mapping T' given in the proof of [6, Theorem 1] is similar
to the additive mapping T given in the proof of [7, Theorem|. By
the same reasoning as the proof of [7, Theorem]|, it follows from the
assumption that f(¢z) is continuous in ¢ € R for each fixed z € B,

that the additive mapping T : pB; — B is R-linear.

By the assumption, for each a € B (|a| = 1),

I2af(3z) — f(2az) — f(4az)| < ¢(2z,4z)
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for all z € gBy \ {0}. So

1
laf(3"z) ~ F(3"az)]| = laf(3"z) ~ 5 £(2 3" az)
1 n—1 1 n—1
—§f(4-3 am)+§f(2-3 azr)
+37(4-3"az) — f(3"aa)|
S%Lp(2 3" 1,431y
+ S I2f(3"az) — f(2-3"az) — f(4-3"a)]

1 1
<5¢(2-3"7'2,4-3"12) + ~p(2- 3" a2, 43" aa)

for all a € B (Ja] = 1) and all z € gB,; \ {0}. Thus 37"|laf(3"z) —
f(3™az)|| + 0asn — oo for alla € B (|a| = 1) and all z € pB; \ {0}.
Hence

T(az) = nlil};o 37" f(8"az) = nli_)rrgo 37 "af(3"z) = aT(x)

for all a € B (Ja| = 1) and all z € gB; \ {0}. Since T is R-linear and
T(az) = aT'(z) for each element a € B (|a| = 1),

T(az + by) = T(az) + T(by)

b
— T(z) + BT(y)

a

= |a| - T(

for all a,b € B\ {0} and all z,y € gB;. So the unique R-linear
mapping T : pB; — pB, is a B-linear mapping, as desired. O

COROLLARY 1. Let p < 1 and f : gB; — BB, a mapping such

that

28— flaz) - f(ay)ll < llell” + Il

[12a£(
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for all a € B(|la| = 1) and all z,y € gBy \ {0}. If f(tz) is continuous
int € R for each fixed x € gBy, then there exists a unique B-linear

mapping T : pgB; — B, such that

1f(z) = £(0) = T(z)]| <
for all z € B, \ {0}.

34+ 3P
3-3°

|l=|1”

Proof. Define ¢ : gBy \ {0} x gB; \ {0} — [0,00) by ¢(z,y) =
l|z||? + ||y||? and apply Theorem 1. O

THEOREM 2. Let B be a unital Banach x-algebra over C, and B™
the set of positive elements of B. Let f : pBy — B2 be a mapping
for which there exists a function ¢ : gB; \ {0} x gB; \ {0} — [0, 00)
such that

P(z,y) =Y 37 p(3z,3%y) < oo,

k=0
205 (*32) = f(az) - flay)ll < e(z,y)

for all a € B*(la| = 1),a = i and all z,y € gB; \ {0}. If f(tz) is

continuous in t € R for each fixed x € pB,, then there exists a unique

B-linear mapping T : pBy — By satisfying the condition given in
the statement of Theorem 1.

Proof. By the same reasoning as the proof of Theorem 1, there
exists a unique R-linear mapping T : gB; — B, such that the desired
condition. By the same method as the proof of Theorem 1, one can
show that

T(az) = lim 37" f(3"azx) = nli_I)I;o3-naf(3":v) = aT(z)

n—>00

for all a € BY(|a] = 1),a =1 and all z € gB; \ {0}. So

T(az + by) =aT(z) + bT(y),
T(iz) =T (z)
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for all a,b € B* \ {0} and all 2,y € gB;. For any element a € B,

* * - .
a = aj+iag, where ay = “—"'25‘5— and a; = “57~ are self-adjoint elements,

furthermore, a = a; 7 —a;~ +4ast —iay ™, where a1 7, a; 7, a2, and

ay~ are positive elements (see [1, Lemma 38.8]). So

T(ax) =T(a1V ez —ay "z +ia2Tz —iay ")
=a; 7T (z) — a1~ T(z) + ax T T(iz) — ax T (iz)
=ay, 7T (z) — a1~ T(z) + ias T T(z) — iaa " T(x)
=(ayT — a1 +iayT —iay )T (x)

=aT ()
for all a € B and all z € gB;. Hence
T(az 4+ by) = T(az) + T(by) = aT(z) + bT'(y)

for all a,b € B and all z,y € gB;.
Therefore, there exists a unique B-linear mapping T : gB; — pB2

satisfying the condition given in the statement of Theorem 1. d

COROLLARY 2. Let E; and E; be complex Banach spaces. Let

f : Ey — E; be a mapping for which there exists a function ¢ :
E1\ {0} x E; \ {0} — [0,00) such that

o0
F(z,y) =) 37*p(8"z,3%y) < o0,
k=0

[2AF(EE) = £0) = FOWI < p(a,)

for A\ = 1,7 and all z,y € Ey \ {0}. If f(tz) is continuous in t € R
for each fixed € Ey, then there exists a unique C-linear mapping
T :E, - FE, such that

1f(z) = F(0) = T(2)|| < 3(¢(e, —2) + ¢(—=,32))

| =
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for all z € E; \ {0}.

Proof. Since C is a Banach algebra, the Banach spaces E; and E,
are considered as Banach modules over C. By Theorem 2, there exists
a unique C-linear mapping T : E; — E, satisfying the condition given

in the statement. . O

Remark 1. In Corollary 1 , when a € B(|a] = 1) are replaced by
a € B*(|a] = 1),a =14, the results do also hold.

THEOREM 3. Let f : gB; — pB; be a mapping for which there
exists a function ¢ : gBy \ {0} x gB; \ {0} — [0, 00) such that

B(z,y) =Y 35 0(37%2,37Fy) < o0,
k=0

205 (23Y) ~ faz) - flay)] < olz,y)

for all a € B(|la| = 1) and all z,y € pBy \ {0}. If f(tz) is continuous
imt € R for each fixed x € gB,;, then there exists a unique B-linear
mapping T : pB; — By such that

T —z —x

5 3 Té(59)

I£(z) = £(0) = T < & :

for all z € pB; \ {0}.

Proof. By [6, Theorem 6], it follows from the inequality of the
statement for a = 1 that there exists a unique additive mapping
T : pB; — B, satisfying the condition given in the statement. The
additive mapping T given in the proof of [6, Theorem 6] is similar
to the additive mapping T given in the proof of [7, Theorem]. By
the same reasoning as the proof of [7, Theorem], it follows from the
assumption that f(¢z) is continuous in ¢t € R for each fixed z € gB;

that the additive mapping T : gB; — B, is R-linear.
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By the assumption, for each a € B (|a| = 1),
12af(37 ) — f(2-37%az) — f(4-3%az)|| < p(2-37%2,4-3 %z)
for all z € gBy \ {0}. So

laf(3"az) — F(3~"aa)]| = laf(3~"z) ~ 5 /(237" az)

1 e 1 e
——2—f(4-3 1a:c)+§f(2-3 Laz)
+ 55437 ar) — f(37"az)]|

—

g§¢(2 237y 437 )

1
+5l12/(3 "az) — (237" az) — (437" az)]|
! 1
§§¢(2 ' 3—72—137’ 4 3_n—1$) + 599(2 : 3~n_1ax,4 . 3—"—1am)

for all z € gBy \ {0} and all a € B (|a| = 1). Thus 3"||laf(37"z) —
f(8 "az)|| > 0asn — ooforallz € pB;\{0} and alla € B (|a| = 1).

Hence

T(az) = lim 3"f(37"az) = lim 3"f(3 7 "az) = aT(z)

7—>00 n—o0

for all z € pB; \{0} and all a € B (]a| = 1). By the same reasoning as
the proof of Theorem 1, the unique R-linear mapping T : gB; — B,

is a B-linear mapping, as desired. O

COROLLARY 3. Let p > 1 and f : pBy — BBy a mapping such

that

205 (232 - faw) = Flay)] < llell? + Iyl

for all a € B(|a| = 1) and all z,y € gBy \ {0}. If f(tz) is continuous

int € R for each fixed x € By, then there exists a unique B-linear

mapping T : gBy — By such that

1£(2) — £(0) - T(2)]| < =12

3 —3

|l=[1P
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for all x € gB;.
Proof. The proof is similar to the proof of Corollary 1. O

THEOREM 4. Let B be a unital Banach x-algebra over C. Let

f : BBy — BB: be a mapping for which there exists a mapping
¢ : BBy \ {0} x gBy \ {0} — [0,00) such that

Flz,y) =Y 3%0(37%2,37"y) < o0

120£(22Y) — f(az) — Flay)|| < ¢(z,y)

for all a € B*(|a| = 1),a = i and all z,y € By \ {0}. If f(tz) is
continuous in t € R for each fixed x € gBy, then there exists a unique
B-linear mapping T : gBy — pB. satisfying the condition given in
the statement of Theorem 3.

Proof. The proof is similar to the proof of Theorem 2. O

COROLLARY 4. Let E, and E; be complex Banach spaces. Let

f + Ey — E3 be a mapping for which there exists a function ¢ :
Ey\ {0} x Eq \ {0} — [0,00) such: that

o0

Z 3:,3_ky) < 00

) = fOz) = Ol < (2, y)

QQ

122 f(=

for A = 1,1 and all z,y € E; \ {0}. If f(tz) is continuous in t € R
for each fixed ¢ € E;, then there exists a unique C-linear mapping
T : Ey — E5 such that

1£(2) = (0) = T(@)]| < (5, 5) +8(50)
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for all x € Ey \ {0}.

Proof. The proof is similar to the proof of Corollary 2.
O

Remark 2. In Corollary 3, when a € B(Ja] = 1) are replaced by
a € B*(la| = 1),a =1, the results do also hold.

Remark 3. When the second inequalities given in the statements of

Theorem 1 and Theorem 3 are replaced by

2a™ F(5) - flate) - flaty)l < olz,)

for nonnegative integers m and d, by similar methods to the proofs
of Theorem 1 and Theorem 3, one can show that there exist unique
R-linear mappings T : pB; — gBs, satisfying the conditions given in

the statements of Theorem 1 and Theorem 3, such that
a™T(z) = T(a’z)
for all a € B(|a] = 1) and all z € gB;.
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